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PREFACE 


In this treatise, the author has attempted to bring together 
all the well-known theorems and examples connected with 
Harmonics, Anharmonics, Involution, Projection (including 
Homology), and Reciprocation. In order to avoid the 
difficulty of framing a general geometrical theory of Ima¬ 
ginary Points and Lines, the Principle of Continuity is 
appealed to. The properties of Circular Points and Circular 
Lines are then discussed, and applied to the theory of the 
Foci of Conics. 

The examples at the ends of the articles are intended 
to be solved by the help of the article to which they are 
appended. Among these examples will be found many 
interesting theorems which were not considered important 
enough to be included in the text. At the end of the book 
there is, besides, a large number of Miscellaneous Examples. 
Of these, the first part is taken mainly from examination 
papers of the University of Oxford. Scattered throughout 
the book will be found examples taken from that admirable 
collection of problems called Mathematical Questions and 
Solutions from the ‘ Educational Times.' For permission to 
make use of these, I am indebted to the kindness of the able 

editor, Mr. W. J. C. Miller, B.A., Registrar of the General 
Medical Council. 
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Preface. 


The book has been read both in MS. and in proof by my 
old pupil. Mr. A. E. Jolliffe, B.A., Fellow of Corpus Christi 
College, and formerly Scholar of Balliol College, Oxford, 
whose valuable suggestions I have made free use of. To 
him I am also indebted for the second part of the Miscella¬ 
neous Examples. I am glad of this opportunity of ac¬ 
knowledging my great obligations to my former tutor, the 
late Professor II. J. S. Smith. My first lessons in Pure 
Geometiy were learnt from his lectures ; and many of the 
proofs in this book are derived from the same source. 

I have assumed that the reader has passed through the 
ordinary curriculum in Geometry before attempting to read 
the present subject; viz. Euclid, some Appendix to Euclid, 
and Geometrical Conics. 

I have not found it convenient to keep rigidly to any 
single notation. But, ordinarily, points have been denoted 
by A, B, C, ..., lines by a, b, c,..., and planes and conics by 
a, /3, y,... . 

The following abbreviations have been used— 

A straight line has been called a line, and a curved line 
has been called a curve. 

The point of intersection of two lines has been called the 
meet of the lines. 

The line joining two points has been called the join of the 
points. 

The meet of the lines AB and CD has been denoted by 
(AB ; CD). 

To avoid the frequent use of the phrase ‘ with respect to ’ 
or ‘with regard to,’ the word ‘for ’ has been substituted. 

The abbreviation ‘ r. h.’ has sometimes been used for 
‘rectangular hyperbola.’ 

The single word ‘ director ’ has been used to include the 
‘ director circle ’ of a central conic and the ‘ directrix ’ of 
a parabola. 
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The angle between the lines a and b has been denoted by 
L ab and the sine of this angle by sin ab. 

The length of the perpendicular from the point A on the 
line b has been denoted by ( A , b). 

I have ventured to use the word ‘ mate ’ to mean ‘ the 
point (or line) corresponding.’ I have avoided using tho 
word ‘conjugate ’ except in its legitimate sense in connection 
with the theory of polars. 

I shall be glad to receive, from any of my readers, correc¬ 
tions, or suggestions for the improvement of the book ; 
interesting theorems and examples which are not already 
included will also be welcomed. 

J. W. RUSSELL. 


February , 1893. 
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TEXT-BOOK OF PURE GEOMETRY. 


CHAPTER I. 

FORMULAE CONNECTING SEGMENTS OF THE SAME LINE. 

1 . One of the differences between Modern Geometry and 

the Geometry of Euclid is that a length in Modern Geometry 

has a sign as well as a magnitude. Lengths measured on a 

line in one direction are considered positive and those 

measured in the opposite direction are considered negative. 

Thus if AB, i.e. the segment extending from A to B be 

considered positive, then BA, i.e. the segment extending 

rom B to A, must be considered negative. Also AB and 

BA differ only in sign. Hence we obtain the first formula, 
viz. AB = —BA. 

Notice that by allowing lengths to have a sign as well 

as a magnitude, we are enabled to utilise the formulae 

of Algebra in geometrical investigations. In making use of 

Algebra it is generally best to reduce all the segments we 

employ to the same origin. This is done in tho following 
way. O'- b 


n 


Take any segment AB on a line and also any origin 0 

Then AB = OB-OA. This is obviously true in the above 
figure, and it is true for any figure. For 

OB—OA = OB + AO = AO+OB = AB ; 

for A0 + OB means that the point travels from A to 0 and 
then from 0 to B, and thus the point has gone from A to B. 
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Fonnulae connecting Segments [ ch . 

The fundamental formulae then are 

(i) AB=-BA; (2) AB = OB—OA. 

In the above discussion the lengths have been taken on a 
line. But this is not necessary; the lengths might have 
been taken on any curve. 

It is generally convenient to use an abridged form of the 
formula AB = OB—OA, viz. AB = b — a, where a = OA 
and b == OB. 

2 . A, B, C, D arc any four colli near points; show that 
AB. CD + AC.DB + AD.BC = o. 

Take A as origin, then CD = AD - AC = d—c, and so on. 
Hence 

AB. CD + AC.DB + AD.BC= b(d-c) + c{b-d) + d(c-b) 

= bd-bc + cb - cd + dc — db=o. 

Ex. 1 . A, B, C, D, 0 are any fire points in a plane; show that 

AOB. COD + AOC. DOB + AOD. BOC = o, 
where AOB denotes the area of the triangle AOB. 

Let a lino meet OA, OB, OC, OD in A', B', C' f D'. Then 

A OB = i. OA . OB sin AOB. 

Hence the given relation is true if 

2 {sin AOB . sin CO Z>} — o, 

i. o. if 2 { sin A'OB', sin COD '} = o. 

But p. A'B' — OA'. OB' sin A'OB', where p is the perpendicular from 0 
on A'B'Ciy. Hence the given relation is true if 

A'B'. CD' + A'C. D'B' + A'D'. B'C = o. 

Ex. 2 . Jf OA, OB, OC, OD he any four lines meeting in a point, show that 
sin AOB. sin COD + sin AOC. sin DOB + sin AOD. sin BOC = o. 

Ex. 3 . Show also that 

cos A OB. sin COD + cos AOC. sin DOB + cos AOD. sin BOC = o, 

and 

cos AOB. cos COD -cos AOC. cos DOB- sin AOD. sin BOC = o. 

For Ex. 2 is true for OA' where A'OA is a right angle, and also for 
OA' and OB' where A'OA and L/OD aro right angles. 

Ex. 4 . Frvm Ex. 2 deduce Ptolemy's Theorem connecting four points on a 
circle . 

Take 0 also on the circle. Then AD = 2 . R • sin AOB . 

Ex. 5 . Show also that the relation of Ex. 2 holds if each angle involved be 
multiplied by the same quantity. 

For AOB = VOB—VOA, if OV he the initial line. Now take 
VOB’ <= li.VOB, VOC = h.VOC, and so on. Then A'OB' = h . AOB, &c. ; 
and the theorem is true for A'OB', &c. 


*•] 


of the same Line. 


, E , X - A ' I! < (:he ll,c tnujlfs of a Mangle and A\ If, Cf he the angles 
which the sides JiC\ CA % AH make with any tim\ f/n n 

sin A . sin A 9 + sin H . sin // + sin V. sin </ = o. 

Draw parallels through any point. 

Ex. 7. 01. OM, OX ar, any three lines through 0 and PL, I’M, PX mat., 
equal angles uith 0L, OM, OX in the same wag, show that 

PL . sin MON + PM. sin XOL + PX. sin LOM o. 

3. A, B, Care any three eollinear points, and P is ant/ other 
point; show that 

PA\ BC+ PB\ CA + PC\ AB + BC. CA . AB = o. 

Drop the perpeiulicular BO from B on ABC. 

Then BA\ BC = (0.1 2 + OB') BC = («-*+ p-) ( t -- b). 

Hence 2 \PA\ BC)=2 «* (c-b)+ p- v (,_ 6) = S (r _ h) 

~a-r~a n -b + b-a-b-c + c-b-e-a = ~(c-b) (a-c) (h-„\ 
= ~BC.CA.AB. 

A^c\ C0 "' W P0inl3 «• ‘ h "" 

a*. DC + b' 1 . CA +c\ AB + DC. CA.AD = o. 

Ex. 2. If P be any point on the base AD uf the triangle ABC, then 
AP. CD 2 — BP. CA'= AB. (CP‘-AP. BP). 

dJStt* VA B ' C ’ D , ‘ Cf '”‘ r P0 " ,ls “ cMe P usurer, 

*BCD.AI»-&CDA.BI»+&DAB.Cr--&ABC DP 2 o 

disregarding signs. ' ' °* 

£, ot A » meet in 0 ‘“side the circle. 

Then A BCD oc BD.CO and DO. 0D = CO. 0A. 

Ex 4 // VA , VB, VC, VD be any four ,i„cs through V, then 

smB^sinCVB + sin CVB.su, a VB sin Ivb 'J'bvb 

sm Bl A . sin CVA Sin C VB. sin A VB + sin AVcT^Tbvc = ** 
Draw a parallel to VD. C 

<^b’!c a a, ’XZZstXssg m " £ ' * "■< «*• -« 

smg '- 3in0 ' + sin^sm,!' sin 4'.sin/i' 

Draw paiu through + *" ’** “ " 

three pcrp’eruliadarsfrom any ^intplnOA, 'oB^thm ^ ?Bt P ° ** " U 

2 {PP. P C sin POC} = -P 0 * sin p 0C ’. sin C0.1. sin AOB. 

"X. 7. Through the vertices A H Cnfn i . 

BV, CZ to meet the si.tes BC, CA, AinfyfTJZT " < ™" rfs A ' X ’ 

BX , CX CY .AY AZ. BZ 


AX 


■ J. __ —" * 

J BY 1 + ~czL~ = 
B 2 


I. 


Formulae connecting Segments 

4. Ex. 1. If 0, A , B be any three collinear points, then 

OA* + OB 2 = AB- + 2 .OA.OB. 


[CH. 


Ex. 2 . If from any point P there be drawn the perpendicular PQ on the 
line AB, then 

PA 2 -PB* = ABP + 2. AB.BQ. 

Ex. 3 . If ABODE. .. XY be any number of collinear points, show that 

AB + BC+CD+ ...+XY+ YA = o. 

Ex. 4 . If X denote the ratio OA : OB and \' the ratio OA' : OB', OABA'B' 
being collinear points, show that 

BB'. \.\' + A'B . A. + B'A . A' + AA' = o. 


Ex. 5. If 0, A, B, C, D be any fee points on a line, then 

AC BC ( 0B 0D \ ( 0B oc \ 

~ BD~ \Zb “ ADf ' VIB “ Ac) 


AD 


Ex. 0 . If A, B, C, D, 0 , O' be any six points on a line, and if 

OA'.O'A = a, OB : O'B = B, 0 C: 0 'C = y, OD-.O'D = 5 , 
show that AC __ BC _ 7 — a y — B 

~AD ~ BD ~ 5 — a nr 5-/3 ' 

Ex. 7 . If VA, VB, VC, VD, VO be any fire lines meeting in a point, 
show that 

sin A VC sin BVC /sin OVB sin OVD\ /sin OVB sin OFC\ 

slnTK/) + sin BVD ~ A VB “sin A VDf * Vsin A VB sin AVCf * 

Ex. 8. If VA, VB, VC, VDbe any four lines meeting in a point, show that 
si nAVC si nBVC cot AVB — cot AVD 

sin AVD "* sin BVD ~ t uFAVB^cotAVC ' 

Let VX be the initial lino and in Ex. 7 take VO 90° behind VA. 

Then sin OVB = sin (XVB-XVO) = sin (XVB—XVA + 90°) 

= sin (90° + AVB) = cos A VB; and so on. 

Ex. 9 . If VA, VB, VC, VD, VO, VO' be any six lines meeting in a point, 
and if a = sin OVA -r sin O'VA, and so on. show that 

sin A VC sin BVC _ y — a y — B 
sin A VD ’ sin BVD 5 —a 5 — B 

Ex. 10. If VA, VB, VC, VD, VO be any five lines meeting in a point, 
show that 

sin AVC sin BVC tan OVA— tan OVC tan OVB — tan OVC 
sin AVD “ sin BVD “ tan OVA —tan OVD ’ tan OVB— tan OVD 
In Ex. 9 take VO and VO' at right angles. 

Ex. 11. Three lines OAA', OBB', OCCf are cut by two lines ABC, A'B'O', 
show that OA AB OA' A'B' 

^ ^ B'& 


and 


OC BC OCf 
AA'. BC BB'. CA CC'. AB 


= o. 


OA' OB' OC 

Ex. 12. If the polygon abed... be inscribed in the polygon ABCD..so 
that a is on AB, b on BC, and so on, and 0 be any point in the plane, then the 
continued prodxwt of such ratios as 

sin AO a/sin a OB -r A a/a B is unity. 
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of the same Line. 
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Ex. 13 . // n, E, F be any three [Mints on the sides IIC, CA, AII of 
a triangle, show (hat 

I)B , EC . FA s in DAB . sin EEC, sin FCA 
DC. EA. FB sin DAC. sin EBA . sin FCB 

® x - ^ V the si( les DE, EF ; FI) of one triangle pass through (he rertie.s 
-i A ' Bof another triangle, show that 

AF 1 BD . CE sin FAC. sin DBA . sin FA B 

FB. DC. EA sin FAB. sin BBC. sin EVA 

5 . If c be the middle point of AH, then whatever origin 0 be 
chosen, we have OC = \{()A + OB). 

For 0 C= OA +AC=OA + kAB=OA + i( OB - OA) 

= i (OA + OB). 

As we have used general formulae throughout this proof. 

the formula holds for every relative position of the points 
0 , A and B. 

Ex 1 . IfC be the middle point of AB, and 0 be any point on the line ACB 
snoic that 

(0 OA.OB = 0 C i — AC 1 ; 

(hj OA 7 + OB 1 = CA 3 + CB* + 2. OC* ; 

(iii) 0 A* — 0 B l = 2. AB.CO. 

atSff pL I fAA '\ BB ’' CCf be collinear segments whose middle points are a , 0 , y, 
and if I be a variable pond on the line , show that 7 

rp . ^ PA \ PA ' • + PB • PB ' • 7 “ + PC. IV. a$ is constant. 

t J 8 ^So„ T ‘r n 

*£££« r v *• 

2 .PQ = ABf + A'B = AB + A'I? 
and 2 .I>Q.AA'=r AB. AIT-A'B. A'B'. 

A^\?hat ilwlme bifeito^ °** * *”* B ** "* Cof " efile » sW 

a ££ 7/0,1 tkC UnC , AB ,hc 1)01,11 G l:e laten such that a . OA + b CB - o 
** 6 ^ an * num t >ers * positive or negative, then, O being also on A B " 
a . OA +b . OB = (a + b). OG 

and a . OA 2 + b , 0 &= a ,GA* + b. GB' + (<* + b ,. go 7 . 

Ex. 6. //«, line ABCJJ ...a point 0 be taken suet, that 

<^ + G£ + GC+... = o, 
a '*“ 0 be any other point on the line, then, 

OA + 0 B + 0 C + ... = n.OG 

OA 2 + OB* + OC* + ... = GA* + GB‘ + GC 2 + . .. +„ GO 1 
n being the number of the points ABCD .... ’ 
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Formulae connecting Segments [ch. 

13x. 7. Ij GABC ... and G'A'B'C .. be points so situated on the same line 
that GA + GB + GC+ ... = o, and also G'A' G'B' + G'Cf + ... == o. then 

n . GG' = AA' + BB' + CC'+ ..., 

where n is the number of the points ABC .. . and also of the points A'B'C _ 

Ex. 8. If there be n of the points ABC. .. and n' of the points A'B'C ... , 
then 

n . n'. GG' = 2 ( AA ' + AB' + AC + . ..). 

6. The following is an interesting application of Algebra 
to Geometry. 

If A y By C, Dy P, Q be any six collinear points, then 

ap.aq bp.bq cp.cq dp.jdq _ 

AB.AC.AD BC.BD.BA + CD.CA.CB + DA.BB.DC ” °‘ 

Put X for A, and reduce the resulting ecpiation to any 
origin, after getting rid of the denominators. We shall have 
an equation of the second order in x to determine X. 

Put x = h, i.e. X = By and we get an identity. 

Hence x = h is one solution of this equation. 

Similarly x = c, and x = d are solutions. 

Hence the equation of the second order has three solu¬ 
tions ; and hence is an identity. 

If A, By 0, P, Q he any five collinear points, then 

AP.AQ BP.BQ CP.CQ _ 

AB. AC + BC. BA + CA .CB~ U 

Multiply the identity just proved by AD throughout and 
let D be at infinity. 

Then AD = AB + BB, .*. AD/BD = AB/BB+ i. 

But when D is at infinity AB/BD = o. 

Hence AB/BB = i. Similarly AB/CB = i. 

So BPBB= i and BQ'BC= i. 

Hence we obtain the result enunciated. 

If A, B, C, B, P he any f vc collinear points, then 

AP BP CP DP 

AB.AC.AD + BC.BD.BA + CD.CA.CB + BA.DB.BC~ °* 
In the first identity take Q at infinity, then since 
BQ'AQ =T; CQ/AQ = i, DQ/AQ = i, 
the required result follows. 


/ 


i.j of the same Line. 

Ex. 1 . Sho if Hint the first result is true fur n jmints A , /(,... <()<</ 11 — 2 
pOJMte P, (,». 

Ex. 2 . Show that the sire,ml result is true for u jaunts A, 11 ,. . . ami <n — I i 
points 1 \ Q . 

Ex. 3 . Show Hint the third result is true f.r n points A, 11 . .. . and n — 2 — m) 
points P, V, ..., where in may be o, i, 2, 3, ... t»i — 2). 

Ex. 4 . Enuiumte the theorems obtained from Ex. 2 und Ex. 3 by tnhiny the 
points P, Q. .. . <dl eoinridmt; und show tlmt the them, ms still hold wheel P is 
outside the line, pmrided the imhx of AP is 1 rat 

Use AP- = A/r+pP and the Binomial Theorem. 

Menelaus’s Theorem. 

7. If any transversal meet the sides I1C, CA. Alt of a (daily I c 
in D, E, F; then 

AF. BI). CE = -FB.DC. EA. 



The transversal must cut all the sides externally, or two - - 
sides internally and one externally ; for as a point proceeds 
along the transversal from infinity, at a point where the trans¬ 
versal cuts a side internally, the point enters the triangle 
and at the point where the point leaves the triangle, the trans¬ 
versal must cut another side internally. Hence of the ratios 
f : FB, BD : DC, CE : EA, one is negative and the other 
two are either both positive or both negative. Hence the 
sign of the formula is correct. 

To prove that the formula is numerically correct , drop the 
perpendiculars p, q, r from A, B, C on the transversal. 

Then AlfFB = p/q, and BD/DC = q/r, and CE/EA = r/p. 
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Hence, multiplying, we see that the formula is true 
numerically. 

Conversel y, if three points D , E, F, taken on the sides BC, 
CA, AB of a triangle, satisfy the relation 

AF. BD. CE = —FB. BC. EA, 
then B, E, F are collinear. 

For, if not, let BE cut AB in F'. Then since B, E, F' 
are collinear, we have 

AF'. BB. CE = - F'B.BC. EA. 

But by hypothesis we have 

AF.BB. CE = -FB.BC.EA. 

Dividing we get AF': F'B :: AF: FB ; hence 

AF' + F'B : AF+ FB :: AF': AF, 
i.e. AF'= AF, i.e. F' coincides with F. Hence B, E, F are 
collinear. 

Ex. 1 . Shore that the above relation is equivalent to 

sin ACF. sin BAD . sin CBE = —sin FCB. sin DAC . sin EBA. 

For AF : FB — A ACF : A FCB 

= i AC. CF sin ACF: i FC. CB sin FCB. 

Ex. 2 . The tangents to a circle at the vertices of an inscribed triangle meet the 
opposite sides in collinear points. 

Ex. 3 . A line meets BC, CA, AB in D, E, F. P, Q, R bisect EF, FD, DE. 
AP, BQ, CR meet BC, CA, AB in X, Y, Z. Shore that X, Y, Z are collinear. 

For BX : CX : : BA sin FAP : CA sin PAE: : BA . EA : CA . FA. 

Ex. 4 . A line meets BC, CA, AB in X, Y, Z, and 0 is any point; show that 
sin BOX. sin COY. sin AOZ = sin COX. sin AOY. sin BOZ. 

Ex. 6. If any transversal cut the sides AB, BC, CD, DE, ... of any polygon 
in the points a, b, c, d, . . ., show that the continued product of the ratios 

Aa/Ba, Bb/Cb, Cc/Dc, Dd/Ed ,... is unity. 

Let AC cut the transversal in y, AD in 5 . and so on, 
then Aa/Ba x Bb/Cb x Cy/Ay — i 
and Ay/Cy x Cc/Dc x DS/A 5 = i, and so on. 

Multiplying up and cancelling, we get the theorem. 

Ex. 6. A transversal meets the sides of a polygon ABCD .. . in a, 0 , y, ... 
and meets any lines through the vertices A, B, C,... in a, b, c, . .. ; shore that 
the continued product of such ratios as 

sin aBI >/sin bB B-~ab/b & is unity. 

Ex. 7 . If on the four lines AB, BC, CD, DA there be taken four points 
a, b, c, d such that A(( _ Bb Cc l)d = nB bc cD dAf 

show that ah and cd meet on AC and ad and he meet on BD. 


!•] 


of the sai?ie Li?ie. 


Apply Menelaus’s Theorem to ABD and ad and to BCD and hr ■ 

meet'S/T’in'i? by . t l lt * gi . Ve ." r ‘: lation ' ;, "‘ 1 wo see that ad and hi 

meet BD in the same point ; similarly for AC. 

fj( ad and bc meet on BD> l,un ub and cd med un ac > a,ui thc 

• ? X ' <U,d CD med in E mulAI > mid OC in F, and if Edb cut A l> 

in d and BC tn b, and if Fuc cut AB in a and CJj in c, thin 

An. Bh. Cc. Dd = uB. bC. cl). dA. 

Use the theorem sin .- 1 /sin B = a/b. 

Ex. 10 . Between AB< D, abed there holds also the following relation 
"" *•”" bC C ■ Sil “ 1Cd ° ■ ““ A = si “ D be . sin Cal. sin 1, ,la . sin A ah. 

aaSTSF-- 

iT” ABD - <■*»’ —t l» . point, i. o. „„ and t, 

to the circle ,s numerically equal to A F. BD CE. 7 ntsfnmi D, L, /• 

Ex. 13 . Construct geometrically the ratio u/b-~c/d. 

Ceva’s Theorem. 

8. If the lines joining any point to thc vertices A, B C of a 
fi tangle meet the opposite sides in I), E. F; then ’ ^ 

AF. BD. CE= FB. DC. EA. 
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AD, BE, CF meet must be either inside the triangle, in which 
case each of the ratios AF: FB and BD : DC and CE: FA 
is positive, or as at 0, or 0„, in which cases two of the ratios 
are negative and one positive. Hence the sign of the 
formula is correct. 

To prove the formula numerically , we have 

AF:FB:: A ACF : A FCB :: A A OF : A FOB 
:: A ACF— t\A0F : A FCB — tS FOB 
:: &A0C:AB0C. 

Similarly BD: DC:: A BOA : A A OC 
and CE : EA :: A COB : A A OB. 

Hence, multiplying, we see that the formula is true 
numerically. 

Conversely, if three points D, F, F, taken on the sides BC, 
CA , AB of a triangle , satisfy the relation 

AF. BD. CE = FB.DC.EA , 

then AD, BE, CF arc concurrent. 

For, if not, let AD, BE cut in 0 ; and let CO cut AB in 
F'. Then since AD, BE, CF' are concurrent, we have 

AF'. BD. CE = F'B. DC. EA. 

But by hypothesis we have 

AF. BD. CE ■■= FB. DC. EA. 

Dividing, we get AF': F'B :: AF: FB. Hence F and F' 
coincide, i.e. AD, BE, CF are concurrent. 

Ex. 1 . In the figure, slutxo that 

OD OE OF 

- + - + - = i. < 

AD BE CF 

Ex. 2 . AO meets BC in D, BO meets CA in E, CO meets AB in F. OH is 
equal and parallel to BC and passes through A. BC meets GO in L and T 10 tn 
K. Similuily segments like KL arc formed on CA and AB. Show that the pro¬ 
duct of these segments is AF. BD. CE. 

Ex. 3 . Show that the necessary and sufficient condition that Aa, Bb, Cc should 
meet in a point is 

sin a AB . sin b BC . sin r CA = sin CA a . sin ABb. sin BCc. 

Ex. 4 . If the lines Aa, Bb, Cc, Dd, . . . drawn through the vertices of a plane 
polygon A BCD.. . in the same plane meet in a point, then the continued product of 
such ratios as sin a AB : sin AB b is unity. 




*•] of the same Line. i i 

Ex. 5. If the lines joining a fixed point 0 to the opposite vertices of a poh/f/on 
of an odd number of sides meet the■ sides AB, lit', Cl), HE, . .. in the points 
a, b, c, d, . . ., show that the continued product of such ratios as An tali is unity. 
For Aa/aD = AO. aO sin AOa/aO. ISO sin uOB. 

Ex. 6. The lines joininej the centres if the escribed circles of a trienujlc to the 
middle points of the correspondinej sides of the trienujlc are concurrent. 

® X ‘ J* A ° meets BC in I >, HO meets CA in Q, CO meets AH in 11; IV mo ts 

QR in A, QO meets ItP in Y, JtU meets PQ in Z ; show that A A', BY, CZ are 
concurrent. ’ 

Ex. 8. Through the vertices of a triangle are drawn parallels to the reflexions 
of the opposite sides in any line ; show that the *• parallels meet in a point. 

n Z? T t\° angl f, b< * W00n tho reflexions of two linos is equal to the 
angle between tho lines. 

0^*nw B '\? ar * th,: reflexiom of A, 11, C in a given line through O. 

° A ' B ' 0Cf mcd BC ' CA ’ AH in D - E > E Show that 1), E, E are collincar. 
For BD : DC : : BO sin BOA' : CO sin A'0(\ 

Ex - ni€ctS BC iH D - Z/ ' CA in E > E ’> “>>d AB in E F' 

Show that if AD, BE. CF meet in a point , so do AH', BE', CF'. 

, EX11 - f. Une DC < t’ A > AE in P, Q, It and AO, BO, CO in 

A, 1, Z. 0 being any point. Show that 

QX. jRY. PZ — BX. PY . QZ. 

~ *?* A f', BB> ' CCf , ™ cet in n point, show that the meets of BC B'C 

cdlhwnr H lAB ' AB arC cc,Vinmr I antl conversely, if the meets arc 
coUmear, the joins are concurrent. (See also IV. n.) 

from fi o? fr0 , m A 0,1 A ' B ’- A 'C “'‘ d '!• </ those 

** on B C% B A and r y r' those from C on PA', Pi? Then 
if xe meof"£“ n **«■■■■>■■>'«* t/ : r : : : cr, 

* --«—* - 


# 



CHAPTER II. 


HARMONIC RANGES AND PENCILS. 

1. A range or row is a set of points on the same line, 

called the axis or base of the range. 

A pencil is a set of lines, called rays, passing through the 
same point, called the vertex or centre ot the pencil. 

If A, B, AB' are collinear points such that 

AB : BA ':: AB': A'B' 

or (which is the same thing) such that 

AB/BA'= -AB'/B'A', 

then (ABA'B') is called a harmonic range. A, A' and B. 
B / are called harmonic pairs of points ; and A , A' are said to 
correspond and B, B / are said to correspond. Also A is said 
to be the fourth harmonic of A' (and A' oi A) tor B and B ; 
so B is said to be the fourth harmonic of B' (and B' of B) 
for A and A'. Also A A' and BB' are called hannonic 
segments and are said to divide one another harmonically. 
The briefest and clearest way of stating the harmonic rela¬ 
tion is to say that {A A', BB') is harmonic. The relation 
may be stated in words thus—each pair of harmonic points 
divides the segment joining the other pair in the same ratio 
internally and externally. 


For BA : AB / = — BA':AB'. 

Ex. 1. The centres of similitude of hco circles divide the segment joining the 
centres of the circles harmonically. 

Ex. 2. The internal and external bisectors of the vertical angle of a triangle 
cut the base harmonically. 
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Ex. 3. (BC, XX'), (CA, YY'\ ( AB,ZZ') are harmonic range* ; shmr 
that if AX, BY, CZ arc concurrent, then X'Y'Z' are colli,unr, ami that t/ 
X'Y'Z' are coll incur, then A A, BY, CZ are concurrent. 

Use tin* theorems of Ceva ami Monelaus. 


2 . If (A A, BB') be harmonic, then 


AA' 

AB + Air’ 

BB' 

m 

= BA 

+ BA 7 ’ 

2 

_ 1 I 

2 

1 

I 

+ B'A' 

A'A 

~A'B + A'BY' 

B'B 

= IT A 


A'A 


1 1 

A 7 B + A'B'' 


choose A as origin in the defining relation 

AB-.BA':: AB'-.A'IT 

and use abridged notation. Then AB. A'J? = BA'. AH' 
gives us 

(b-a)b'=(-b)(b'-u) or bb'— ab' + bl> — ab = o, 
or 2 bb — ab + ab' or - = ^ -f. i. 

Y any 0ne ° f these rcla,ions M true, then 

\AA y BB ) is harmonic. 

For retracing our steps we see that 

AB:BA':: AB'iA'B'. 

Ex. 1. if 0 bisect BB >' thcn AB AJJ/ = 

( CA X EQ' atf[ ab'fiC ZL T perpendin t ,lars BC, CA, AB, and (BC. DP , 
ttVcum-aVc/e and the nile-poin't’drZ'If ABC. 1>QR *’* axis of ,he 

shmcAhat' U {AA ' f DB>) be han »onic, and P be any point on the line AB 

2 . ££ = P 2L 

Put PA'= PA + AA', & c . AA ' AB + A *' 

EX ' ^ VEF ****** A A' and BB' harmonically, then 
__ • B*E . EA' = — A r R f pr* V s a 

For we have 1 /BA - x/EB = x/ EV _ f /E J * EA ' 

Aoto usVaU/* *G m M n £t ,« ea f b f tween AB and AB ' and so on, 
the A. M. and the H. M. * m Uco ltn Q th $ is equal to the G. M. beticccn 

For A» is the A. M. between AB and AB'. 
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3. If (AA', BB') be harmonic, then aA 2 = aB. aJT; and 
conversely, if aA’= aB.aB', then (AA', BB') is harmonic, 
a being the middle point of A A'. 

For taking a as the origin in the defining relation 

AB : BA':: AB': A'lT, 

we have ( b — a) (b' — a ') = {a'—b) (b'—a ). 

But a'= —a, hence (b — a) (b' + a) = ( — a — b) (b'—a), 

i.e. bb' + ba-ab'- or + ab'-a- + bb'-ba = o, 

i.e. bb' — a 2 , i.e. aA'=a.B.aB. 

The converse follows by retracing our steps. 


Ex. 1. Show that the middle point of either of two harmonic segments is outside 
the other segment. 

Ex. 2. The chord of contact of tangents from A to any circle cuts the diameter 
BB' through A in the fourth harmonic of A icith respect to BB '. 

For OB ' 1 = OP' = OA.OA' by similar triangles, P being ono of the 
points of contact and 0 the centre. 

Ex. 3. Deduce a construction for the fourth harmonic of A' icith respect to BB 
when A' is bcticeen B and B'. 

Ex. 4. Deduce the connexion bcticeen the A.M., G.M., and H. M. of AB 
and AB'. 

Ex. 5. Deduce the formula z/AA'= i/AB + \/AB'. 

We have AO . AA' = AP : = AB . AB'. 

Hence the result follows from 2 . AO = AB + AB'. 

Ex. 0. Do Ex. 4 and Ex. 5 , interchanging A and A'. 

Ex. 7. Show that if k AA’, BB') be harmonic and a bisect AA' and 0 bisect 

BB', then 2 . aC = ( Va0 ± 


Ex. 8. Also AB 3 : A'B 2 : : 0A : 0A' 

For 0A : 0A' - 0A* : 0A . 0A' = 0A 2 : 0B\ 

Ex. 9. Given two segments AB, CD upon the same line, construct a segment 
XY which shall divide both AB and CD harmonically. 

Take any point P not on the given line. Through ABP ami CDP 
construct circles cutting again in Q. Let PQ cut A BCD m 0. Fionj 
0 draw tangents to the circles. With 0 as centre and any one of these 
tangents as radius, describe a circle. This circle will cut the given line 
in the required points X and Y. For 

0X 7 = 0Y 2 = OP. 00 = OA.OB = OC .OD. 


4. To find the relation between four harmonic points and a 
fifth point on the same line. 

Let (AA', BB') be harmonic, and take the fifth point P 
as origin. Then by definition AB/BA'= —AB /B A. 
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But AB = PB-PA = b-a, &c. Hence 

(b — a)(a — b') + (a'—b (b' — a) = o 
or 2 an' + 2 bb'= (a + a') (b + //), 
i.e. 2. PA. PA' + 2. PB . PB'- (PA + P. 1 ') (PB + PIP). 

Conversely, if this relation hold, (A A ii/i') is harmonic. 
For reasoning backwards we deduce the relation 

AB BA'= —AB'/B'A'. 

If (A A', BB') be harmonic. and a bisect A A' and A bisect 
BB'j then p A . PA' + PB. PB' =2. Pa. P,i. 

For PA + PA'=2. Pa and PB + PB' = 2 . Pf. 

Note that every relation of the second order connecting 
harmonic points must be identical with the relation of this 
article. Hence the following relations can be proved. 

Ex. 1 . 2 . AB*. DA' = 2 . A B. A'B' = A A'. BB'. 

Ex. 2 . AB.AB' + A'D. A'BA'A 1 . 

Ex. 3 . A'A 2 + B'B : = (AB + A'B'y = 4 . 

Ex. 4 . PA . A'B ' + PA'. AB + PB . B'A + PB'. BA' = o 
Ex. 5. AB- = 2 . aB . AB. 

Ex. 6 . BA: BA' ::ftB:A'(J. 

Ex. 7 . PA . PA' - PB 2 + 2 .aB. PB. 

Ex. 8 . If P and Q be arbitrary points, then 

• A '.°. + PA '- AU ' +™.QA. B'A' + IV. QA'. BA - o 

lake I as origin and put QB' = b' - x, See. 

Ex. 9 . PB . PB'. A A' + PA 9 . A'B + A'P 1 . BA = o 

r f 0 ? r- - 

into the harmonic relation. tho P roduct of («-«') 

* V’ n diV ! d0 • 4yl ' in the same ratio internally and 
externally, then by definition (A A', BB') is a harmonic 

f S S “ PI,oso thls nitio is one of equality, then B 

becomes the internal bisector of tho segment A A', i.e. B is 

the rmddle point of AA'; also V becomes the external 
bisector of tho segment A A' ; « • , , 

\B'- Any o/, • 8 . .. , ’ Le - a P° mt such that 

— A IS , B being outside A A'. But 

AB'/A'B'= (AA'+A'B')/A'B’= AA' A'B'+ , ■ 

and this can only bo i when AA'= o or A'B’= co. hence 
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assuming that A and A' do not coincide, we must have 
A'B *'= oo, i.e. B' must be at infinity. Also if B' is at 
infinity, then AB', A'B'= i as above. Hence AB'= A'B', 
i.e. B' at infinity bisects AA' externally. Hence the two 
theorems— 

The point at infinity on any line bisects externally every 
segment on this line. 

Every segment is divided harmonically by its middle point and 
the point at infinity on the line, or, in other words, by its internal 
and external bisectors. 

6. If any two points of a harmonic range coincide, then a 
third point coincides with them and the fourth may be anywhere 
on the line. 

Suppose A A' coincide. Then B lying between A and A' 
must coincide with them. So for BB'. 

Suppose AB coincide. Then AB = o; hence, from the 
defining relation AB. A'B'= BA'. AB', we conclude that 
BA'— o or AB'= o, i.e. ABA' coincide or ABB'. So for 
AH', A'B, A'B'. 

Again, if ABA' coincide, then AB = o and BA'= o ; 
hence the relation AB.A'B'= BA'. AB' is satisfied wherever 
B' is. So for BA'B', &c. 

7 . A pencil of four concurrent rays is called a harmonic 
pencil if every transversal cuts it in a harmonic range. 

Harmonic pencils exist for— 

If a pencil be obtained by joitiing any point to the points of a 
harmonic range, then every transversal cuts this pencil in a har¬ 
monic range. 

Let (AA', BB') be a harmonic range and V any point. 
Join V to AA'BB', and let any transversal cut the joining 

lines in aa'bb'. 

Then ab:ba'= A aVb : A bVa' 

= Va.Vb sin aVb : Vb . Va' sin bVa'. 

ab ab' __ sin aVb sin aVb' 
la' ~ r ’ b'a' ~~ sin b Vd sin b' Va' 


Hence 


ii.] Harmonic Ranges and Pencils. i 7 

Now a YV = A YB'; but for the transversal aji' we should 
have aV,i'= i$o‘-AYB\ 

So in all cases aVb' is either equal to or supplemental to 
A VB / ; hence in all cases sin aVb'= sin A VIS’. So lor the 
other angles. 



Hence 

ba' ‘ b'a' sin BY A' 


sin A YE 


sin B'YA' 


_ AB AB' 

hy similar reasoning 
“ ~ 1 by definition. 

Hence ab ba'-t-ab',Va'= -1 ; hence (aa\ bb') is a har¬ 
monic range. 

We denote the pencil subtended by ABA'B' at Y by 

We may briefl y state the above theorem 
hus if (AA , BB') is a harmonic range, then V{AA', BB') 

is a harmomc pencil (or more briefly still—is harmonic). 

1 " n " Fn *“» «. men 

For (AA% B Cl) is harmonic, (1 being the point at infinity on AA’. 

pcn £i ':y— 


c 
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Ex. 3. The internal and external bisectors of an angle form with the rays 
of the angle a harmonic pencil. 

Draw a parallel to one of the bisectors ; or use Eu. VI. 3 and A. 

Ex. 4. If a pair of corresponding rays of a harmonic pencil be per])erulicular, 
they are the bisectors of the angles between the other pair of rays. 

Ex. 5. If V (AA' t BB') be harmonic, prove that 

2 cot A VA' = cot A VB + cot A VB'. 

Take a transversal perpendicular to VA. 

Ex. 6. Also if Va bisect the angle A VA', then 

tan 3 a VA = tan a VB . tan a VB'. 

Take a transversal perpendicular to Va. 

Ex. 7. 2 sin AVB'. sin BVA' = 2 sin A VB . sin A'VB' 

= sin A VA'. sin BVB’. 

_ _ sin PVA' sin PVB sin PVB' 

‘sin AVA' sin AVB sin AVB 7 
where VP is an arbitrary line through V. 

Also deduce Ex. 5 . 

8. The polar of a point 0 for tivo lines BA and BC is the 
fourth harmonic of BO for BA and BC. 

The pole of a line L3£ for two points A , B is the fourth 
harmonic of the meet of LM and AB for A and B. 

If through 0 there he drawn the transversal OPQ cutting BA 
in P and BC in Q, then the locus of It, the fourth harmonic of 
0 for P and Q, is the polar of 0 for BA and BC. 

For the pencil B (OPBQ) is harmonic. 

If the two lines BA, BC be parallel, i.e. if B be at infinity, 
the theory still holds, if we consider B to be the limit of a 
finite point. 

To construct the polar of 0 for IIA, HC where XI is at 
infinity, draw any transversal OPQ meeting 12^4 in P and 
U C in Q, and take II so that (OPQB) is harmonic, and 
through B draw a parallel Hit to HA and HC ; then Hit is 
the polar of 0 for the parallels HA, HC. 

Ex. 1. The polars of any point for the three pairs of sides of a triangle meet 
the. opposite sides in three colli near joints. 

Let AO, BO, CO meet the opposite sides in P, Q, B, and let the polars 
of 0 meet these sides in i v , (f, li'. 

Then BP/PC = -BP'/P'C, and so on 

Now use the theorems of Menelaus and Ceva. 

Ex. 2. The poles of any line for the pairs of vertices of a triangle connect con¬ 
currently with the opposite vertices. 
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Ex. 3. The poles of any line for the pairs of points BC and (’A are rot I incur 
with the meet of the line and AB. 

Ex. 4. The polars of 0for BA, BC and for CB, CA meet on AO. 

9. Through a given point 0 is drawn a line meeting two fixed 
lines in P and Q, and on OPQ is taken the point 11 such that 
1 /OP = I/OP+ i/OQ ; find the locus of P. 

Take the polar n of 0 for the two given lines, and let OPQ 
meet this line in P. Then we know that 

2 OP = 1 /OP+ i/OQ. 

Now draw parallel to n and 
half-way between 0 and n the 
Hue n' cutting OPQ in P\ 

Then 0P'= OP/ 2 , 

i.e. 2 /OP = 1 /OR. 

Hence i/OP'= 1 /OP+ 1 /OQ ; 
hence n' is the required locus. 

Z Z “ 1M "‘ 1 «* «/«• - yoA +U ob + ,/oc + : :: 

Replace i/OA + ,/OB by ,/OL. and so on. 

minimum. ^ansursal uhen 2 i/OA is (1) « maximum ft) « 

Perpendicular and parallel to the locus of P 

«?£ 3 0 A A :~“Z'f iTZrzzzzz'r s * * * ■. 

k /0P = a'/OA + b'/OB + c'/OC + ... 

9 S that i/00 ~ (/oP nU ‘ e 7 hJr 16nd «>' locus of 

This parallel 1 is the reqS locul ^ ° f Q ^ thnt = * • <><?. 

t J°‘ A C °."fi C,C V' a <lrilakml is formed by four lines called 
he sides which meet in six points called the vertices of the 
quadnla era These six points can be joined by thrl other 
lines called the chagoaals. The diagonals are also called the 
„ monte Imcs of the quadrilateral and the harmonic linesform 
he sides of the hannonic Mangle. These names are derived 
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from the following property—called the harmonic property of 
a complete quadrilateral. 

Each diagonal of a complete quadrilateral is divided har¬ 
monically by the other two diagonals. 

Let the four sides 
of the complete 
quadrilateral meet 
in the three pairs 
of opposite vertices 

AA', BB', CC'. 
Then A A', BIT, CC', 
or /3 y, ya, aft are the 
harmonic lines. We 
have to show that the ranges (AA', (3y), (BB', ya), (CC', a(3) 
are harmonic. 

To prove that (AA', (3y) is harmonic consider the triangle 
whose vertices are A A' and any other of the vertices, say 
AA'C. Since ByB' are collinear, we have 

CB. A'y. AB' = CB'. A y. A'B. 

Also since AB, A'B', C(3 are concurrent, we have 

CB. A'i3. AB' = - CB'. A (3 . A'B. 

Dividing we get A'y/Ay — — A'fS/A f3 ; hence (AA', /3y) 
is harmonic. Similarly (BB / , ya) and (CC', a/3) are har¬ 
monic. 

11. Using a ruler only, construct the fourth harmonic of a 
given point for two given points. 

To construct the fourth harmonic of y for B and B'. On 
any line through y take two points A and A'. Let A'B, 
AB' cut in C and AB. A'B' in C'. Then CC' cuts BB' in 
the required point a. For BB' is a diagonal of the complete 
quadrilateral formed by AB, AB', A'B, A'B') hence 
(BB', ya) is harmonic. 

Ex. 1. AO, BO, CO meet BC, CA, AB in P, Q, R; QR, RP, PQ meet BC, 
CA, AB in X. Y, Z. Show that (BC, PX , (CA, QY), (AB, RZ) are harmonic 
ranges, and that XYZ are collinear. 

Ex. 2 . If a transversal meet BC % CA, AB in X t Y, Z y and the join of A to 
the meet of BY and CZ cut BC in P ; show that (BC, PX ) is harmonic , and that 
Vic three lines formed like AP are concurrent. 
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12. A complete quadrangle is formed by four points called 
the vertices which are joined by six lines called the sides of 
the quadrangle. These six lines meet in three other points 
called the harmonic points of the quadrangle ; and the har¬ 
monic points are the vertices of the harmonic triangle. Some 
writers give the name diagonal-points to the harmonic 
points. 

The following is the harmonic property of a complete 
quadrangle. 

The angle at each harmonic point is divided harmonically la/ 
the joins to the other harmonic points. 

Let ABC1) be the 
four points form¬ 
ing the quadrangle. 

Then V , V, W are 
the harmonic points 
of the quadrangle; 
and we have to show 
that the pencils 

U{AD, VW), V(BA, T VU), 1 V(CD, UV) 

are harmonic. 

To show that the pencil \V(CD, UV) is harmonic, it is 
sufficient to show that the range (LM, UV) is harmonic, L 
being the meet of AC and UV, and M of BD and UV. Con- 
sider the triangle formed by UV and any vertex, say UVC. 

Then because IiI)M are collinear, we have 

CB. VM. UT) = CD. UM . VB. 

Also because UB, VI), CL are concurrent, we have 

CB.VL.UD = -CD. UL.VB. 

Hence dividing we get VM/ UM = - VL / UL. Hence 

(UV LM) is harmonic, i. e. W(CD, UV) is harmonic. 
Similarly U(AD, VW) and V(BA , WU) are harmonic. 

13. Using a ruler only, construct the fourth harmonic of a 
given line for two given lines. 

To construct the fourth harmonic of VU for VA and VB. 
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Through any point U on YU draw any two lines VAB and 
VDC, cutting YA in A and D, and VB in B and C. Then if 
A C and BB meet in W, VW is the required line. For U., 
V, W are the harmonic points of the quadrangle A, B, C, D. 
Hence V{BA, WU) is harmonic. 

Ex. 1. Through one of (he harmonic points of a complete quadrangle is drawn 
the line parallel to the join of the other two harmonic points ; slum that tico of the 
segments cut off between opposite sides of the quadrangle are bisected at the 
harmonic point. 

Ex. 2. Through V, one of the harmonic points of a quadrangle, is draxen a line 
parallel to one side and meeting the opposite side in P and the join of the other 
harmonic points in Q, show that VP = PQ. 

Ex. 3. In the figure of the quadrilateral in § io, show that Aa, A'a, BB, 
B'B, Cy, Cy form the six sides of a quadrangle. 

We have to show that the six lines pass three by three through four 
points. Consider aA. BB', yCf. Since A'B'Cf are collinear and By, AA') 
is harmonic, aA, BB’, y(f are concurrent. Similarly aA, BB, yC are 
concurrent, also aAHB, y(f, and also aABB’. yC. 

Ex. 4. In the figure of the quadrangle in § 12 , the sides of the triangle UVW 
meet the sides in six new points which are the vertices of a quadrilateral. 


CHAPTER III. 


HARMONIC PROPERTIES OF A CIRCLE. 

1 . Every line meets a circle in two points, real, coincident or 
imaginary. 

For take any line l cutting a circle in tlie points A and B. 
Now move l parallel to itself away from tlie centre of the 
circle. Then A and B approach, and ultimately coincide 
when l touches the circle. But when l moves still further 
from ’the centre, the points A and B become invisible; yet, 
for the sake of continuity, we say that they still exist, but 
are invisible or imaginary. (See also XXVII.) 

2. From every point can be drawn to a circle two tangents, 
real, coincident or imaginary. 

^ For take any point T outside the circle, and let TP and 
TQ be the tangents from T to the circle. Now let T 
approach the centre 0 of the circle along OT. Then TP and 
TQ approach, and ultimately coincide when T reaches the 
circumference. But when T moves still further towards O. 
the tangents TP and TQ become invisible ; yet, for the sake 

of continuity, we say that they still exist, but are invisible 
or imaginary. (See also XXVII.) 

3. Two points which divide any diameter of a circle har¬ 
monically are said to be inverse points for this circle. 

If 0 be the centre and r the radius of the circle, then 
inverse points B, B' must lie on the same radius of the circle 
and be such that OB. OB' = r 2 . 
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Ex. 1. The inverse of any point at infinity for a circle is the centre of 
the circle ; and conversely, the inverse of the centre is any point at infinity. 

Ex. 2. Every two points and their inverses for a circle lie on a circle. 

Ex. 3. Given a pair of inverse points for a circle, the circle must be one 
of a certain system of coaxal circles. 


Ex. 4. If four points (A A', BB') be harmonic, so are the four inverse points 
{aa', bb') for any circle. 


For Oa 


r 3 

OA * 


Ob = —- ; hence ab — — 
OB 


r 7 . AB 
OA . OB 


Ex. 5. If BB' be a pair of inverse points on the diameter A A' of a circle, and 
if P be any point on the circle ; then PA, PA' bisect the angle BPB', and the ratio 
PB : PIS' is independent of the position of P. 

Ex. 6. Also if peipendiculars to AA' at A A' BB' meet any tangent to the 
circle in aa' bb', show that Oa ami Oa' bisect (he angle bOb', 0 being the centre, 
and that the ratio Ob : Ob' is independent of (he position of the tangent. 


4. Two circles are said to be orthogonal when the tangents 
to the circles at each point of intersection are at right angles. 

Ex. 1. If two circles are orthogonal at one of their meets, they are orthogonal • 
at the other. 

Ex. 2. If the orthogonal circles a and 0 whose centres are A and B meet in P, 
show that AP touches 0 and BP touches a. 

Ex. 3. The radii of two circles are a and b and the distance between their 
centres is 5 ; show that the necessary and sufficient coiulition that the circles should 
be orthogonal is a- + b 2 = 8 a . 


5. Every circle which passes through a pair of points inverse 
for a circle is orthogonal to this circle; and conversely, every circle 
orthogonal to a circle cuts every diameter of this circle in a pair 


of inverse points. 



First, let the circle y 
pass through the inverse 
points BB' of the circle 
co. Let P be one of the 
meets of co and y. Then 
OB.OB'=OB\ Hence 
OP touches y. Hence 
OPC is a right angle. 
Hence CP touches co. 


Hence the tangents OP and CP are at right angles, i.e. the 
two circles are orthogonal. 

Second, let the two circles o> and y be orthogonal. 
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Through the centre 0 of to draw the diameter AA' cutting y 
in BB'. Then since the circles are orthogonal, OPC is a 
right angle; lienee OP touches y. Hence OB. 0B'= OP 1 . 
Hence B and B' are inverse points for 10 . 

Ex. 1. If a circle a divide one diameter of the circle (I harmonically, it divides 
every diameter of £ harmonically. 

Ex. 2. On (he diagonals of a complete quadrilateral as diameters are drawn 
three circles ; show that each of these cuts orthogonally the circle about the harmonic 
triangle . 

Ex, 3. Through two given points draw a circle to cut a given segment 
harmonically. 

The circle cuts the circle on the segment ns diameter orthogonally. 


6. A line cuts two circles in the points PP' and QQ', so that 
[PP\ QCf) is harmonic; show that the product of the perpen¬ 
diculars from the centres of the circles on the line is constant. 

Let A be the centre 
and a the radius of one 
circle, and B and b 
those of the other 
circle. Let AX = p 
and BY=q be the per¬ 
pendiculars from-4and 
B on the line. Then 
X bisects PP', Y bi¬ 
sects QQ, and since {PP', QQ') is harmonic, we have 

XP-=XQ.XQ'. 

Draw BN perpendicular to AX. Denote AB by K 

Now 2 pi=p‘+q‘-(p-aY=c?-px‘+v‘-QY'-Air- 

For = a' + V-PX'-QY 1 - 4 ! + ir= a--Hr-UK 

XY*-PX‘-QY 1 = (XY+QY){XY-QY)-XP- 



Hence pq is constant. 

,m ° r,hogmal c,rda « — *«. 

For p = o or q = o. 

V a line t cut me circIe in the Points PP'and another circle in the 



26 Harmonic Properties of a Circle. [ch. 

circles meet in C and D, the envelope touches the four tangents of the circles 
at C and D. 

Since pg is constant, the first follows by C4eometrical Conics. Also 

t ,ie tan S ent at C > then pp/ Q coincide at C: hence 
Q(f i is harmonic. 

Ex. 3. The locus of the middle points of PP' and Q(f is the coaxal circle 
whose centre bisects AB. 

For the locus of X and Y is the auxiliary circle. Also each meet of 
the circles is on the locus ; for the tangent to either circle at a meet 
is divided harmonically. 

Ex. 4. If B be any point on a circle, A and B fixed points on a diameter and 
equidistant from the centre, the envelope of a line uhich cuts harmonically the txoo 
codes inth A, B as centres and AB, BRus radii is independent of the position of 
R on the circle. 

Its foci are A and B. Also 

2 b 2 = A R 2 + BR 1 - A B 2 = a OR ■ + 2 OA 2 — 4 OA *. 

Hence l? = OR 1 —OA 2 , which is constant. 

7. Through a point U is drawn a variable chord TP' of a 
circle and on PP' is taken the point P such that (UP, PP') is 
harmonic; to show that the locus of P is a line. 

Take 0 the centre of 
the given circle to. Let 
OU cut to in A A'. From 
any position of P drop a 
perpendicular PU f to 
UO. On PU as diameter 
describe the circle ft pas¬ 
sing through U'. Now 
since (PU, PP') is har¬ 
monic, PP' are inverse points for ft. Hence co and ft are 
orthogonal. Hence UU' are inverse for co. Hence U' is a 
fixed point. Hence the locus of P is a fixed line, viz. the 
perpendicular to OU through the inverse of U for the given 
circle. 

The locus of P is called the polar of U for the circle. We 
may briefly define the polar of a point for a circle as the 
locus of the fourth harmonics of the point for the circle. 
Also if PU' is given, U is called its pole for the circle, and 
U and PU' are said to b e pole and polar for the circle. 

8. If U be outside the circle, the polar of U for the circle is 
the chord of contact of tangents from U to the circle. 



A' 
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For take the chord UPP' very near the tangent JIT. 
Then when PP' coincide, P, being between them, coincides 
with them ; i.e. one posi¬ 
tion of Tt is at T. So 
another position of P is 
at T. Hence TT'is the 
polar. 

The polar of the centre 
of the circle is the line at 
infinity. (See IV. 3 .) 

For if U coincide with 
0, then PP' is bisected at JJ. Hence 11 is at infinity. 

The pole of the line at infinity for a circle is the centre of the 
circle. 

For if P be always at infinity, PP' is always bisected at 
U, i.e. TJ is the centre of the circle. 

1 he polar of a point on the circle is the tangent at the point. 

For suppose U to approach A, then since OU. OU'— OA *, 
we see that U' also approaches A. Hence when U is at A, 

U is at A ; and the polar of U, being the perpendicular to 
OU through V, is the tangent at U. 

Similarly, the pole of a tangent to a circle is the point of 
contact. 

9. Salmon’s theo¬ 
rem.— If p and Q he 
any two points and if 
PM be the perpendicular 
from P on the polar of Q 
for any circle, and if 
QN he the perpendicular 
from Q on the polar of P 
for the same circle, then 
OP/PM = OQ/QKy 0 
being the cadre of the 
circle. 

From P drop PX perpendicular to OQ and from Q drop 
QY perpendicular to OP. Then P' being the inverse point. 
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of P, and Q' the inverse point of Q, we have 

OP. 0P' = OQ. OQ'. 

Also since the angles at X and Y are right, we have 

OY. OP = OX. OQ, 

. \ OP/OQ= OQ'/OP'= OX/OY=(OQ'-OX)+(OP'-OY) 

=XQ'/YP'=PM/QN. 
Hence OP/PM = OQ QN. 

.We may enunciate this theorem more briefly thus— If p, 
q be the polars of P, Q for a circle whose centre is 0, then 

OP/(P, q) = OQ/ (Q. p). 

P b, P be the polurs of the points A, B, P for a circle whose 
centre is 0, show that 

(F, «) ( A, p) _ (0, a) _ (B, a) 

(P, b) * ( B, p) (0, b) (A, b) ' 

For OA . (0, a) = OB. (0, b) = r 3 . 


10. If the polar of P pass 



through Q, then the polar of Q 
passes through P. 

If the polar of P pass 
through Q, then, P' being 
the inverse of P, P'Q is per¬ 
pendicular to OP. Take Q' 
the inverse of Q. Then 
OP. 0P'= OQ. OQ'. 

Hence PP'QQ' are concyelic. 
Hence OQ'P = OP'Q is a 
right angle. Hence PQf is 
the polar of Q, i.e. the polar 


of Q passes through P. 

The points P and Q are called conjugate points for the circle. 
We may define two conjugate points for a circle to be such 
that the polar of each for the circle passes through the other. 

Note that if PQ cut the circle in real points PR', then, 
since the polar of P passes through Q, we see that (PQ, Plf) 
is harmonic ; and hence the polar of Q passes through P. 

The pole of the join of P and Q is the meet of the polars of 
P and Q. 
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For if the polars of P and Q meet in P, then, since the 
polars of P and Q pass through P, therefore the polar of Jt 
passes through P and Q. 

11. On every line there is an infinite number of pairs of con¬ 
jugate points for a given circle; anil cadi of these pairs is har¬ 
monic with the pair of points in which the line meets the circle. 

On the line take any point P, and let the polar of ]• meet 

the line in P'. Then P and P' are conjugate points ; for the 

polar of P passes through P'. Also if PP' meet the circle in 

PR', then (PP\ PH') is harmonic; for l y is on tho polar 
of P. 

Conversely, every two points which arc harmonic with a pair 
of points on a circle arc conjugate for the circle. 

12. If the line p contain the pole of the line q , then q con¬ 
tains the pole of p. 

Let P be the pole of p and Q of q. We are given that p 

contains Q, i.e. that the polar of P passes through Q. Hence 

the polar of Q passes through P, i.e. q passes through P, i.e. 
q contains the pole of p. 

The lines p and q are called conjugate lines for tho circle. 
We may define two conjugate lines for a circle to he such 
that each contains the pole of the other. 



Through every point can be drawn an infinite number of pairs 
of lines which arc conjugate 

for the circle, and each of 
these is harmonic with the 
pair of tangents from the 
point. 

For take any line p 
through the given point U 
U and join U to the pole 
-Pofp. Then p and UP 
are conjugate lines, for 
UP contains the pole of p. 

Draw th 6 tangents UT and UT from U, and let the polar 
TT of meet p in P\ TV meets UP in P since U is on tho 
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polar of P. Now the range (PP', TT') is harmonic, for P' 
is on the polar of P ; hence the pencil U{PP ', TT ') is har¬ 
monic, i.e. the conjugate lines p and UP are harmonic with 
the tangents from U. 

Conversely, every pair of lines which are harmonic with the 
pair of tangents from a point to a circle arc conjugate for the 
circle. 

For let UQ and UQ' be harmonic with the tangents UT, 
UT from U. Let UQ and UQ' cut the polar TT' of U in P 
and P'. Since U{QQ', TT') is harmonic, hence {PP', TT') 
is harmonic. Hence UP' is the polar of P ; for the polar of 
P passes through P' since {PP', TT') is harmonic, and passes 
through U since P is on the polar of U. Hence since the 
pole of UP' lies on UP, we see that UP and UP' are conju¬ 
gate lines. 

Ex. 1. Find the locus of all the points conjugate to a given point. 

Ex. 2. All the lines conjugate to a given line are concurrent. 

Ex. 3. When tico points are conjugate , so arc their pulurs; and ichen two 
lines are conjugate , so are their poles. 

Ex. 4. A point can be found conjugate to each of two given points; and a line 
can be found conjugate to each of two given lines. 

Ex. 6. If the circle a be orthogonal to the circle 0, then the ends of any 
diameter of a are conjugate for 0. 

Ex. 6. The circle on the segment PQ joining any pair of conjugate points 
for a circle as diameter is orthogonal to the given circle. 

For PO cuts the new circle in the inverse of P. 

Ex. 7. If B'C be the polar of A, Cf A' of B and A'B' of C ; then BC is the 
polar of A', CA of B' and AB of O'. 

Ex. 8. Reciprocal triangles are homologous. 

That is, if A is the pole of B'C', B of CfA', C of A'B', then AA', BB' t 
('Cf meet in a point. This follows from 

sin BAA' : sin A'AC : : (A', </) : (A', b') 
and OA' : ( A', <f) : : OCf : ( C , a'). (See also XIV. 3.) 

Ex. 9. If P and Q be a pair of conjugate points for a circle to which they are 
external , then 

(i) P(f is equal to the sum of the squares of the tangents from P and Q ; 

(ii) PQ is twice the tangent from the middle point of PQ; 

(iii) P(J. UQ is equal to the square of the tangent from U, U being the foot of 
the perpendicular from the centre of the circle on PQ ; 

(iv) the circle on PQ as diameter is orthogonal to the given circle. 

Take C the middle point of PQ and R the pole of PQ. 
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Then RQ meets OP perpendicularly in Y, say. Hence* 

PQ‘ = 0P‘ J + 0(f - 2 0 Y. OP = 01“ + OQ- - 2 1 i) 

= 2 CO* + 2 CQ 1 - 2 , J (ii) 

and PU. UQ = UR.UO= UV-r* (iii). 

(iv) follows at once from (ii), or because the circle on PQ as 
diameter passes through Y. v 

. • E , X- }°- M . UH, [ N a t rc the Projections of a point P on a cirri,; on two p, n „ 
diculur diameters, Q is the pole of MX for the circle, and U and Pare the projections 
of Q on (he diameters. Show that UP touches the circle. J 

UP is the polar of P. 

13. Pairs of conjugate lines at the centre of a circle are 
called pairs of conjugate diameters of the circle. 

Every pair of conjugate diameters of a circle is orthogonal 
Take any diameter AA' of a circle whose centre is 0 The 
diameter conjugate to AA' is the line through 0 conjugate 
0 AA , i.e. is the join of 0 to the pole of AA'. But the 
Ungents at A and A' meet at infinity in SI, say. Hence Oil 
IS the conjugate diameter; hence the diameter conjugate to 
AA ,s parallel to the tangent at A, i.e. is perpendicular to 

Al 1 , 

Jfg'aU. A ’" J r ° MS infmihj Uhid ‘ SM ‘ nd “ -%*' «■■<* „,c centre are 

14. A triangle is said to be self conjugate for a circle when 
every two vertices and every two sides are conjugate for the 

Such a triangle is clearly such that each side is the polar 
ca. o' 6 ■ He “ Ce * he ° ther —-If-recipro. 

Self conjugate triangles exist. 

For on the polar of any point A take any point B. Then 
* polar of B passes through A and meets the polar of A in 
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Ex. The triangle formed by the line at infinity and any iico perpendicular 
diameters of a circle is self-conjugate for the circle. 


15. There is only one circle for which a given triangle is self- 
conjugate; and this is real only when the triangle is obtuse- 
angled. 

Suppose the triangle ABC is self-conjugate for the circle 
whose centre is 0. Then since A is the pole of BC, it fol¬ 
lows that OA is perpendicular to BC ; so OB is perpendicular 
to CA, and OC to AB. Hence 0 is the orthocentre of ABC. 
Let OA meet BC in A', OB meet CA in B’ and OC meet 
AB in C'. Then the square of the radius of the circle must 
be equal to OA . OA' and to OB. OB' and to OC. OC and 
this is possible if 0 is the orthocentre, for then these pro¬ 
ducts are equal. 

Now describe a circle (called the polar circle of the triangle) 
with the orthocentre 0 as centre and with radius p, such that 
p 2 = OA. OA'—OB . OB' = OC. OC'. Then the triangle ABC 
is self-conjugate for this circle. For BC, being drawn through 
the inverse point A' of A perpendicular to OA, is the polar 
of A ; so for CA and AB. 

Also this circle is imaginary if the triangle is acute-angled ; 
for then 0 is inside the triangle and hence f (=OA . OA') is 
negative. 


Ex. 1. Describe a circle to cut the three sides of a given triangle harmonically. 
When is this circle real ? 

Ex. 2. In any triangle (he circles on the sides as diameters are orthogonal to 
Vie jiolur circle. 

Ex 3 If any three points X, Y . Z be taken on the sides BC, CA. AB 
of a triangle, the circles on AX, BY, CZ as diameters are orthogonal to the polar 

circle . 

Ex 4 The circle on each of the diagonals of a quadrilateral as diameter 
is orthogonal to the polar circle of each of the four triangles formed by the sides 

of the quadrilateral. 

Ex 5 Hence the two sets of circles are coaxal. Hence the middle 
itoints of the three diagonals of a quadrilateral are colli near ; and the four or to- 
ZTes qf the four triangles formed by the sides of a quadrilateral are coll,near. 

Ex 6 Every circle cutting t,co of the circles on the three diagonals of a quadri¬ 
lateral‘orthogonally, cuts the third also orthogonally. 

For it cuts two circles of a coaxal system orthogonally. 
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16. The harmonic triangle of a quadrangle inscribed in a 
circle is self conjugate for the circle. 

Let UVW be the harmonic triangle of the quadrangle 
ABCD inscribed in a circle. Then UVW is self-conjugate 
for the circle. 



Let UV meet AC in L and BD in II. Then since 

V{WU, BA) is harmonic, hence (T VL, AC) and ()Of BT>) 

are harmonic. Hence L and M lie on the polar of W i. e 

UV is the polar of W. Similarly VW is the polar of U 
and WU of V. 


17. With the ruler only, to construct the polar of a given point 
Jor a given circle. 

To construct the polar of V for the given circle, draw 

7 an y two AI) and BC of the circle. Let 

BA, CD meet in U, and AC, BD meet in W. Then by the 
above theorem WU is the polar of V. 

a *£ J'ZZ'LZ t ur' ra " g ' e r ‘ n 

triangle in 

cMr'P lk ’T d T° nah ° fa 1 uadril “«™l circumscribing a 

circle form a triangle self-conjugate for the circle. 

Let the three diagonals AA', BB', CC’ of the quadrilateral 
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BA, AB', B'A', A'B circumscribing the circle form the tri¬ 
angle a/3y. Then a/3y (the harmonic triangle of the quadri¬ 
lateral) is self-conju¬ 
gate for the circle. 

Since (/3y, AA') is 
harmonic, hence C (/3y, 
AA') and C' (Py, AA') 
are harmonic, i.e. Cy 
is the fourth harmonic 
of a/3 for the tangents 
from C, and C'y is the 
fourth harmonic of a/3 
for the tangents from 
C'. Hence a/3 is con¬ 
jugate to Cy and to 
C'y, i.e. the pole of a/3 lies on Cy and on C'y. Hence y is 
the pole of a/3. Similarly a is the pole of /3y, and /3 of ya. 

19. With the ruler only, to construct the pole of a given line 
for a given circle. 

This may be done by the above theorem ; but better by 
finding by § 17 the meet of the polars of two points on the 

given line. 

Ex. The two lines joining the opposite meets of common tangents of two 
circles which are not centres of similitude cut the line of centres tn the limiting 

1 For those points are two vertices of a self-conjugate triangle 
with respect to both circles. 

20. The harmonic triangle of a quadrilateral circumscribed 
to a circle coincides with the harmonic triangle of the inscribed 

quadrangle formed by the points of contact. 

In the figure of § 18 , let B'A, AB, BA', A'B' touch the 
circle in a, b, c, d. Comparing with the figure of § 16 , we 
see that we have to prove that ac and bd meet in y, that ba 
and cd meet in a, and that cb and da meet in /3. Now ba is 
the polar of A and cd is the polar of A'; hence ba and cd 
meet in the pole of AA', i.e. in the pole of /3 y, i.e. ba and cd 
pass through a. Similarly ac and bd pass through y, and c 

and da pass through /3. 
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The theorem is sometimes erroneously stated thus—0/Me 
two quadrilaterals formed by four tan ye tits to a circle ami the 
points o f contact , the four internal diayonals are concurrent and 
Jonn a harmonic pencil, and the two external diayonals are col- 
linear and divide one another harmonically. 

The former part follows from y being a harmonic point of 
the quadrangle. The latter part follows from fia being a 
harmonic line of the quadrilateral. 

. th * fffmrc be symmetrical f,.r A A' and if the annle AHA' be 

rujht, shoic that ac, bil bisect the angles between A A' and 1W'. 

By elementary geometry each of the angles at y is 45 0 . 

PFOO'KP' Ifo tt n Ul P an f td J n /V) an,i 40 on ‘ Mat Me points 
11 wA/i tie three by three on four tints. 
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CHAPTER IV. 


PROJECTION. 

1. Given a figure <f) in one plane 7r consisting of points 
A, B, C, ... and lines l, m, ?i, ..., we can construct another 
figure </>' consisting of corresponding points A', B', 6",... 
and lines V, m', ri,... in the following way. Take any 
point V (called the vertex of projection) and any plane tt' 
(called the plane of projection). Then A', B', C', ... and 
l', 7 )i, n, ... are the points and lines in which the plane 
of projection meets the lines and planes joining the vertex 
of projection to A, B, C, •• and l, m, n,.... Each of the 
figures <f> and 4>' is called the projection of the other ; and 
they are said to be in projection. 

Also each of the points A and A' is said to be the projec¬ 
tion of the other ; so for the points B and BC and C, &c., 
and for the lines l and V, m and m', n and n &c. The line 
in which the planes of the figures 4> and <#>' meet may be 
called the axis of projection. 

When the vertex of projection is at infinity we get what 
is called parallel projection; in this case all the lines AA', 
BB', CCj ... are parallel. A particular case of parallel pro¬ 
jection is orthogonal projection. 

The lines AA', BB', CC', ... are called the rays of the 
projection ; and projection is sometimes called radial projec¬ 
tion to distinguish it from orthogonal projection. 

Figures in projection are also said to be in perspective 
in different planes ; and then the vertex of projection is 
called the centre of perspective, and the axis of projection 
is called the axis of perspective , and each figure is called 
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the perspective or iwfarc of the other. Note that figures 
may also be in perspective in the same plane. (See XXXI.) 

Some writers use the term conical projection or central 
projection or central perspective for radial projection. 

2. The projection of the join of two points A, B is the join of 
the projections A', B' of the points A. B. 

The projection of the meet of the two lines l t m is the meet 
of the projections V, m' of the lines l. m. 

The projection of any point on the axis of projection is the 
point itself 

Every line and its projection meet on the axis of projection. 

ie proofs of these four theorems are obvious 
The projection of a tangent to a curve y at a point A is 

WoZfyj! A { " ,e Pr0jCC,i0n ofA )«> curve f (the pro- 

For when the chord AB of y becomes the tangent at A to 

y by B moving up to A, the chord A'B’ of / becomes the 
angent at A to / by B' moving up to A' 

The projection of a meet (U a common point) of two curves is 
a meet of the projections of the curves. 

The projection of a common tangent to two curves is a common 
tangent to the projections of the curves. 

The proofs of these theorems are obvious. 

the 3 ni? e P r ane th , r ° Ugh th ° Veltex of Projection parallel to 

2 the‘oth°er7 fi . SU, ' eS in meets the plJe 

plane. SU' e in a line called the vanishing line of this 

For U™’a£'!f''" C '° '** Projection. 

Plane “L °^ ^ 

through V parallel to it’. ’ * “ nd Wlth the pIane 

^ ^ UeS °» ° Wed 

Through xxf ; Hne j in the - 

parallel to the given plant 
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p, being parallel to the plane of 7, meets 7 at infinity. 
Similarly p passes through every point at infinity in 7 r. 
Also every point of intersection of 7 r and p is at infinity on 
77. Hence the points at infinity on 7 r are the points of inter¬ 
section of the two planes 7r and p. And as two planes when 
not parallel meet in a line, we may say for the sake of con¬ 
tinuity that two parallel planes also meet in a line. Hence 
the points at infinity in a plane lie on a line. 

The vanishing line in one plane is the projection of the line at 
infin ity in the other plane. 

For the plane joining V to the vanishing line is parallel 
to the other plane. 

To project a given line to infinity. 

With any vertex of projection, project on to any plane 
parallel to the plane containing the given line and the 
vertex of projection. Then the projection of the given line 
will be the intersection of these two parallel planes and will 
therefore be entirely at infinity. 


4. The vanishing point of a line is the point in which the 
line meets the vanishing line of its own plane. 

The angle between the 2 >rojcctions of any two lines l and m is 
the angle which the vanishing points of l and m subtend at the 



is the meet of the plane 


vertex of projection. 

Let l and m meet in A. and 
let l meet the vanishing line i 
in B and let m meet i in C. 
We have to show that the pro¬ 
jection of the angle BAG is 
equal to B VC, V being the 
vertex of projection. Now the 
plane of projection 7 / is parallel 
to the plane BVC. Also A B 
A VB and n'. Hence A B' and T B 


(being the meets of the plane A VB with the two parallel 
planes 77 ' and BVC) are parallel. Similarly A'C' and VC 


are parallel. Hence Z B A'C'— Z BVC. 
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Ex. All angles whose bounding lints hare the same vanishing joints art 
projected into equal angles. 

5. To project an if tico given angles into angles of given mag¬ 
nitudes and at the same time ang given tine to infmifg. 

Let the given angles ABC, DBF meet the line which is to 
be projected to infinity in AC. I)F. Then since A, C an* 
the vanishing points of the lines BA, BC, hence the angle 
A'B'C' is equal to A VC ; so Z If'B'F '= L 1)VF. Hence to 
construct T draw on AC a segment of a circle containing an 
angle equal to the given angle A'B’C', and on I)F and on the 
same side of it as before describe a segment of a circle con¬ 
taining an angle equal to the given angle l/F'F'. Let these 
segments meet in V. Rotate V about A CDF out of the 
Plane of the paper. Then if we project with vertex V on to 
a plane parallel to the plane VACDF, the problem is solved, 
lor the line ADCF will go to infinity. Also ABC will be 
projected into an angle equal to A VC, i.e. into an angle of 
the required size. So for DBF. 

The segments may meet in two real points or in one or 
in none. Hence there may be two real solutions of tin* 
problem or one or none. 

iinfsfvfn, ,'P ePU T al COSC U, ' C " l,,C '*'«« isjumtU to one of the 

tints oj on, „J th, angles, yue a construction for the re rtex of projection 

Let .1 be at infinity. Through C draw a line making with (T 
the supplement of A'B’C. This will meet the segment on f,F in V. 

6 . Given a line l and a tdangle ABC, to project l to infinitu 
and each of the angles A, B, C into an angle of given she. 

Suppose we have to projects. B. C into angles equal to 

£ . r here ° f C ° UrSe a + ^ • Let l cut BC. L CA. 

A ?. Q’ Ji ‘ 0f tllG P° ints P, H let Q be the point 
winch lies between the other two. On BQ describe a seg¬ 
ment of a circle containing an angle equal to a. On QP and 
on the same side of l describe a segment of a circle contain¬ 
ing an angle equal to y. These two segments meet in 0: 
hence they meet again in another point, V say. For if the 
supplements of the segments meet in V, then BVQ+ QVP= 

18 o - a + 18 o° - y = , go 0 + ft > x 8o c , which is impossible 
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Now rotate V about l out of the plane of the paper. With 
V as vertex of projection, project on to any plane parallel to 
YPQ ; and let A'B'C' be the projection of ABC. 

We have to prove that A'=a, B'= f 3, C'=y. Through It 
draw a parallel to VP meeting T r @ in X. Then BVX = a, 
VXlt = y. and XBV=f. Also A'IV is parallel to Vlt, B'C' 
is parallel to VP and therefore to BX, and C'A' is parallel to 
VQ. Hence the sides of the triangles A'B'C' and VBX are 
parallel. Hence the angles are equal ; i.e. A'=a , B'=p, 

C=y. 

7 . To project any triangle into a triangle with given angles 
and sides and any line to in finity. 

Project as above the given triangle ABC into A'B'C' in 
which ZP'= Zfc', Z C'= Z e\ a'l/c' being the 

triangle into which ABC is to be projected. On T A' take 
a point P such that VP:VA':: b'c':B'C'. Through P draw 
a plane parallel to A'B'C' cutting VB in Q and T C in It. 
Then by similar triangles VP: VA': : Qlt: B'C'; hence 
Qlt = b'c'. So BP = c'a', PQ = ah'. Hence PQB is super- 
posable to a'b'c' and in projection with ABC. 

Hence we can project any triangle into an equilateral triangle 
of any size and any line to infinity. 

Ex. L Project any four given points into the angular points of a square of given 
size. _ 

Let ABf'D 'II. 12 ) bo the given points. Project UV to infinity and 
the angles VAU. LWM into right angles. Then in the projected figure 
AB and CD are parallel, and also AD and BC. Also BAD is a right 
angle and also A WD. Hence the figure is a square. We can change 

its size as before. The construction is always real since the semicircles 

oil LM and UV must meet since LM and UV overlap. 

Ex. 2. Project any tiro homologous triangles (see § u) simultaneously into 
equilateral triangles. Is the construction always real ? 

Ex. 3. Project any three angles into right angles. 

Let the legs of the angles A and B meet in L and M, and let LM cut 
the legs of C in DE ; then on LM and DE describe semicircles. 

Ex. 4. If two quadrangles have the same harmonic points, then the eight 
vertices lie on a conic ; as a particular case, if any three of the points arc 
cotlinear, the eight vertices lie on two lines. 

Project one of the sides UV of the harmonic triangle to infinity, and 
the angles UAV and UA'V into right angles, and the angle LU M into» a 
right angle. The quadrangles are now a square and a rectangle with 
parallel sides and the same centre; hence the vertices by symmetry 
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lie Oil a conic whose axes are parallel to the sides. If however B' is on 
BD. clearly this conic degenerates into the common diagonals ; so if />*' 
is on BA. the conic degenerates into BA and CD, and if B' is on BC into 
BC and A D. (See also XII. 7 .) 

8. In projecting from one plane to another, there are in each 
plane tiro points sueh that every angle at cither of them is pro¬ 
jected into an equal angle. 

Let the given planes be 77 and 77'. Draw the planes a and 

/3 bisecting the angles between the planes 77 and Through 

the vertex of projection V draw a line perpendicular to a 

cutting the planes tt and 77' in E, E\ and a line through V 

perpendicular to /i cutting the planes 77 and tt' in F, F\ 

Then every angle at E will be projected into an equal angle 

at E\ and every angle at F will be projected into an equal 
angle at F\ 

The figure is a section of the solid figure by a plane through 

V Perpendicular to the planes 77 and 77'. Let this plane 
nieet the axis of pro¬ 
jection in K, and let 
the legs of any angle 
at E in 77 meet the 
axis of projection in 
E, fl[. Then the 
angle LEM projects 
into the angle 
LE'II . 

But EK = E'K 
by construction and 



lEKIj J-E'KL- 9°". Hence the figure EKLM is 
uperposable to the figure F’KLM. Hence the angle I EM 
. equal to the angle LE’M, i.e. any angle at S is profit 

O an equal angle at E'. So any angle at F is pro ected 
into an equal angle at F\ 1 J 

vPiPvc’tfl harmonk ran9e is a ha ™°™ •***■ 

AMT) n t f prOJection of the harmonic ran-e 

Sw l "" ** »■«« 

The projection of a harmonic pencil is a harmonic pencil 
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Draw any line cutting the rays of the harmonic pencil 
L (ABCD) in a, b, c, d. Let U' ( A'B'C'D'j be the projection 
of the pencil U(ABCD), and a, b', c', d' the projections of 
«. b, c, d. Then a being on UA, a is on TJ'A', and so on ; 
hence U' (A'B'C'D') is harmonic, if ( u'b'c'd') is harmonic. 
And (u'b'c'd') is harmonic, since (abed) is harmonic. 


10 . 1 ’o prove by Projection the harmonic property of a com¬ 
plete quadranyle. 

In the figure of II. 12 , suppose we wish to prove that 
V (BA, 1177) is harmonic. Project CD to infinity. Then 
YA ll'l)' is a parallelogram and U is the point at infinity on 
BA. Let VW cut BA in 0. Then in the new figure 



V ( BA, WU) is harmonic, for (BA, OU) is harmonic since 
BO = OA and TJ is at infinity. It follows that V(BA,WU) 
is harmonic in the given figure. So U(AD,VY ) and 
W(CD , 171') can be proved to be harmonic. 

Ex. Prove by Projection the hannonic property «J a complete quadrilateral. 

Homologous Triangles. 

11. Two triangles ABC, A'B'C' are said to be homologous 
(or in perspective) when A A', BB\ CC' meet in a point 
(called the centre of homology or centre of perspective) and 
also (BC; B'C'), (CA ; C'A'), (AB ; A'B') lie on a line (called 
the axis of homology or the axis of perspective). 
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If tico triangles in the same plane he copolar, they are coaxal: 
and if coaxal, they arc copolar. 

(i) Let the two triangles ABCA'B’C' be copolar, i.e. let 
AA', BB', CC' meet in the point 0 ; then they are coaxal. 
i.e. ( BC ; B’C'\ (CA ; C'A'), (AB; A'B') lie on a line. 

Call these three points X, Y, Z. Then we have to show 


Y 
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And since OB : OB' :: OC: OC', BC is parallel to B'C', i.e. 
X is at infinity, i.e. X lies on YZ, i.e. XYZ are collinear. 
Hence in the original figure XYZ are collinear, i.e. the tri¬ 
angles are coaxal. 

(ii) Let the triangles be coaxal, i. e. let {BC) B'C'), 
{CA ; C'A'), {AB ; A'B') be collinear ; then they are copolar, 
i.e. AA', BB', CC' meet in a point. 

Project XYZ to infinity. Then in the new figure BC is 
parallel to B'C', CA to C'A', and AB to A'B'. Let A A' and 
BB' meet in 0. Then OB: OB ':: AB:A'B' :: BCiB'C') 
and Z OBC = Z OB'C'. Hence the triangles OBC and OB'C' 
are similar. Hence Z BOC = Z B'OC'. Hence CC' passes 
through 0. Hence AA', BB', CC' meet in a point. Hence 
A A', BB', CC' meet in a point in the original figure. 

12. If the triangles are not in one plane, the proofs are 
simpler. 

If two triangles he copolar, they arc coaxal. 

(Use the same figure as before, but remember that now 
the triangles are in different planes.) Since AB, A'If lie in 
the plane OAA'BB', hence AB, A'B meet in a point on the 
meet of the planes ABC, A'B'C'. Similarly {CA ; C'A'), 
{AB ; A'B') lie on this line, i.e. the triangles are coaxal. 

If two triangles he coaxal, they are copolar. 

The three planes BCXB'C', CAYC'A', ABZA'B' meet in 
a point; hence their meets AA', BB', CC' pass through this 
point, i.e. the triangles are copolar. 

Ex. 1. Hence (by taking the angle between the planes evanescent) deduce 
that coaxal triangles in the same plane are copolar ; and (by a ‘ reductio ad 
absurd urn" proof) that copolar triangles arc coaxal. 

Ex. 2. If two triangles ABC, A'B'C? in the same plane be such that AA ', 
BB', CC? meet in a point 0 ; and if on any line through 0 not in the plane 
be taken two points V, V ; show that VA,V'A' meet in a point A", and VB, 
V'B' in a point B", and VC, V'C? in a point C" ; and that the three triangles 
ABC, A'B’C, A"B"C" arc such that corresponding sides meet in threes at three 
points on the same line, viz. the meet of the given plane and the plane of the 
triangle A"B"C. 

For the triangles AA'A", BB'B" are coaxal (and not in the same 
plane) ; lienee they are copolar. 

Tins gives us another proof that triangles in the same plane which 
are copolar are also coaxal. 
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Ex. 3. The sides BC, B'C of two triangles in the same plane meet in X, and 
C'A, Cf A' meet in Y, and AB, A'B' meet in Z ; and X, Y,Z are collintar. Tin- 
lines joining A, B, C to any vertex V not in the plane ABC cut any /dune through 
X, Y, Z hut not through V in A". B", C". Show that A'A", B'B". C1" meet 
in a point V' such that A A', BB’, CC meet in the point where VV cuts the 
plane of the triangles. 

For B"A" passes through Z. 

This gives us another proof that triangles in the same plane which 
are coaxal are also copolar. 

Ex. 4. If three triangles ABC, A'B'O', A"B"C", which are homologous 
in pairs, be such that BC, B'C, B"C" are concurrent and CA, CA', C'A" and 
AB, A'B', A"B" ; then the three centres of homology of the triangles taken 
in pairs are colli near. 


For the triangles AA'A", BB'B" are copolar and therefore coaxal. 

Ex. 5. If three triangles ABC, A'B'C', A"B"C" be such that A A'A", 

BB'B", CCC' ure concurrent lints; then the axes of homology of the triangles 
taken in pairs are concurrent. 


For the triangles whose sides are AB, A'B', A"B" and AC, A'C' A" C" 
are coaxal and therefore copolar. ’ ’ 

Ex. 6. If the points A', B', Cf lie on the lines BC. CA, AB, and if AA' 

BB > ,J >ieet IH a P ° int ' shoW thal the mCcts °f BC ’ B ' C '> °S ( 'A, C'A' and of 
AB, A lie on a line which bisects the lines drawn from A , B x C to BC CA 
AB parallel to B'C, C'A', A'B'. ’ ' LA * 


The line is the axis of homology of the two triangles. Let AB A'If 
meet in Z, and BC, B'C' in X. Bisect AL (parallel to B'C') in 0. ’ It is 
sufhcicnt to prove that AZ . BX. LO = - ZB. XL. OA. But LO OA • 
and AZ : BZ = ACf : CfB ~ LX : XB 


7. The triangles ABC, A'B'C' arc coaxal; if (BC- B'C') be V 
CA; C'A') be Y, (AB; A'B') be Z. (BC'; B'C) b X' [CA' CA) t Y'’ 
(AH', A'B ) fc Z'; then XY'Z', X'YZ', X'Y'Z arc ifL. * ’ ^ ** 1 ’ 
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HARMONIC PROPERTIES OF A CONIC. 

1. We define a conic section or briefly a conic as the pro¬ 
jection of a circle, or in other words, as the plane section of 
a cone on a circular base. The plane of projection may be 
called the plane of section. 

From the definition of a conic it immediately follows 
that— 

Every line meets a conic in two joints, real, coincident , or 
imaginary. 

From every point can be drawn to a conic two tangents , real, 
coincident, or imaginary. 

For these properties are true for a circle, and therefore for 
a conic by projection. 

2. There are three kinds of conics according as the vanish¬ 
ing line meets the circle, touches the circle, or does not meet 
the circle, or more properly according as the vanishing line 
meets the circle in real, coincident, or imaginary points. 

If the vanishing line meet the circle in two points P and 
Q, then, V being the vertex of projection, the plane of 
section is parallel to the plane VPQ , and therefore cuts the 
cone on both sides of V. Hence we get a conic consisting 
of two detached portions, extending to infinity in opposite 
directions, called a hyperbola. 

If the vanishing line touch the circle, and TT' be the 
tangent, then the plane of section, being parallel to the plane 
VTT which touches the cone, cuts the cone on one side only 
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of V. Hence we get a conic consisting of one portion ex¬ 
tending to infinity, called a parabola. 

If the vanishing line does not mept the circle, the plane 

of section is parallel to a plane through V which does not 

meet the cone except at the vertex, and therefore cuts the 

cone in a single closed oval curve, called an ellipse. 

Since the line at infinity is the projection of the vanishin 

line, it follows that the line at infinity meets a hyperbola i.. 

two points, touches a parabola and does not meet an ellipse, 

in other words, the line at infinity meets a hyperbola in tiro real 

points, a parabola in two coincident points, and an ellipse in two 

mag,nary points, or, again, a hyperbola has two real points at 

infinity, a parabola two coincident points, and an ellipse two 
imaginary points. 

3. A pair of straight lines is a conic. 

For let the cutting plane be taken through the vertex so 

as to cut the cone in two lines. Then these lines are a 
section ot the cone, i.e. a conic. 

But properties of a pair of lines cannot be directly obtained 
byprojechon from a circle. For let the cutting plane meet 
the circle in the points P and Q. Then the projection of 
eveiy po.nt on the circle except P and Q is at the vertex 
whilst the projection of P is any point on the line TP and 
he projection of Q ,s any point on the line TQ. Now if we 
ahe any point *' on one of the lines IT and 17?. 

ec ion is P or Q unless *' is at the vertex and then its pro- 
jection is some point on the rest of the circle 

pardleftoX t f f diffi :, Ulty " e ““ * -*ion of the cone 
parallel to the section through the vertex. Then however 

near the vertex this plane is, the theorem is true for the 

hypeibolic section ; hence the theorem is true in tho V 

w en t, le section passes through 

bola becomes a pair of lines. y P 

4. A pair of points is a conic. 

This follows by Reciprocation. (See VIII.) For the re- 
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ciprocal of two lines is two points and the reciprocal of a 
conic is a conic. Hence two points is a conic. 

Clearly however we cannot obtain two points by the 
section of a circular cone. 

5. As in the case of the circle we define the polar of a 
point for a conic as the locus of the fourth harmonics of the 
point for the conic. 

The polar of a point for a conic is a line. 

Through the given point U draw a chord PP' of the conic 
and on this chord take the point J?, such that (PP', UP) is 
harmonic. We have to show that the locus of P is a line. 
Now by hypothesis the conic is the projection of a circle. 
Suppose the range (PP', UP) is the projection of (pp' y ur) in 
the figure of the circle. Then since (PP', UP) is harmonic, 
so is {pp', ur). Hence r is on the locus of the fourth har¬ 
monics of a for the circle ; hence the locus of r is a line. 
Hence by projection the locus of P is a line. 

As in the case of the circle, if the line u is the polar of U 
for a conic, then U is defined to be the pole of u for the 
conic ; and U and u are said to be pole and polar for the 
conic. 

We have proved above implicitly that The projection of a 
pole and polar for a circle is a pole and polar for the conic which 
is the projection of the circle. 

The following theorems now follow at once by projection. 

If P he outside the conic, the polar ofPis the chord of contact 
of tangents from P. 

If P he on the conic, the polar of P is the tangent at P, and 

the pole of a tangent is the point of contact. 

Note that a point is said to be inside or outside a conic 
according as the tangents from the point are imaginary or 
real, i.e. according as the polar of the point meets the curve 
in imaginary or real points. When the point is on the 
conic, its polar, viz. the tangent, meets the cuiwe in coincident 
points and the tangents from the point coincide with the 

tangent at the point. 
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Ex. 1. PQ is a chord of a conic through the fixed point U, and u is the polar tj 
U; show that P, u)~‘ + (Q, »)-» is constant. 

viz. = 2 . (U, u)~ l by similar triangles. 

Ex. 2. If further a be any line, shoic that 

(P, a) (Q, a) _ (U, g) 

{P.u) (Q, u) 2 *l U,u)‘ 

Take the meet of PQ and a as origin. 

From a,, yp ui,lt on the line u, tangents p and q arc drawn to a conic, 
and L is the pole of u, and A is any point; show that 

(•d. p) ( A . q) _ (A, u) 

( u ’i>) + icY) ~ z ' 

Take Con the range UA as origin. 


6 . Since a pole and polar project into a pole and polar. 

the whole theory of conjugate points and conjugate lines for 

a conic follows at once by projection from the theory of 

conjugate points and conjugate lines for a circle. Hence all 

the theorems enunciated in HI. 10-12 for a circle follow for 
a conic by projection. 


.. J- fa series °f c(,nics be drawn touching two given lines at (liven mint* 

the polar of every point on the chord of contact is the sanl for at! * ' ‘ 

Ex. 2. The pole of any line through T is the same for all. 

ttifr 2 ft """ on p Q '«**» "'‘Point Vsad, 

dmwn amjchord 

*£* W th ° P»- of a Hence 

The tangents from PmldTfifd’Cfiifo °R *f” V"™ m " c ' 

PH in Y. Show that XY is a JreZinc ’ Q and 

«/witi* h thc°pl h r o"f T° niC ° f DR f ° r BP *** BA ' * the meet of 

offhl i f „e J> oX t h h fch P fu t : itS POlar mce,s th “ •“* ‘-o i» the pole 

0 1 ? % A h C i^zXeTfc^:iZhZ^7z ,it ai Ci if 

L, Win iff Ml 'Ztafs^ % R ’" f “ S FQ ^ in 

8. ^ ana B are two fire* pom*; . line , hnugh A ^ a ^ ^ 
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in C and D, BD cuts the polar of A in F, and BC cuts the polar in E ; show that 
DE and CF meet in a fixed point. 

Viz. the fourth harmonic of B for A and the meet of AB with the 
polar of A. 

Ex. 9. Through (J, the mid-point of a chord AB of a conic is drawn any 
chord PQ. The tangents at Pand Q cut AB in L and M. Prove that AL = BM. 

It R be the pole of PQ, then R Cl is the polar of U, Cl being the point 
at infinity upon AB. Hence UL = UA1. 

Ex. 10. The tangents TP, TP' to a conic are cut by the tangent at Q (which is 
parallel to the chord of contact PP') in L, L'; s/toio that LQ = Qlf. 

Ex. 11. Through the point U is drawn the chord PQ of a conic and UY 
is drawn perpendicxdar to the polar of U; show that UY bisects the angle PYQ 
or its supplement. 

7 . The theory of self-conjugate triangles for a conic follows 
at once by projection from a circle, since the theory involves 
only the theory of poles and polars. 

Of the three vertices of a self-conjugate triangle two are outside 
and one inside the conic. 

Let UYW be the vertices of the given triangle. Then if 
U is outside, VW, being the polar of U, cuts the conic. 
Also V, W form a harmonic pair with the meets of VW 
with the conic ; hence V or IF is outside the conic. 

If U is inside, FTF does not cut the conic, and hence V 
and TF are both outside the conic. 

Ex. 1. Of the three sides of a self-conjugate triangle two meet the conic and 
one does not. 

Ex. 2. The joins of n points on a conic meet again in three times as many 
]X)ints as there are combinations of n things taken four together , and tf these meets 
one-third lie within and two-thirds without the conic. 

Ex. 3. Show that one vertex of a triangle self-conjugate for a given conic 
is arbitrary , that the second vertex may be taken anywhere on the polar of the 
first , and that (he third vertex is (hen known. 

Ex. 4. Show (hat one side may be taken arbitrarily and complete the construc¬ 
tion. 

8 . The harmonic points of a quadrangle inscribed in a conic 
form a triangle which is self-conjugate for the conic. 

The harmonic lines of a quadrilateral circumscribed to a conic 
form a triangle which is self-conjugate for the conic. 

If a quadrilateral be circumscribed to a conic , the harmonic 
triangle of this quadrilateral coincides with the harmonic triangle 
of the inscribed quadrangle formed by the points of contact. 
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For these propositions are true for the circle, and they 

follow for the conic by projection. So also—Me quadrangle 

construction for the polar of a point applies to a conic. 

2/trough a given point P draw a pair of tangents to a conk. 

By the quadrangle construction obtain the polar of P for 

the conic, and join Pto the points where this polar cuts the 

conic. The joining lines are the tangents from P to the 
conic. 

t TZ *1*? “V ; AB < CD m ‘< "> E, «»<* AC 

coMncar. ’ Jl “‘ S A D ,m “ in u ■ *>"■' »«« E, C, 11 ur. 

Ex. 2. A system of conics touch AB and AC at K ,/>»,/ r n , r t 

;z? D ’ cD nm ‘ ~ *» i>, q. im pq «4ri' z 

Viz. tin* pole of AD. 

=3 “2? s « -= 

Viz. the fourth harmonic of A, for D and the polar of 

1 7 7 f’ '.. * ,wills 

* <?• /v ""'1 passes through ll , foucAes itC fi. 

For AB is the polar of C for the new conic. 

^aZ'if'Yaf uZ't at T" ! Z «- «V "• *- ^ «- 

FE bisects AB and CD ’ ^ * C ' »“* " * *»a» /Art 

For if ^ and I CD meet at n, then «• and FCl are conjugate lines. 

/or a conic are drain a pair !>/ chwdsZ/tle font . VVW *<’/conjugate 

Th.ough V draw the chord PQ, and join Qt or. 

9. // one point on a conic he 
given and also a triangle self- 
conjugate for the conic, then 
three other points arc lenown. 

Bet A be the given point 
and h Fir the given self-con¬ 
jugate triangle. Let XJA cut 
}VV in L. Then the other 
point D in which XJA cuts the 

conic is known since (UA LB) is harmonic. Similarly tin 
points C and B where VA and WA cut the conic are known. 

E 2 


U 
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The four points A, B, C, D form an inscribed quadrangle of 
which UVW is the harmonic triangle v 

By construction (UALD) is harmonic ; hence W(UAVD) 
is harmonic. Similarly W(UAVC) is harmonic. Hence 
WD and 1 VC coincide, i.e. WD passes through C. Similarly 
UB passes through C. Hence the pole of UW is the meet 
of AC and BD. But the pole of UW is V. Hence BJD 
passes through V. 

Ex. 1. Show' that if one tangent of a conic be given and also a self-conjugate 
triangle , then three other tangents are known; and that the four tangents together 
form a circumscribed quadrilateral of which the given triangle is the harmonic 
triangle. 

Ex. 2. If two sides of a biangle inscribed in a conic pass through two vertices 
of a triangle self conjugate for the conic , then the third side will pass through 
the third vertex. 

10. Properties peculiar to the parabola follow from the 
fact that the line at infinity touches the parabola. 

The lines TQ, TQ' touch a parabola at Q, Q', and TV bisects 
QQ' in V and meets the curve in P; show that TP = PV. 



Take the point at infinity w on QQ'. Then since co lies 
on the polar of T, hence the polar of co passes through T. 
Since (toF, QQ') is harmonic, hence the polar of <o passes 
through V. Hence TV is the polar of a>. Now suppose 
the line at infinity to touch the parabola in X2. Then w is 
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on the polar of H, viz. the line at infinity ; hence TV passes 
through 12. Also P and 12 being points on the curve, there¬ 
fore (TV, Pi 2) is harmonic; hence TP = PV. 

For clearness the figure is drawn of which the above 
figure is the projection. In this case, as in other cases, tin- 
theorem might have been proved directly by projection. 

Ex. 1. The line half-u ay between a point and its polar for a parabola touches 
the parabola. 

Ex. 2. The lines joining the middle points of the sides of a triangle self¬ 
conjugate for a parabola touch the parabola. 

Ex 3 The nine-point circle of a triangle Self-conjugate for a parabola passes 
through the focus. 

Ex. 4 . Through the vertices of a triangle circumscribing a parabola arc drawn 
lines parallel to the opposite sides ; show that these lines form a triangle self¬ 
conjugate for the parabola. J J 

Being the harmonic triangle of the circumscribing quadrilateral 
formed by the sides of the triangle and the line at infinity. 

Ex. 6. No two tangents of a parabola can be parallel. 

For if possible let them meet at a; on the line at infinity ; then three 

ifrnfat infinlty. raWU ‘ " *° th ° C ° nic ’ viz> the two tangents and the 

11. We define the polo of the line at infinity for a conic 
as the centre of the conic. Hence the centre of a parabola is 
at infinity . For since the lino at infinity touches the para¬ 
bola, the centre is the point of contact and therefore is on 
the line at infinity, i.c. is at infinity. The centre of a hyper¬ 
bola is outside the curve since the polar of the centre cuts 
the hyperbola in real points; and the centre of an ellipse 
is inside the curve since the polar of the centre cuts the 

ellipse in imaginary points. The hyperbola and ellipse are 
called central conics. 

The centre of a central conic bisects every chord through it. 

Let the chord IT' pass through the centre C of a conic ; 

then PC - CP. For let IT' meet the line at infinity in w . 

len since » is on the polar of C, hence (Cuj, IT') is liar- 
monic. Hence PC = CP'. 

A conic is its own reflexion in its centre. 

For if we join any point P on the conic to the centre C 
and produce PC backwards to P', so that CP'=PC* then P' 
is another point 011 the conic. 
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Ex. 1. All conics circumscribing a parallelogram have (heir centres at the 
centre of the parallelogram. 

For by tlie quadrangle construction for a polar, the polar of the in¬ 
tersection of diagonals is the line at infinity. 

. ABC ls a Wangle circumscribed to a conic, and the point P of contact 

of BC bisects BC; show that the centre of the conic is on AP. 

For AP is the polar of the point at infinity upon BC. 

Ex. 3. Q(f is the chord of contact of tangents frmn T to a conic, and CT cuts 
VV »» V and the conic in P; show that CV. CT = CP 1 . 

For (P/ v , TV) is harmonic. 

Ex. 4. Given the centre 0 of a conic and a self-conjugate triangle ABC, 
construct six points on the conic. 

12. The locus of the middle points of parallel chords of a 
conic is a line (called a diameter). 

Let QQ' be one of the parallel chords bisected in V. The 
system of chords parallel to QQ' passes through a point oj at 
infinity. Also since (toV, QQ') is harmonic, V is on the 
polar of to. Hence the locus required is the polar of co. 

All diameters of a central conic pass through the centre. 

All diameters of a parabola arc parallel. 

For since a diameter is the polar of a point on the line at 
infinity, it passes through the pole of the line at infinity. 
Hence in a central conic it passes through the centre, and in 
a parabola it passes through a fixed point at infinity, viz. the 
point of contact of the line at infinity. 

Ex. 1. The tangents at the ends of a diameter are parallel to the chords which 
the diameter bisects. 

Being the tangents from to. 

Ex. 2. A diameter contains the poles of all the chords it bisects. 

Viz. the poles of lines through a>. 

Ex. 3. If the tangents at the ends of a chord are parallel, the chord is a 
diameter. 

Ex. 4. Two chords of a conic which bisect one another are diameters. 

13. Conjugate lines at the centre of a conic are called 
conjugate diameters. 

Each of two conjugate diameters bisects chords parallel to the 
other. 

Let TCP' and PCD’ bo conjugate diameters. Then by 
definition the pole of CP is on CD. But CP passes through 
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the centre ; hence the pole of CP is at infinity. Hence the 
pole of CP is the point w at infinity on CD. Through oj, i.e. 
parallel to DD', draw the 
chord QQ' meeting CP in 
V. Then since PP' is 
the polar of to, hence 
[QQ'i is harmonic, 
i.e. QV = YO'. Hence 
PP bisects every chord 
parallel to DD'. So DD' 
bisects eveiy chord par¬ 
allel to PP'. 



Ex. 1. A pair of conjugate diameters form with the Hue at infinity a siIf- 
conjugate triangle. J 

Ex. 2. In the hyperbola one and only one of a pair of conjugate dianutcis 
cuts the curve in real points. 

Ex. 3. The polar of a point is parallel to the diameter conjugate to the 
diameter containing the point. 

diameto ^ tange>tl * Ut U ' C cml a ,liametcr arc parallel to the conjugate 


Ex 5. The line joining any point to the middle point of its chord of contact 
passes through the centre. 

Ex. 6. The sides of a parallelogram inscribed in a conic arc parallel to a pair 
°J M'J'Wte diameters ; and the diagonals meet at the centre. 


di^rnhr'- T, ‘ e fH 0mL ] paralM °V ram circumscribing a conic are conjugate 

Z larali,dZlhl L r° f °f a parallelogram whose side* 

at c parallel to the above diagonals. 


Ex. 8. A tangent cuts two parallel tangents 
CQ arc conjugate diameters. 


in P and Q, show that CP and 


For, reflecting the figure in the centre C, this reduces to Ex. 7 . 

14. If each diameter of a conic he perpendicular to its con¬ 
jugate diameter , the conic is a circle. 

Take any two points P, Q on the conic. Bisect PQ in V 

a°d join CY. Then CV is the diameter bisecting chords 

parallel to PQ, i. e . CV and PQ are parallel to conjugate 

diameters. Hence CY and PQ are perpendicular. Also 

IV=YQ. Hence CP = CQ. Hence all radii of the conic 
are equal, i.e. the conic is a circle. 

15. The asymptotes of a conic are the tangents from the 
centre. They are clearly the joins of the centre to the 



56 Harmonic Properties of a Conic . [ch. 

points at infinity on the conic. In the hyperbola they are 
real and distinct, in the parabola they coincide with the line 
at infinity, and in the ellipse they are imaginary. The 
asymptotes arc harmonic with every pair of conjuyate diameters. 
I or the tangents from any point are harmonic with any pair 
of conjugate lines through the point. 

Any line cuts off equal lengths between a hyperbola and its 
asymptotes. 

Let a line cut the hy¬ 
perbola in Q, Q' and its 
asymptotes in It, It then 
ItQ = Q'lt 

On lilt' take the point 
at infinity w and bisect 
QQ' in V. Then since 
(QQ't Vio) is harmonic, 
the polar of to passes 
through F Since to is 
at infinity, its polar passes through C. Hence CV is the 
polar of to. Hence CV and Cto are conjugate lines. And 
CIt, CR' are the tangents from C. Hence C(RR\ Fto) is 
harmonic. Hence (RR f , Fto) is harmonic. Hence RV= VR'. 
But QV = VQ'. Hence RQ=Q'R'. The proof applies 
whether we take QQ' to cut the same branch in two points 
or (as in the case of qq) to cut different branches of the 
hyperbola. 

The intercept made by any tangent between the asymptotes is 
bisected at the point of contact. 

For let Q and Q' coincide ; then RQ = QR'. 

Ex. 1. Given the asymptotes and one point on a hyperbola, construct any 
number of points on the curve. 

Ex. 2. Given the asymptotes and one tangent of a hyperbola , construct any 
number of points and tangents of the curie. 

Ex. 3. Tiro of the diagonals of a Quadrilateral formed by two tangents 
of a hyperbola and the asymptotes arc parallel to the chord joining the points 
of contact of the tangents. 

Consider the harmonic triangle of the quadrangle formed by the 
points of contact and the points at infinity on the hyperbola. 

Ex. 4. If a hyperbola be drawn through two opposite vertices of a parallelogram 



V.] Harmonic Properties of a Conic. 


57 


with its asymptotes parallel to (he sides, show that the centre lies on the join of the 
other vertices . 

16. A rectangular hyperbola is defined to be a hyperbola 
whose asymptotes are perpendicular. 

Conjugate diameters of a rectangular hyperbola arc eguallg 
inclined to the asymptotes. 

For they form a harmonic pencil with the asymptotes, 
which are perpendicular. 

<hC Cn ' lSOf ° mj fIiamdcr °/ fl rectangular hyperbola to 
any pomt on the curve are equally inclined to the asymptotes. 

17. A principal axis of a conic is a diameter which bisects 
chords perpendicular to itself. 

All conics hare a pair of principal axes; but one of the prin¬ 
cipal axes of a parabola is at infinity. 

Consider first the hyperbola. Then the asymptotes are 

real and distinct. Now the bisectors of the angles between 

the asymptotes are harmonic with the asymptotes and are 

therefore conjugate diameters. But the bisectors are also 

perpendicular. Hence they are a pair of conjugate diameter* 

a ug i angles. Each of the bisectors is therefore a prin- 

Cipal axis; for each bisects chords parallel to the other, i.e 
perpendicular to itself. 

Consider next the parabola. We might say that hero the 
asymptotes are coincident with the line at infinity ; and the 
bisectors of the angles between a pair of coincident lines are 

Sence” thl ‘i *** a " d « Pedicular to it. 

deuce the principal axes of a parabola are the line at in- 

n.ty and another line called the axis of the parabola. 

thus All the diameters of a parabola are parallel 
bi^r I, perpeudicular a diameter, then the diameter 
tic aZ e ofT ff pe,pendicular ‘0 them and is called 
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Involution that there is always a pair of conjugate diameters 
of any conic at right angles. Hence the ellipse also has a 
pair of principal axes. (See XIX. 4 .) 

An axis cuts the conic at right angles. 

For the tangent at the end of an axis is the limit of a 
bisected chord. 

A central conic is symmetrical for each axis. 

For the principal axis AL bisects 
chords perpendicular to itself. 

Let P3IP' be such a chord. Then 
P' is clearly the reflexion of P in AL, 
i.e. the conic is symmetrical for AL. 
The same proof shows that 
A parabola is symmetrical for its 
axis. 

Ex. 1. The tangent at P meets the axis CA in T and PN is the perpendicular 
on CA ; show that CX. CT = CA 1 . 

For PX is the polar of T. 

Ex. 2. PQ, PR (ouch a conic at Q, R. PM is drawn perpendicular to either 
<ixis. Show that PM bisects the angle QMR. 
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CARNOTS THEOREM. 


1. The sides BC, CA, AB of a triangle cut a conic in the 
points A, A„ B,B 21 C,C 2 , show that 

AC,. AC.,. BA,. BA 2 . CB ,. CB 2 

= AB ,. AB 2 . BC ,. BC 2 . CA,. CA V 


By definition a conic 
is the projection of a 
circle. Let the points 
ABC A, A 2 ... be the pro- 
jectionsof A’B'CA,'Af.. 
in the figure of the circle. 

Now in the circle we 
have 


B 



A ' C Y- A 'CJ. B'AB'A/. CB;. C'B 

= A ' B '~ A 'k- b'c;. DC,;. CA,'. C'A: 

for A'c;. AX\'= A'B;. A'B,', and so on. 

Let V be the vertex of pro¬ 
jection. 

Then 

bc 2 a bvc 2 

_ AV. C. 2 V. sin A VC, 

BV. C 2 V. sin BVC 2 

_AV sin A VC 2 
BV' sin BVC 2 
and so for each ratio. 
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Hence ^ C*,. A C 2 ... sin AI . sin AT C 2 -.. 

A-fy. Ai? 2 ... _ sin A VB,. sin A VB 2 ... 

where each segment is replaced by the sine of the corre¬ 
sponding angle. Also the last expression 

- sin A'VC /, sin A'VC./... A'CA'C./ ... 

sinA-VB,'. sin A'VB,'... ’ and thls equals A'B'. A'B.;... 

by exactly the same reasoning as before, and this has been 
proved equal to unity. Hence 


AC,. AC,. BA,. BA 2 . CB, . CB 2 

= AB,. AB 2 . BC,. BC 2 . CA,. CA 2 . 

Ex. 1. The sides AB, BC, CD,. .. of a polygon meet a conic in A, A } . B, Bj, 
Ci Ci,; show that 

A A,. AA 2 . BB ,. BB, .CC,.CC a ... = BA,. BA 2 . CB,. CB 2 . DC, .DC,... 

Ex. 2. By taking the conic to be a line and the line at infinity, deduce 
Menelaus’s theorem from Carnot's theorem. 

Ex. 3. If a conic touch the sides of the triangle ABC in A,, B,, C,; then 
AA,, BB,, CC, are concurrent. 

For AB, 2 . CA, 2 . BC, 2 = AC, 2 . BA, 2 . CB, 2 ; 
and we cannot have AB, . CA,. BC, = + AC,. BA,. CB,, for then A, B, C, 
would cut the conic in three points. 

Ex. 4. If the vertex A in Carnot’s theorem be on the conic, shoio that the ratio 
AC, : AB, must be replaced by sin TAC : sin TAB, AT being the tangent 
at A. 


For B, C-i is ultimately the tangent at A. 

Ex. 5. What does Carnot’s theorem reduce to when A, B, and C are on 
the curve ? 


Ex. 6. If through fixed j>oints A, B ice draw the chords AB, B 2 , BA 3 A, of 
a conic meeting in the variable point C, then the ratio 

BA,. BA 2 . CB,. CB-, AB,. AB 2 . CA ,. CA 2 is constant. 

Ex. 7. Deduce the corresponding theorem when B is at infinity. 

Ex. 8. A, B, C arc three points on a conic; the tangents at ABC meet in 
GHK; points DEF are taken on BC, CA, AB such that AD, BE, CF are 
concurrent: show that GD, HE, KF are concurrent. 

For sin DGB/sin DGC = DB/DC±BG/CG. Now use two forms of 
Ceva’s theorem. 

Ex. 9. AC touches a conic at A, AB meets it again in C„ and BC meets it m 
A-i, A, ; if the circle of curvature at A meet AB in Cf, show that 
AG'. CA,. CA 2 . BC ,. BA = AC, . BA,. BA 2 . CA 2 . 

Consider the circle of curvature as the limit of the circle through 
B, B 2 C 2 . 

Ex. 10. If A, A.j be parallel to the tangent at A, this reduces to 

AC. BC, .BA = AC ,. BA,. BA. t . 

Ex. 11. Deduce (he expression 2 CD * -V CP for (he central chord oj curvature . 
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Ex. 12. A conic cuts the sides BC , CA, A B of a triatujle in P. P .,, Q. Q, 

7 R * >' " ,,d »»<** in x . ap , «w/ tv/, t/i y. yjn. z’ 

shou: that AA } BV y CZ are concurrent . ^ 1 

2. on Me s/tfes BC, CA, AB of a triangle, the puirs 
of points A. A,, B,B,, C,C, he taken, such that 

AC, .AC,. BA,. BA ,. CB ,. CB, 

= AB,. AB,. BC,. BC... CA,. CA„ 
then the six points A„ A„ B„ B,, C„ C, lie on a conic. 

Through the five points (XXIV. 2 ) A„ A„ B n B„ C, 
draw a conic. If this conic does not pass through C.., let 
AB cut the conic again in y,. Then we have 
AC,. A y,. BA,. BA,. CB,. CB, 

n . . — AB,. AB,.BC,. By,. CA ,. CA,. 

Dividing the given relation by this relation we have 

AC,/Ay, = BC,/By,. 

Hence C and y, coincide. Hence the six points A „ A.,. 
-Oj, n ,, G„ C, lie on a conic. 

T::c f a Ma "* ■*- *• 
" ic sides ofa **■*• — >"<■ 

third side, L piZ'tfcZaciZsKts tZ'Zf “ "* <KW ' 0 '“ ,0 " ch 

™ hC ^ l0mh " lc ""<* «*• »/ - triple at their 

3. Norton’s theofem If two chords of a conic VPQ, ULM 

^7™:w»T™ ttriab T oi, ; t * s,iow 

position of U. ^ ’ ' S tn,,c ^ ndc »t of the 

Let U'P'Qt, U'L'M' be an- 
other position of the chords 
UPQ, ULM. Then PQ is par¬ 
allel to P'Q' and LM to L'M'. 

Let PQ , P'Q' meet at i n ^ nity 

! n < and LM, L'M' at infinity 
ln A PPly Carnot’s theorem 
to the triangle a >'U'V. Then 

w'P'. U'L'. ZTM'. VQ. VP 

=0J 'Q’ VL'. VM'. U'Q'. U'P'. 
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From Q drop the perpendicular QX on Q'a>'. 

Then w'Q'/to'Q = (c o'X + XQ'l/u'X = i + XQ'/(o'X = i. 

So oj'P' = t o'P. Hence 

U'L'. U'M'. VQ. VP = VL'. VM'. U'Q'. U'P' 
i. e. U'P’. U'Q’-^U'L'. U'M'= VP. VQ-r-VL'. VM' 

In exactly the same way the triangle 10 UV gives us 

VP. VQ-i-VL'. VM'= UP. UQ-+UL. UM. 

Hence UP. UQ-^UL. UM = U'P'. U'Q'+U'L'. U'M', 
i. e. UP. UQ^- UL . UM is independent of the position of U. 

Ex. If the tangents from T to the conic touch at P and Q, show that 

TP :TQ :: CP' : C(f, 

where CP', C(f are the semi-diameters parallel to TP, TQ. 

Take U at T and C successively. 

4. In a parabola QV*= 4 • SP. PV. 

Besides QVQ' draw a second 

double ordinate qvq' of the dia¬ 
meter PV. Now PV meets the 
parabola again at 12, a point 
at infinity. Also by Newton’s 
theorem we have 

VQ . VQ' _ rq . rg' 
VP.Vil vP.vil 
But VVL = vil. Hence 
VQ . VQ'-+- VP = rq . vq'-^vP, 

i. e. QV- -r- PV is constant. To obtain the value of this 
constant take qq' through the focus S. Then by Geometrical 
Conics qq'= 4 . SP and Pv = SP. Hence Q T 2 -r- P\ = 4 • SP. 

Note that the theorem also follows directly from Carnot’s 
theorem by using the triangle contained by QV, Vv, rq. 

5. In an ellipse QV 2 : PV. VP' : : CD 2 : CP\ 

In the figure of V. 13 , we have by Newton’s theorem, 

VQ . VQ ': VP. VP':: CD . CD': CP. CP', 
i.e. QV 2 :PV. VP ': : CD 2 : CP 9 . 
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6. In a hyperbola QV 1 : PV. VP':: CD ? : CP 1 . 

Besides QVQ' draw a 
second double ordinate 
qrq' of the diameter PCP'. 

Then by Newtons theo¬ 
rem VQ. VQ': VP. VP' 

::vq. vq': vP. vP\ 
i.e. QV 2 :PV. VP 1 is con¬ 
stant. 

To obtain the value of this constant, take V at C, and let 
D be the position of Q. 

Then QV 2 = CD 2 and PT r . VP'= PC. CP'= CP\ 
Hence QV 2 : PV. VP' ::CD~: CP\ 
the formula required. 

But this is not the formula given in books on Geometrical 
Conics ; for in the above formula either P or D is imaginary, 
since, of two conjugate diameters of a hyperbola, one only 
meets the curve in real points. Take P real and D ima-in- 

■ rilon CJ) ' 1S negative, otherwise 7) would be real. °On 

CP take the point r/, such that C(P= -CD\ Then d is real 
tor C (P is positive. 

Then Q V* : PV. VP'-.,- CP : CP*. 

ie - QV'-.PV.P'V,: CP: CP*, 

;i h ‘ C A iS th ° f “' mula S iv ™ in b <>°k S on Geometrical Conics, 
the rf here replacing the I) of the books. 

Ca " (1> tllC truo and C,t t,le conventional semi- 
diameter conjugiite to CP. 

the eon S °T eti, r C0nvenient to em P*°y the symbol D for 

lontel P ° mt (l When the “ eani “S » dear from the 

^Note that the locus of d is the so-called conjugate hyper- 

from Cm-noTt. ° f § 5 6 ma >' *>*> be obtained directly 

Ic'vc vq* USh ’ s the triangl0 contained by 

7. If the diameter conjugate to PCP' meet the curve in 
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the imaginary points D and D\ and if the tangent at P meet an 
asymptote in T, then CD 2 = — PT l , i. e. PT is equal to the 
conventional CD and parallel to it. 

In the figure of § 6 let BQQ' be parallel to the tangent at 
P, and let i > be the point at infinity on the asymptote CR. 
Then by Newton’s theorem RQ . RQ'-r-RQ 2 = rq . rq'- s- ril 2 , 
rqq' being parallel to RQQ'. But RQ = ril. Hence 

RQ . RQ' = rq . rq'. 

Now take R at T, then RQ . RQ ' = TP 1 . Again, take r at <7, 
then rq . ref — — rq- = — CD 2 . Hence TP 2 = — CD 2 = Cd 2 . 
Hence IP = Cd, i. e. TP represents Cd in magnitude and 
direction. 

Notice that we have incidentally proved the theorem—// 
a chord QQ' of a hyperbola drawn in a fixed direction cut one 
of the asymptotes in R, then RQ. RQ' is constant and the same 
whichever asymptote is taken. 

For RQ. RQ'= TP 2 = T'P 2 = R'Q.R'Q'. 

It follows that RQ.QR' and RQ'.Q'R' arc constant and 

equal. For RQ'=QR'. 

Also RQ.RQ'= R'Q.R'Q' = Cd 2 , Cd being parallel to 

RQQ'R'. 


Ex. 1. Pd is parallel lo an asymptote . 

For by reflexion in C we get the complete parallelogram TT'ttf, and 
clearly Pd is parallel to t / T f . 

Ex. 2. Given in magnitude and position a pair of conjugate diameters qf a 
hxjperbola, construct the asymptotes. 

Ex. 3. Through any point It on an asymptote of a hyperbola is drawn a line 
parallel to the real diameter P'CP cutting the curve in Q(f, show that 

RQ.IKf = -CP 1 . 


Ex. 4. If the same line cut the other asymptote in R', show that 

QR . QR' = (fR . CfR' = CF°. 

Ex. 5. Given a pair of conjugate diameters of a hyperbola in magnitude and 
position, construct the axes in magnitude and position. 

Use Ex. 2 and Ex. 4. 

Py a The tanuent at Q to a hyperbola meets a diameter CD or cd J\ oinch 

cLTL^ry **.) .» T «-«. 9 to ^ 

conjugate diameter CP meets CD m V, show that CV. CT = Cl? - -Cd. 

For (DI/ TV) is harmonic, and C bisects DD . Since CV. CT is n 0 
tive?V and T ar o on opposite sides of C. Of the above harmonic range 
notice that DD' are imaginary points and TV real points. 
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Ex. 7. Given a pair of conjugate diameters of a hjperbola in position and 
a tangent and its point if contact, construct (lie axes in magnitude and position. 
CV. CT = Cl* gives the lengths of the diameters. 

Ex. 8. The polar of d is d'T*. 

Consider the chords intercepted on dr and dP. 

Ex. 9. If through a variable point U a chord PUQ be drawn in a fired 

huverlTh, UR PUralhl l ° ° W ° fU,C us y ,n Pt°tcs in the case if the 

’inconstant 1 * ° lC UXIS " l thc Qasc thv Parabola, then UP. U(j x/ U1{ 

8. In a rectangular hyperbola, conjugate diameters arc equal 

and equally inclined to thc asymptotes. Also diameters which 
are perpendicular are equal. 

Since conjugate diameters are 
harmonic with the asymptotes 
which are perpendicular, they are 
equally inclined to the asymptotes. 

Again CD = PT. But in the r. h. 

TCT' is a right angle and 

TP = PT\ 

Hence CP = PT, hence CP= CD. 

Draw CQ perpendicular to CI\ 

Then 

IBCQ = -IBCP= AACP = UiCD, since IPCT=LDCT- 

Hence Z l CP IT ** Hence 

perpendicular to' it " * e<1 " al ‘° 

Notice that the true formulae are CP 2 = — CIP — rev 
that if a diameter meet a r. h. in real points tl7 ® ? r 

EX ' VX o/„ ,,, , md v< sh0K 

i. e. as U C^% UL ' ^ ^ tho squares of the parallel diameters, 

. “ .is 'lie sit: r “• 
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Elementary Geometiy we have DP. DA = ~DB. DC. Hence 

DQ=DP, i.e. Q coincides with P, i. e. the r. h. passes through 
the orthocentre. 

For the converse see XXL 9. 

Ex. 1. If a triangle PQR which is right angled at Q be inscribed in a r. h. y 
the tangent at Q is the perpendicular from Q on PR. 

Ex. 2. If a r. h. circumscribe a triangle, the triangle formed by the feet 
<f the perpendiculars from the vertices on the opposite sides is self-amjugatc 
for the r. h. 

Being the harmonic triangle of ABCP. 


CHAPTER VII. 


FOCI OF A CONIC. 


1 . A focus of a conic is a point at which every two conju¬ 
gate lines are perpendicular. 

A directrix of a conic is the polar of one of the foci The 
polar of a focus is called the corresponding directrix. 

From the definition of a focus it at once follows that every 
two perpendicular lines through a focus are conjugate 

X XVT77 ^tT ° f '“ C f f ° f “ COnic is gi-n m Chapter 
AAVJ.1I. It is there shown that— 

Every conic has four foci. 

All the foci arc inside the curve. 

The foci lie two tg two, on the principal axes; the pa ir SS' on 
om axis (called the focal axis) arc real, and those FF' on the 
oOier axis are imaginary; also SS' are equidistant from the 

parabola ^ 1 0/ ° ***** 0n t,le of the 

All the foci of a circle coincide with the centre. 

Note that the focal axis is the major axis in an ellipse the 
tansveme axis in a hyperbola, and the axis in a pXl’a 

ex 2 at ,he end ° ° fa/md dMri - <>« ' ■ 

rear A the * reariX in Z - «« ‘->2 * perpendieu*r Ux 

Being perpendicular to the polar of Z. 

,, 3- PSQ is a focal chord of a conip rrnv ■ 

sa 1t, i ^ ~ a 
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2 . If from any point P on a conic, a perpendicular PI Lf be 
drawn to the directrix which corresponds to a focus S, then 

SP -5- PI\I is constant. 

Take any two points 
P and P' on the conic. 
Let the tangents at P 
and P' meet in T. Let 
PP' meet the correspond¬ 
ing directrix in K, and 
ST in It. From P and P' 
drop the perpendiculars 
PM and P'M' on the 
directrix. 

Now SK and ST are 
conjugate lines at the focus ; for the polar of K, which lies on 
PP' and on the directrix, is TS. Hence SK is perpendicular 
to ST. Also (KPPP') is harmonic, since K is the pole of 
ST. Hence S (KPPP') is harmonic. Hence SK and ST, 
being perpendicular, are the bisectors of the angle PSP'. 
Now since SK bisects the angle PSP' (externally in the 
figure), we have SP: SP':: PK: P'K :: PM: P'M'. Hence 
SP: PM :: SP': P'M'; in other words, SP: PM is constant. 
In the parabola, SP — PM. 

For let SA be the axis. Then SA meets the parabola again 
at infinity, at H, say. Hence (XASQ) is harmonic, since 
XZ is the polar of S. Hence SA. = AX. 

But SP: PM:: SA: AX, for A is on the parabola. 

Hence SP = PM. 

In the ellipse, SP < PM. 

Since a focus is an internal point, S must lie between A 

and A'. £_- dl 

Let A be the vertex between S and X. Then since A' is a 

point on the ellipse, we have SP: PM :: SA : A X. 

But SA'< A'X, hence SP < PM. 

In the hyperbola, SP > PM. 

Since the focus is an internal point, S must lie outside the 
segment A A'. £_ d—d -£- 
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As before SP: PM :: SA': A'X > i. 

The corresponding property in the circle is that the radius is 
constant. 

For the focus is the centre. Hence the directrix is the 
line at infinity. Hence PM = P'M'. Hence SP = SP'. 
i.e. CP=CP\ 

Ex. 1. Any fico tangents to a conic subtend at a focus angles which arc either 
equal or supplementary. 

Ex. 2. Show that it is not true conversely that 4 if any tiro tangents to a conic 
subtend at a point on an axis angles which are equal or supplementary t then this 
point is a focus / 

The foot of the perpendicular from T on the axis is such a point. 

3 . Assuming from Chapter XXVIII that a conic has a 
real focus, we have just shown that this focus possesses the 
SP:PM property by which a focus is defined in books on 
Geometrical Conics. This opens up to us all the proofs 
given in such books. It will be assumed that these proofs 
are known to the reader; and the results will be quoted 
when convenient. Properties of Conics which can be best 
treated by the methods of Geometrical Conics will be usually 
omitted from this treatise. 

4 . In any conic , the scmi-latus rectum is equal to the harmonic 
mean between the segments of any focal chord. 

Let the focal chord P’SP cut the 
directrix in K. 

Then ( KPSP') is harmonic since S 
is the pole of XK. Hence 

2 (. KS = (KP)~ t + (KP')~\ 

But 

KP:KS: KP ':: PM : SX : P'M ' 

:: SP: SL : SP\ 

for SP:PM :: SL : LU:: SL: SX. 

Hence 



2 {SL) 1 = ( SP)~' + (SP 

Ex. L If The the pole of the focal chord PQ of a parabola , show that 

PQ oc ST 2 . 

iJ^L dmd ° f " an,rat COn<c " rr°P°rtioml me m are of 
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5. If the tangent at P meet the tangents at the vertices A A' 
of the focal axis in UU', then UU' subtends a right angle at S 

and S'. Also if US, U'S' cut in E, and US ', U'S cut in F, 
then EF is the normal at P. 

For since A U and PU subtend equal angles at S and since 

A'U' and PU' subtend equal angles at S, it follows that 

LSU' is a right angle. Similarly UU' subtends a right angle 
at S'. b 


Again, F is the orthocentre of the triangle UEU'. Hence 
EF is at right angles to UU'. Let PU cut the axis in T 
and draw the ordinate PN. Then ( TUPU') = (TANA') is 
harmonic. Also if EF cut UU' in P', then since UU' is a 
harmonic side of the quadrilateral SF t FS', S'E, ES, we have 
(TUP'U') harmonic. Hence P' and P coincide, i. e. EF 
passes through P. Hence EF is the normal at P. 

Ex. 1. If a circle through the foci cut the tangent at the vertex A in U V and 

at the vertex A' in U' y V', show that the diagonals of the rectangle 
UU V V touch the conic . 

Ex- 2. Girt 7i the focal axis AA / in magnitude and position and one tangent , 
amstruct the foci . 


6 . If the tangent at a point P of a central conic cut the focal 
axis in 1\ and if the normal at P cut the same axis in G, then 
CG.CT=CS -. 

For since the tangent and normal bisect the angle SPS', it 
follows that P(SS', TG) is harmonic ; hence 

CG . CT = CS\ 

Ex. 1. Given the axes in ]>osition and one tangent and its point of contact, 
construct the foci. 

Ex. 2. In the parabola, S bisects GT. 

For S' is at infinity. 

Ex. 3. Given the axis of a parabola in position and one tangent and its point 
of contact, construct the focus. 


Confocal Conics. 

7. Confocal conics (or briefly confocals) are conics which 
have the same foci. If one of the given foci is at infinity, 
we have confocal parabolas, which may also be defined 
as parabolas having the same focus and the same axis. 
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Two confocals can be drawn through any point , one an ellipse 
and one a hyperbola , and these cut at right angles. 

Join the given point P to the foci -S', S', and draw the 
bisectors PL and PL' of the angle SPS'. Since both foci are 
finite, the conic must be an ellipse or a hyperbola. If it be 
an ellipse, then Q being any point on the ellipse, 

SQ + S'Q = SP+S'P; 

so that one and only one ellipse can be drawn through P 
with S and S' as foci. Similarly one and only one hyperbola 
can be drawn. And the two conics cut at right angles, for 
PL and PL' are their tangents at P. 

If one focus is at infinity, the ellipses and hyperbolas 
become parabolas, and we get the theorem— 

Of the system of parabolas which have the same focus and the 
same axis , two pass through any point and these are orthogonal. 

This can be easily proved directly. 

8. One confocal and one only can be drawn to touch a given 
line. 

Take <r, the reflexion of S. in the given tangent. Then a S' 
cuts the given line in the point of contact P of the given line. 
If the given line cuts 55' internally, the required conic is a 
hyperbola, viz. the locus of Q where S'Q — SQ=S'P—SP 
If the given line cuts SS' externally, the required conic is an 
ellipse, viz. the locus of Q where S'Q + SQ = S'P+SP 

If one focus is at infinity we get the theorem— 

Of a system of confocal parabolas, one and one only touches a 
given line. 

This can be easily proved directly. 

9 The locus of the poles of a given line for a system of con- 
focals is a line. 

Let the given line be LM, and let V be the point of con¬ 
tact of the confocal which touches LM. Draw VIJ perpen 

dicular to VL. Then YU contains the pole of LM for any 
confocal. J 

Since V is the pole of LM for the confocal which touches 
LM, the pole of LM for this confocal is on VIJ. From V 
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draw the tangents VT and VT' to any other confocal. Now 
YL and YU bisect SYS', for they are the tangent and 
normal to the confocal touching LAT. Also Z TVS= Z T'VS' 
by Geometrical Conics. Hence YL and YU are the bisectors 
of TVT', i.e. YL and YU are harmonic with YT and VT. 
Hence YL, YU are conjugate for this confocal, i.e. for any 
confocal of the system. Hence the pole of YL for any 
confocal lies on VU. 

The theorem follows for the confocals to which real 
tangents cannot be drawn from V by the principle of con¬ 
tinuity. 

We have incidentally proved the proposition — 

If V be any point in the plane of a conic whose foci are S and 
S', then the bisectors of the angle SYS' arc conjugate for the 
conic. 

If one focus is at infinity, we get the theorem— 

The locus of the poles of a given line for a system of confocal 
parabolas is a line. 

If V be any point in the plane of a parabola whose focus is S, 
and if VAI be parallel to the axis, the bisectors of the angle SVM 
are conjugate for the parabola. 

Ex. 1. If a triangle be inscribed in one conic and circumscribed to a confocal, 
the points of contact arc the points of contact of the escribed circles. 

Let ABC be the triangle. Let the tangents at A and B moot in 11. 
Then the locus of the poles of .4/? is the normal at the point of contact 
N of AB, i.e. BN is perpendicular to AB. And R is the centre of the 
escribed circle because the external angles at A and B are bisected. 

Ex. 2. From T arc drawn the tangents TP, TP' to a conic atid the tangents 
TQ, T(f to a confocal; show that the angle QPQ' is bisected by the normal at P. 

For the normal at P meets Q(f in the pole of TP for the other conic. 

Focal Projection. 

10. To project a given conic into a circle so that a focus of 
the conic may be projected into the centre of the circle; and to 
show that angles at the focus are projected into equal angles at 
the centre. 

Let S be the focus to be projected into the centre of the 
circle ; and let XZ be the corresponding directrix. Since S 
is to be projected into the centre, its polar XZ must be pro¬ 
jected to infinity. Rotate S about XZ into any position out 
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of the plane of the conic, and take this position as the position 
of the vertex of projection V. With 
V as vertex project the conic on to a 
plane parallel to YXZ. Now the 
projection of a conic is a conic. Also 
C, the projection of S . is the centre of 
the new conic ; for the polar of S is 
projected to infinity, hence C is the 
pole of the line at infinity. Again, 
the angle LSM at S is superposable 
to the angle LVM ; and the projec¬ 
tion of SL is parallel to YL, and the 
projection of SM to Fill. Hence 
LSM is projected into an equal angle 
at C ; so every angle at S is projected 
into an equal angle at C. Also con¬ 
jugate lines at S are projected into 
conjugate lines at C. Hence the perpendicular conjugate 
lines at S are projected into perpendicular conjugate lines at 
C, i.e. every two conjugate lines through the centre C are 
perpendicular. Hence the new conic is a circle. 

Ex. 1. Project a conic into a conic so that one focus of the one shall project into 
one focus of the other. 

Ex. 2. Project a circle into a conic so that the centre of the circle shall project 
mto a focus of (he conic. 

Take any line as vanishing line, and to get V rotate C about the 
vanishing line. 

11. Find the envelope of a chord of a conic which subtends a 
constant angle at a focus of the conic. 

Project the conic a into a circle so that the focus S may 

project into the centre C of the circle. Then if the chord PQ 

of the conic subtend a constant angle at S, its projection P'Q' 

mil subtend the same angle and therefore a constant angle 

at C. Hence the envelope of P'Q' is a concentric circle /3'. 

The required envelope is therefore the conic a' of which p is 
the projection. 

Now S is the focus of a'; for the perpendicular conjugate 




74 


Foci of a Conic. 


lines of /3' at C are the projections of perpendicular conjugate 
lines of a' at S, since angles at S project into equal angles at 
C. Also the line at infinity is the polar of C for fi'; hence the 
vanishing line, i.e. the directrix corresponding to S in the 
given conic a , is the polar of S for a'. Hence the envelope 
a' of PQ is a conic having the given focus as focus and having 
as corresponding directrix the directrix corresponding to the 
focus in the given conic. 

Ex. In the above, find the locus of the pole of PQ. 

Note that these and all other examples of this method can 
be more easily dealt with by Reciprocation. 



CHAPTER VIII. 


Reciprocation. 

1. If we have any figure determined by points A, B, C, ... 
and lines l, m, n, ..., we can form another figure called a 
reciprocal figure in the following way. Choose any conic T 
called the base conic . Take the polar a of A for this conic, 
the polar b of B, the polar c of C, ... ; also take the pole L 
of l for this conic, the pole M of m, the pole IV of n, ... ; 
then the figure determined by the lines a, b, c, ... and the 
points Z, HI, IV, ... is said to be reciprocal to the figure 
determined by the points A, B, C, ... and the lines /, m, n, .. ; 
also the point A and the line a are said to be reciprocal , so 
also B and b , C and c, ..., I and L , m and HI, n and iV, .... 

The name reciprocal arises from the following property— 

lf the reciprocal of the figure a be the figure a', then the 
reciprocal of a' is a. 

For let A be a point of the figure a. The reciprocal of A 

is the polar a of A for the base conic T. Hence a is one of 

the lines of a' the reciprocal of a. Again, in obtaining a", the 

reciprocal of a', we should obtain the pole of « (a line of a') 

for T ; but the pole of a is A. Hence A is a point in a". 

xience every point belonging to a belongs also to a". So 

every lme belonging to a belongs also to a". Hence a and 
a coincide. 

The reciprocal of the join of two points A, B is the meet of the 

1 Tift, lmeS "c l ’ and thC reciprocal °f the mect of two lines 
, ni 2 s the join of the reciprocal points L , HI. 

By definition the reciprocal of AB ’is the pole of AB for 
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the base conic T. But the pole of AB is the meet of the 
polars of A and B for T, i.e. is the meet of the reciprocal 
lines a and b. Similarly the second part follows. 

2. A curve may be considered either as the locus of points 
on it or as the envelope of tangents to it. Hence the recipro¬ 
cal of a curve may be defined either as the envelope of the 
polars for the base conic T of points on the given curve or as 
the locus of the poles for T of the tangents to the given 
curve. These definitions determine the same curve. 

For take two points P and Q on the given curve a and the 
polars p and q of Pand Q for the base conic T. Then by the 



first definition p and q touch the reciprocal curve a' of a. 
Now the reciprocal of 7, the join of Pand Q in o, is the meet 
L of p and q in a'. Also when Pand Q coincide, PQ becomes 
a tangent to a. At the same time p and q coincide and L 
becomes a point on a'. Hence the reciprocal of a tangent to 
a is a point on a'. Which agrees with the second definition. 

From the above we see that— the reciprocals of a point P 
on a curve and the tangent l to the curve at P arc a tangent p 
to the reciprocal curve and flic point of contact L of p. 

The reciprocal of a point of intersection of two curves is a 
common tangent to the reciprocal curves. 

For let l and m be the tangents to the curves a and at 
their meet P. In the reciprocal figure wo shall have two 
curves o' and which have one tangent p with different 
points of contact L and M. 

The reciprocal of two curves touching is two curves touching. 
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For the reciprocal of 1 touching both a and at P is L, tin- 
point of contact of_p with both a' and fi'. 

Ex. 1. The reciprocal of a conic, taking the conic itself as base conic, is tin 
conic itself. 

Ex. 2. The reciprocal of a circle, taking a concentric circle as base conic, 
is a circle concentric with both. 

3. Whatever base conic is taken, the reciprocal of a conic is a 
conic. 

From any point can be drawn two tangents real or 
imaginary to the given conic. Hence every line meets the 
reciprocal curve in two points leal or imaginary ; hence the 
reciprocal curve is a conic. (For another proof see XIII. 2 .) 

More generally. If the degree of a curve is m and its cluss n, 
then the class of the reciprocal curve is m and its degree is n. 

For a line cuts the given curve in m points; hence from 
any point can be drawn m tangents to the reciprocal curve. 
Also from any point can be drawn n tangents to the given 
curve ; hence any line cuts the reciprocal curve in n points. 

Ex. 1. The reciprocal of two conics haring double contact is two conics havinu 
double contact. 

Ex. 2. Ihc reciprocal of a common chord of two conics is a meet of common 
tangents of the reciprocal conics . 

4. If the point P he the pole oj the line l for the conic a and 
if p,L, a' be the reciprocals of P, l, a for any base conic, then 
the lincp is the polar of the point L for the conic a': or briefly— 

the reciprocal of a pole and polar for any conic is a polar and 
pole for the reciprocal conic. 



From P draw the real or imaginary tangents m, n to a 
touching in Q, It. Then Qlt is l, the polar of P for a. The 
reciprocals of Q and m in a are a tangent q to a' and its point 
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of contact M ; so for r and N. The reciprocal of the meet P 
of the tangents m and n at Q and 7? is the join p of the points 
of contact M and N of the tangents q and r. Again, the reci¬ 
procal of 1, the join of Qand 7?, is the meet of q and r, i.e. is 
L. Hence the reciprocals of P and l which are pole and 
polar for a are p and L which are polar and pole for a'. (For 
another proof see XIII. 3 .) 

The reciprocals of conjugate points arc conjugate lines. 

For if the point P Is conjugate to the point Q , then the 
polar l of Q passes through P. Hence in the reciprocal figure 
the pole L of q lies on p, i.e. the reciprocals p and q of P 
and Q are conjugate lines. Similarly— 

The reciprocals of conjugate lines are conjugate points. 

Ex. The reciprocal of a triangle self-conjugate for a conic is a triangle 
self-conjugate for the reciprocal conic. 

5. It will be found that all geometrical theorems occur in 
pail's called reciprocal theorems. Thus the theorems (i) ‘ The 
hannonic points of a quadrangle inscribed in a circle arc the 
vertices of a triangle self-conjugate for the circle and (ii) i The 
hannonic lines of a quadrilateral circumscribed to a circle are 
the sides of a triangle self conjugate for the circle,* are reciprocal 
theorems. The reason of the name is that each can be 
derived from the other by reciprocation. Hence we need 
only have proved half the theorems in the former part of the 
book ; the other half might have been deduced by recipro¬ 
cation. This method will be often used in future to dupli¬ 
cate a theorem. 

For example, to deduce the second of the above theorems 
from the first, reciprocate, taking the given circle as base 
conic. The reciprocals of four points on the circle are the 
polars of these points for the circle, i.e. are the tangents at 
these points, and so on step by step ; and the triangle ob¬ 
tained is self-conjugate because the reciprocal of a self-conju¬ 
gate triangle is a self-conjugate triangle. 

6. If one conic only is involved it is best to reciprocate for 
this conic itself, as then a theorem about a circle gives a 
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theorem about a circle, a theorem about a parabola gives a 
theorem about a parabola, and so on. In this way we get a 
theorem as general as the given one. 


7. Write (loin? the Reciprocals of the following propositions— 
in other words—obtain the corresponding new propositions by 
Reciprocation. 

1 . If two vertices of a triangle move along fixed lines 
while the sides pass each through a fixed point, the locus of 
the third vertex is a conic section. 

If however the points lie on a line, the locus is a line. 

In what other case will the locus be a line ? 

2 . If a triangle be inscribed in a conic, two of whose sides 
pass through fixed points, the envelope of the third side is a 
conic, having double contact with the given conic. 

.^conic andhvo.tangents, the line 
joining the points of contact of these tangents passes'tlirough 
one or other of two fixed points. 

4 . Given four tangents to a conic, the locus of the poles of 
a fixed line is a line. 1 —* ^ • 


i- —-^7 


. 5 ‘ four Pomts on a conic, the locusof the pd^ of a 

given line is a conic. 


6 . Inscribe in a conic a triangle whose sides shall pass 
through three given points. 

7 . If three conics have two points common or if they have 
each double contact with a fourth, the six meets of common 
tangents he three by three on the same lines. 

8 . The meets of each side of a triangle with the cor¬ 
responding side of the triangle formed by the polars of the 
vertices for any conic lie on a line. 

9- If through the point of contact of two conics which 
touch, any chord be drawn, the tangents at its ends will 
meet on the common chord of the two conics. 

10 If on a common chord of two conics, any two points 
be taken, and from these, tangents be drawn to the conics 


So 


Reciprocation. [ch. 

the diagonals of the quadrilateral so formed will pass through 
one or other of the meets of the common tangents of the 
conics. 

n. If a and (3 be two conics having each double contact 
with the conic y, the chords of contact of a and f3 with y 
and their common chords with each other meet in a point. 

12 . If «, (3, y be three conics, having each double contact 
with the conic o\ and if a and {3 both touch y, the line join¬ 
ing the points of contact will pass through a meet of the 
common tangents of a and 13. 

Point Reciprocation. 

8. If the base conic is a circle (the most common case), 
the reciprocation is generally called point reciprocation , the 
centre 0 of the base circle is called the origin of reciprocation , 
and the radius 7c of the base circle is called the radius of re- 
ciprocatioti. The reason of the name point reciprocation is 
that the value of k is usually of no importance. By recipro¬ 
cation is meant point reciprocation unless the contrary is 
stated or implied in the context. 

In point reciprocation, the angle between two tines is equal to 
the angle subtended by the reciprocal points at the origin of re¬ 
ciprocation. 



Let p and q be the lines, and P and Q the reciprocals of p 
and q. Let 0 be the origin of reciprocation. Then P being 


VIII.] 


Reciprocation. 



the pole of p for a circle whose centre is 0. OP is perpen¬ 
dicular to p. So OQ is perpendicular to q. Hence POQ is 
equal to the angle between p and q. 

In point reciprocation, the angle between a line p and the line 
joining the origin 0 of reciprocation to a point Q, is equal to tin 
angle between the line q and OP, P and q being the reciprocals 
of p and Q. 

This follows at once, as before, from the above figure. 

In point reciprocation, if P be the reciprocal of p and if 0 be 
the origin of reciprocation, then OP is inversely proportional to 
the perpendicular from 0 on p. 

For OP. OP, = OP. (0, qi) = Jr. 


9. The reciprocal of a figure for a given point 0 and a 
given iadius Jc may be obtained without considering a circle 
at all. To obtain the reciprocal of P— on OP take a point J\. 
such that OP. OP, = Jr, and through P, draw a perpendicular 
p to OP. To obtain the reciprocal of p—drop the perpen¬ 
dicular OP, from 0 top, and on OP, take the point P, such that 

OP. OP, = Jr. 

Instead of taking OP. OP, = Jr, we may take 

OP. OP, = -Jf 

i.e. we may take P and P, on opposite sides of 0. This is 
called negative reciprocation, and is equivalent to reciprocating 
for an imaginary circle whose radius is k V- i. 


T !'f rec ? rocal “/origin of reciprocation is the line at infinity; and 
con crsdtjy the reciprocal of the line at infmiti/ is the origin 

and°coiivereelj\ ° f “' C C ° n,re ° f thC b “° drdc is «» “» i-fmity ; 

T ' ,e r “ irrXal ° /a !i “‘ i. « point at infinity; an, 

Ex. 3. Reciprocate a quadrangle into a parallelogram. 

Take 0 at one of the harmonic points. 

, 0 4 The rec “ ,rocal ’»«< of OP and m is the line tkrough 1[ parallel 

* F9pam llirms, ‘ *" ■» 

^^firetn Oenpte «. 


Q 
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Ex. 7. The reciprocal of a triangle for its orthocentre is a triangle having the 
same orthocentre. 

Ex. 8 . On the sides, BC , CA, AB of a triangle are taken points P, Q, It such 
that the angles POA, QOB, HOC are right, 0 being a fixed point; show that PQR 
are colli near. 

Reciprocating for 0, we have to prove that the three perpendiculars 
from the vertices on the opposite sides meet in a point. 

Ex. 9. Hie reciprocal of the curve p = f (r) for the origin is k 7 /r = f(k 7 /p). 

Let b be the tangent at A to the given curve. Then B is on the 
reciprocal curve and a touches it. Hence. 

p = (0, b) = k 2 /0B = k l /r, and r = OA = k 7 (0, a) = tf/p'. 


Reciprocation of a conic into a circle. 

10. The reciprocal of a circle, talcing a circle with centre 0 
as base conic, is a conic having a focus at 0. 



Let U be the centre of the given circle a. Take u the re¬ 
ciprocal of U, i. e. the polar of U for the base circle T whose 
centre is 0. Let p be any tangent to a touching at T. Take 
p the reciprocal of p. Draw the perpendicular PM from P 

to u. 

Then since p is the polar of P and u the polar of U for V, 
we have by Salmon’s theorem (III. 9 ) 

0P/(P, u) = 0U/(U, p), i.e. OP/P M = OU/UT. 
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Hence OP/P]\I is constant, i. e. the locus of P is a conic 
with 0 as focus. But the reciprocal of a for T is the locus 
of the poles for T of the tangents to o, i. o. is the locus of P. 
Hence the reciprocal of a circle a for the circle T whose 
centre is 0 is a conic «' having a focus at 0. 

Briefly, flic reciprocal of a circle for a point 0 is a conic having 
a focus at 0. 

Since c = OP/PM = OU/UT, we see that the reciprocal of 
a circle for a circle whose centre is 0, is an ellipse, parabola 
or hyperbola according as OU< = > UT, i.e. according as 0 is 
inside, on or outside the given circle. This is a particular 
case of a general theorem. (See § 21 .) 

Let OU = 8, UT = 7?, and let Jc be the radius of the base 
circle. Then c = 8/7?. Also OX. OU = lc\ 

Hence kr/8 = OX = a/c-ac. Hence a = 7r7?/(7? 2 -8 2 ). 


Ex. Shoic (hat the semi-la tus rectum l = tf/Ii. 


This follows from I = a ( 1 -e 1 ) ; or directly by 
end of the latus rectum through 0 reciprocates 
a parallel to OU. 


noticing that an 
into a tangent of 


Notice 

circles. 


that / is independent of 8, i. e. of the relative positions of the 


11. Conversely, the reciprocal of a conic, taking any circle 
whose centre is at a focus as base conic, is a circle. 

Let 0 be the given focus, and XZ or « the corresponding 

directrix. Take any point P on the conic a', and let p be 

its reciprocal, i. e. the polar of P for the base circle T whose 

centre is at 0. Draw the perpendicular PM from P to « 

Take the reciprocal U of u. Draw the perpendicular UT from 
U 10 p. 

Then since p is the polar of P and u the polar of U for the 
conic T, we have by Salmon’s theorem 


OU/UT = 0P/PM= c. 

Hence Off 7 UT b constant. Also U is a fixed point; hence 

on , is constant iength. Hence the perpendicular from U 
P constant, l e. p envelopes a fixed circle a. But the 
reciprocal of a' for P is the envelope of the polars for P 

Q 2 
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of the points on a. Hence the reciprocal of the conic a' for 
a circle T whose centre is at one of the foci 0 of the conic is 
a circle a. 

Briefly, the reciprocal of a conic for one of its foci is a 
circle. 

Ex. 1. The envelope of the polar for a of the centre of a circle tchich touches 
tico given circles a ami 0 is a circle. 

Ex. 2. Deduce a construction for the centre of a circle touching three given 
circles. 

Ex. 3. Gi ren Jbur points A , B. C, D y show that , with I) as fonts, one conic 
can be drawn touching BC , CA, AB, and four conics through ABC. Show also 
that , if ADB be a rifjht angle, a conic , with focus at D, can be found to touch the 
five conics. 

In a right-angled triangle the nine-point circle touches the circum- 
circle. 

Ex. 4. Of the above four conics , the sum of the latera recta of three is espial 
to the latus rectum of the fourth. 

Ex. 5. The reciprocals of equal circles are conics having equal parameters. 

Ex. 0. Reciprocate for the orthocentre of ABC the theorem — 4 Jf DBF be the 
feet of the perpendiculars from A. B % C on BC, CA, AB , then the radius of 
the circle about ABC is double the radius of the circle about DEF. f 

Ex. 7. Four conics a, 0, y, a have one focus and one tangent t in common. 
A second common tangent to a and a meets the corresponding directrix of a 
at a point 0)1 t ; similarly for 0a and ya. Show that the other common tangents 
of at 3, By, ya are concurrent. 

Ex. 8. Three conics a , 0, y which have a focus in common are such that 
a touches (3 in It, (3 touches y in P, and y touches a in Q. Show that the 
tangents at P, Q , R meet the corresponding directrices of a, 0, y in three collmear 
points. 

Ex. 9. Reciprocate the centres of similitude of two circles. 

The two circles reciprocate into conics having a common focus S. 
Let u, u' be the directrices corresponding to S. Then two common 
chords pass through the meet of u and u' ; and these chords are the 
reciprocals of the centres of similitude. 

Ex. 10. The reciprocal of two circles for either centre of similitude is 
two similar and similarly situated conics with a common focus as centre of 
similitude. 

Reciprocate a pair of parallel tangents. 

12. The figures of the reciprocals of an ellipse, a parabola 
and a hyperbola are given below. In the first figure in each 
case the curves are in their proper relative positions; the 
second figure represents the circle separately and the third 
figure represents the conic separately, so that if one figure 
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be slid on to the other, so that 0 in one comes on 0 in the 
other, we get the proper figure as in the first figure. To 
avoid complication the figures will generally bo separated as 
in the second and third figures. 

13. We already know that the reciprocal of 0 is the line at 
infinity and the reciprocal of the line (it infinity is 0. Also 
that the reciprocal of the directrix u corresponding to 0 
is the centre U of the circle. 

The centre C of the conic Ls the pole of the line at infinity 
for the conic. Hence the reciprocal of the centre is the polar 
c of 0 for the circle. 

The asymptotes y. if are the tangents from C to the conic. 
Hence the reciprocals of the asymptotes are the points in 
which c meets the circle ; i. e. the points in which the polar 
of 0 for the circle meets the circle. 

The reciprocals of the vertices A, A' are clearly the tangents 
at the points where OU meets the circle. In the parabola A' 
is at infinity ; hence its reciprocal is the tangent at 0. 

The reciprocals of the veil ices B, B' are clearly the tangents 
to the circle at E, E\ the points where the perpendicular 
through 0 to OU meets the circle. 

The reciprocals of L, L\ the ends of the hit us rectum L0L\ 
are clearly the tangents l, V of the circle parallel to OU. 

Ex. 1. The reciprocal of the second focus S is the line half-way between 0 and 
its polar for the circle. 

For OS = 2 . OC; hence OC, = 2 . 0$,, where C, anil S, are the points 
where the reciprocals of C and S meet OU. 

Ex. 2. ACB is the diameter of a circle whose centre is C. Tiro equal 
parabolas arc drawn with foci at C and vertices at A and B. A lnyjwrbola 
is drawn having a focus at C, and a vertex at D one of the ends of the diameter 
perpendicular to AB, and touching the parabolas. The corresponding directrix of 
this hyperbola meets DC in E, and the hyperbola meets DC again in F. Show that 

CF = 2 . CE = 3 . CD. 

Reciprocate for the circle ABD, and notice that CF X = £ . CE X = ^. CD. 

Ex. 3. If EE' be the chord of the given circle which passes through 0 and is 
perpendicular to OU , then the minor axis qf the reciprocal conic is OE. 

. ■ Ex ‘. 7716 reci P roc als of coaxal circles for any point on the radical axis are 
conics having equal minor axes. 

14. If the polar of a point T for a conic meet the conic in P, Q 
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and a directrix in K. then, 0 being the corresponding focus, the 
bisectors of the angle POQ are OT and OK. 



Let the two tangents l and m of the conic touch in P and 
Q and meet in T, and let n be the chord of contact. Let 0 be 
a focus of the conic and u the corresponding directrix, and 
let PQ meet u in K. Then we have to prove that OT and OK 
are the internal and external bisectors of POQ. 

Reciprocate the conic for a circle with centre at 0. Then 
in the reciprocal figure p and q touch the circle at L and M 
and meet in N, and t is the chord of contact. Also the 
reciprocal of K, the meet of n and u , is NU. 

Now Z POT = /tp : so Z TOQ = Z tq., But Up — /tq. 

Hence /POT = /.TOQ. Again 

/POK = /pk = 180 c -/qk = i 8 o° -/QOK = Z KOQ', 

if we produce QO to Q'. Hence OT bisects /POQ, and OK 
bisects the supplement /POQ'. 

Note that if TP and TQ had been drawn to touch different 
branches of a hyperbola, OT would have been the external 
bisector and OK the internal, instead of as above. 

Ex. 1. Reciprocate for any point the theorem —‘ The tangent to a circle is per¬ 
pendicular to the radius through the point of contact.’ 

If the tangent at P meet u in K, then /.POK = 90 °. 

Ex. 2. Reciprocate for any point the theorem —‘ The angle between the tangent 
to any circle and a chord through the point of contact is equal to the angle in the 
alternate segment.’ 
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Ex. 3. Ttco conics which hare a common focus Si touch at P. From any point 
Q on one of the conics, tangents arc drawn to the other, meeting the tangent at I' in 
UV. The tangent at Q meets the tangent at V in T. Show that TV and TV 
subtend equal angles at S. 

Ex. 4. The common tangent of an ellipse and its circle of curvature at 
P meets the tangent at P in a point T, such that SPand ST arc equally inclined to 
the join of the focus S to the centre of curvature. 

Reciprocating for S we get a circle and an ellipse having throe-point 
contact. 

Ex. 5. The polar of T for a conic meets in Qa conic which has (he same focus 
S and corresponding directrix. The perpendicular to S(J through S me,Is the 
directrix in Z, and SQ and TZ meet in P. Show that the locus of P is a conic 
having the same focus and directrix. Show also that the eccentricity of the locus is 
a third proportional to those of the tico given conics. 

Reciprocate for Sand notice that the envelope reduces to a locus. 

Ex. 6 . If the chord PQ of a conic subtend at the focus Oa constant angle , the 
envelope of 1Q is a conic having 0 as a focus ; and the directrices corresponding 
to 0 in the two conics coincide. J 

is 1 ‘- S co " stanfc » then Zp,i is constant ; l>cmce the locus of .V 

HTnl f VinS 7* C ° ,ltr< ‘- Hcnco the onvt,| °po of « is a conic 
having 0 as focus and u as corresponding directrix. 

Ex. 7. Find the locus of T when L POQ is constant. 

f. r ° m tU '° points on the directrix of a conic are drawn four 

v f COmC * S T 1,,(tl the l(KUS cadl nT ">c other mats of the tangents 

than? 9 come ; and that the given directrix is a directrix of this conic and 
that the corresponding foci of the tico conics coincide. 

.,Zi.nS7Z™T’ »• -~ 

rr'Esawr y -in 

,s outside, OQ, must be considered negative. 2 1 ‘ Ql ' U ° 

«..S, a/o ct^YaZTl nT*"* “ ™n.,i n ,ar ,o 

!,z JEmZSt z £i cmrr,slmu '""> ***** '■ " -V- 

For the angle in a semicircle is a right angle. 

- StaSi 0 aZnaZ-'!,l Z’tl ?>*>!»' «■ «* """ P » »*<* 

S. Show also that its eccentricity •« 9 ** rt comc ,iavm 9 « focus at 

parameter is to the parameter of the given cOnti* * ° f ^ ^ 

U PiV ’ * " f0;,a '' rS 0/ 
through 0 1 he'tentre.^ ^ C0D J u 8 ate P°i»‘ts whose join passes 

tangent in A and D, ihc^AC^ifarian 11 ^'/**» C “ nd be touched by a common 
any point, (ii )forl, C ^ theorem K i) for 

Ex 14 p , ‘ ’ (lV) M thC ce,,trc °S one ofcircles, 

contact of tangentsfrom afacd p™”,!/ t,ic theorcm ~'The locus of the points of 
through the fixed poll and ^ougTZe 'ZZTclt?™'™ * * ** 
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Ex. 15. Reciprocate for the centre of the given circle —‘ The joins of hco fixed 
jtoints on a given circle with the ends of a variable diameter meet at P on a fixed 
circle through the fixed points and orthogonal to the given circle. Also the tangent 
at P to the locus is parallel to the diameter.’ 

Ex. 16. Reciprocate for any point —‘ The bisectors of the angles of a triangle 
meet, three by three, in the centres of the four circles touching the sides.’ 

Ex. 17. Also —‘ The chord of a circle which subtends a right angle at a fixed 
point on the circle passes through the centre.’ 

Ex. 18. If a circle be reciprocated into a hyperbola, taking a circle with centre 
0 as base conic, then BC = k^/OT, OT being the tangent from 0 to the circle. 


15. The triangles subtended at the focus of a parabola by any 
two tangents are similar. 



The reciprocal of the parabola for its focus 0 is a circle 
through 0. 

We have to prove that 

APTO = ATQO and APOT = ATOQ. 

Now APTO, the angle between the line l and the radius 
OT, is equal to the angle between the radius OL and the line 
t, i. e. equals AOLM. So ATQO is equal to the angle between 
02f and q, i. e. equals AOMN'. But AOLM = AOMN • 
Hence APTO = ATQO. As before, APOT = ATOQ follows 
from ANLM = ANML. 

Ex. 1. Obtain a property of a circle from the theorem —‘ The orthocentre of a 
triangle circumscribing a parabola is on (he directrix . 

Ex. 2. Reciprocate the property of a circle obtained in Ex. I {j)M l,ie arcle 
itself, (ii ) for any circle. 

Ex. 3. Reciprocate for 0 the theorem—' If from any point0on a circle JT 
peruliculars be drawn to the sides of an inscribed triangle, the feet he on a • 

We get—‘If 0 be the focus of a parabola and PQR the vortices o a 
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circumscribed triangle, then the perpendiculars through P, Q. R to OP, 
OQ, OR meet in a point.’ Calling this point D, we have proved that the 
points A, B , C, 0 lie on the circle on 01) as diameter. Hence ‘The 
circle about a triangle circumscribing a parabola passes through the 
focus.’ 

Ex. 4. Reciprocate the same theorem for any point. 

Ex. 5. Find by reciprocation the locus of the meet of tangents to a parabola 
which meet (i) at a given angle, (ii) at right angles. 

16. Find the envelope of a chord of a circle which is bisected by 
a given line. 

Let the chord p of the circle be bisected by the fixed lino / 
in the point Q. Take 0 the centre of the circle ; then OQ is 
perpendicular to p. Reciprocate for the circle itself. Then 
P is the foot of the perpendicular from 0 on the variable line 
q through the fixed point L. Hence the locus of P is a circle 
on OL as diameter, i. e. a circle through 0 and having the 
opposite point at L. Hence the required envelope is a para¬ 
bola with focus at 0 and having its vertex at X, the foot of 
the perpendicular from 0 on 1 Hence the envelope is 
completely determined. 


,« E ^; \ D nre f° ur points on a circle, and AC, BD arc perpendicular ■ 

shoic that AB, BC, CD, DA envelope one and the same conic. 

of Uie dfreft°or“ircli n Kociprocat " for 0 ”" d »'« Property 

JSS *'£v. n r eh, ’ e i ,he l " s ‘ BC “/ « <Umgle ABC ,chose vertex A ami 

o Ttf,ZeJ!ctZ Z 9K ‘“ “ a " aUs ’ m,e m JUl “ liHes » « »»* 

Reciprocate for A. 

/A EX -?* Find l, \ e enrcl °P e °f the asymptotes of a system of hyperbolas having 

’he same focus and corresponding directrix. J 


17. 0 is a fixed point, and Q is a variable point on a fixed 

circle. Qli i s drawn such that the angle OQll is constant. Find 
the envelope of QJR. 

Let Qlt be called p. Reciprocate for 0. Then we have to 
hnd the locus of a point P Liken on a tangent q to a conic- 
one of whose foci is 0, given that the angle between OP and 

l “ constant * Draw Or the perpendicular from 0 on a 
iheu since the locus of Y is a circle and since OY:OP 
is constant and LYOP is constant, hence the locus of P is a 
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circle. Hence the envelope of p is a conic with 0 as one 
focus. 

Ex. If the locus of Q be a line instead of a circle, find the envelope of QR. 

18. To investigate bifocal properties of a conic by recipro¬ 
cation we reflect the figure in the centre of the conic. For 
example— 

In any central conic the pair of tangents from a point make 
equal angles with the focal radii to the point. 



Let the tangents from T to a conic touch in P and Q. We 
have to prove that PTS = QTS'. Reflect the whole figure in 
the centre C. The tangents at P and Q with their reflexions 
form a parallelogram ItTll'T. Then T is the reflexion of T\ 
Q' of Q, TQ' of TQ, TS of TS\ Hence the angle QTS' 
is equal to its reflexion, the angle Q"1 V S. Hence we have to 
prove that /.STP and Z STQ f are equal. Reciprocating for S 
this reduces to ‘ angles in the same segment of a circle are 
equal.’ 

Prove by reciprocation that—• 

Ex. L The focal radii to a point on a conic make equal angles with the 
tangent at the point. 

Ex. 2. The product of the pcrjnndiculars from the foci of a conic on any 
tangent is equal to the square of the semi-axis minor. 

Ex. 3. If (wo opposite vertices of a parallelogram circumscribed to a conic 
move on the directrices, (he other tuo vertices more on the auxiliary circle. 

That is, if tangents a, b be drawn from any point on a directrix o a 
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conic and 1/ be the parallel tangents ; then, S being the com->pond- 
ing focus, S(a'b is perpendicular to a' and S(al/) to I/. Now recipro¬ 
cate for 

Ex. 4. The sum of (he reciprocals of the perpendiculars from amj point O 
xrithin u circle to the tangents from any point on the polar of 0 is constant. 

19. To reciprocate, a system of eoa.ral circles into a system of 
con focal conics. 

If we reciprocate the system of coaxal circles for any point 
0, we get a system of conics having one focus 0 in common. 
In order that the other focus may be common to all, the 
conics must have the same centre, i. e. the line at infinity 
must have the same pole for each conic. Hence in the 
figure of the circles, 0 must have the same polar for each 
circle, i. e. 0 must be one of the limiting points of the 
coaxal system. Now reciprocate the coaxal system for the 
limiting point L. Then the reciprocal conics have a focus 
and centre in common, and hence are confocal. 

20. To reciprocate a system of confocal conics into a system of 
coaral circles. 

Since each conic is to be reciprocated into a circle we 
must reciprocate for one of the common foci. Reciprocate 
for the focus 0. Then since the conics have the same centre 
the reciprocal circles have the same polar of 0. We have to 
show that a system of circles each of which has the same polar 
o 0 is coaxal. Drop the perpendicular 00' on the polar of 
0. Bisect 00' in X. Let 00' cut one of the circles in 

nrv i S T (0 °'’ AA '> is luu ™>nic, -V bisects 

, hence XA. XA'- XO\ a constant. Hence X has the 

same power for all the circles. And the centres all lie 

z: b : ( the 

systm. that are the Iimiting ‘be coaxal 

27« rccip-ocal of the other focus S is the radical a-ris. 

O' th<f 7 2 ’ ° C1 0S ' = i ' °°- But ^ the 

J* P1 '° 0f - HenCe S ‘ is “>« ^ of the above 
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Ex. 1. The reciprocal of (he minor axis is the other limiting point. 

Ex. 2. S and H are the foci of a system of confocal conics. A parabola with 
S' as focus touches the minor axis. Show that its directrix passes through H; 
and that if P, (J be the points of contact of a tangent to one of the confocais and 
the parabola, then PSQ is a right angle. 

Ex. 3. Prove by reciprocation that the circle of similitude of two circles is 
coaxal with them. 

The circle of similitude is symmetrical for the line of centres and 
passes through the meets on this line of the common tangents. Now 
reciprocate for a limiting point 0. The circles become an ellipse and 
hyperbola with the same foci 0 and S, which have a pair of common 
chords l and T perpendicular to OS. We have to show that a conic 
which is symmetrical for OS, which has Oas a focus and which touches 
l and l', has S as its other focus. This is obvious. 

Ex. 4. Deduce properties of coaxal circles from — (i) ‘ Confocal conics meet at 
right angles,' (ii) ‘ Tangents from any point to two confocais are equally inclined 
to each other.' 

Ex. 5. Deduce a property of confocal conics from —* The polars of a fixed point 
for a system of coaxal circles meet at another fixed point; and the tico points 
subtend a right angle at cither limiting point.’ 

Ex. 0 If the sides of a polygon touch a conic, and all but one of the vertices 
lie on confocal conics, the last vertex also lies on a confocal conic. 

Reciprocate Poncelet’s theorem respecting coaxal circles. 

Reciprocation for any conic. 

21. Having discussed the particular case of two reciprocal 
conics, one of which is a circle, we return to the general case 
of the reciprocal of a conic, taking any base conic. 

The reciprocal of a conic, talcing a conic with centre 0 as hose 
conic, is a hyperbola , parabola, or ellipse, according as 0 is outside, 
on or inside the given conic. 

Let a be the given conic and T the base conic, and a' the 
reciprocal conic. Then a' is a hyperbola, parabola, or ellipse, 
according as the line at infinity cuts a' in real, coincident or 
imaginary points. Now the reciprocal of the line at infinity 
is the pole of the line at infinity for T, i. e. is 0. Hence 
the reciprocals of the points in which a' meets the line 
at infinity are the tangents to a from 0. And the tangents 
from 0 are real if 0 he outside, coincident if 0 be on, and 
imaginary if 0 be inside a. 

The reciprocal of the centre of the given conic, i.e. of the 
pole of the line at infinity for a, is the polar of 0 fora'. The 
reciprocal of the asymptotes of the given conic, i. e. of the 
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tangents to a from the pole of the line at infinity for a, 
are the points of meet with a' of the polar of 0 for a, 
i. e. are the points of contact of tangents from 0 to a'. 

Ex. 1. The axes of (he reciprocal of a conic for a point 0 are parallel to (la 
bisectors of the angles between the tangents from 0 to the conic. 

Ex. 2. Tf 2 0 be the angle between these tangents, show that cosec 0 is the 
eccentricity of the reciprocal conic, and deduce the formula e — OU — VT of 
§ io. ' 

Ex. 3. The reciprocal of a parabola for any point on the directrix is a rect¬ 
angular hyperbola. 

For since the points of contact of tangents from 0 to a subtend a 
right angle at 0. hence the asymptotes of a' are perpendicular. 

Ex. 4. From ‘ The orthocentre of a triangle circumscribed to a parabola lies 
on (he directrix, deduce by reciprocation • The orthocenlrc of a triangle ins, rib, d 
in a rectangular hyperbola is on the curie.’ 

Reciprocate for the orthocentre. 

Ex. 5. The reciprocal of a rectangular hyperbola for any point 0 is a conic 
whose director passes through 0. 

Ex. 6 . Reciprocate for any point —‘ A diamcUr of a rectangular hyperbola 
and the tangent at cither end are equally inclined to either asymptote.’ ‘ 

Let CP = r be the diameter ,g the tangent at P, and y the asymptote 
Then we have to reciprocate that Zry = Zgy. We get-‘If*V he Urn 

mw r *°t any r 1 ! 1 °i° n tho dircctor of a conic > and if from the point 11 
on c a tangent be drawn touching in Q; then Y being either of t he 

points in which c cuts the conic, RY and QY subtend equal angles 

Ex. 7. Reciprocate for any point 0—a focus of a conic. 

that eV0,7 . pair of ^njugate points upon it subtend a 

SSie^ Sr U0MCe SiV - * * Point a 

Ex. 8 . Reciprocate for any point—a directrix of a conic. 

The pole of such a line. 

Ex. 10. Obtain by reciprocating Ex. 9 a property of a circle 

4 " '*« **- </(*<■ 

PE meet (lie p olar of The ■ >0,n ! S . 0,1 a conic > an 'l P a variable point. PI), 
neet, in B and C; {how that ZBOC~ Z.DOE[ ° ^ at ° 

ntecHnto co^erinTcoria™'* 0 '** f our ‘ tan 0 cnt conics can be recipro- 
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Take as origin one of the vertices of the common self-conjugate 
triangle. 

Ex. 15. The reciprocal of a central conic, taking a concentric circle as base 
conic, is a similar conic. 

For OA . OA, = OB. OB, = k 2 ; hence OA,: OB,:: OB: OA. 

Ex. 16. Reciprocate for any point—a system of coaxal circles. 

That is, a system of circles passing through the same two points, 
real or imaginary. 

Ex. 17. Reciprocate for any point 0 —* The directors of a system of conics 
touching the same four lines are coaxal.’ 

Ex. 18. Also— < The locus of lhe centres of a system of rectangular hyperbolas 
passing through the same three points is a circle / 

22. Reciprocate Carnot's theorem, taking any circle as base 
conic. 

Let 0 be the origin of reciprocation. Then, as in VI. i, 
Carnot's theorem gives 

sin AOC, . sin.AOC,... = sin AOB,. sin AOB 2 ... 

Now Z AOC, = Lac,, and so on. Hence the reciprocal 
theorem is—‘The sides a, b, c of a triangle meet in the 
points P, Q, R; and from P, Q, R are drawn the pairs of 
tangents a, a 2 , b, b 2 , c , c 2 to any conic ; then 

sin ac, . sin ac 2 . sin ba,. sin ba,. sin cb, . sin cb t 
= sin ab,. sin ab 3 . sin be,. sin bc 2 . sin ca, . sin ca 2 , 

where ac, denotes the angle between the lines a and c„ and 
so on. And conversely if this relation hold, then the six 
lines a, a 2 b, b 2 c , c 2 touch the same conic.’ 

Ex. 1. Jf the sides of a triangle ABC meet a conic in A, Aj, B,B 2 , C, C t , 
then the six lines AA,, AA 2 , BB,, BB Jt CC ,. CC\ touch a conic; and con¬ 
versely, if the latter touch a conic, the former are on a conic. 

Ex. 2. Reciprocate the extension of Carnots theorem given in Ex. I of VI. I. 

Ex. 3. Reciprocate the theorem —‘ Tlir lines joining the vertices of a triangle to 
any two points meet the opposite sides in six points which lie on a conic.’ 


NOTE. 

23. The following theory w r ould have been preferable in some ways 

to that employed in the text. . . r 

Prove by § 3 or XIII. 2 that the reciprocal of a conic for a point O 

for a circle with centre at this point) is a conic. 

77,e reciprocal of a circle for any point 0 is a conic one of whose foci xs u. 

For in the circle, every pair of conjugate points on the 
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infinity subtends a right angle at the centre of the circle and therefore 
at 0. Hence in the reciprocal conic every pair of conjugate lines at 0 
is orthogonal, i.e. 0 is a focus of the reciprocal conic. 

Also since the centre of the circle is the pole of the line at infinity 
the reciprocal of the centre of the circle is the polar of the ori-in. i.e. 
is the corresponding directrix. 

The reciprocal of a conic for one ofilsfxi is a circle. 

Every pair of conjugate points on the corresponding directrix sub¬ 
tends a right angle at the focus. Hence in the reciprocal conic every 
pair of conjugate lines at the pole of the line at infinity, i.e.'at the 
centre, is orthogonal. Hence every pair of conjugate diameters of the 

reciprocal conic is orthogonal; hence the reciprocal conic is a circle 

In unit conic SP: PM is constant. 

For ns in § IO , OF: I'M :: OU: UT. Hence 0 ,‘:PM i s constant. 
Hence the eccentricity of the reciprocal conic is 5 y,\ f or 

e = SP : PM. 

X.jt'oo that we have here given by Reciprocation an independent 
proof of the : PM property of a conic. 


CHAPTER IX. 


AXHARMOKIC OR CROSS RATIO. 


1. One of the (inharmonic or cross ratios of the four col* 

AB AT) 

linear points A, B, C, D is — h- -=r^. This is denoted by 

jdO JUL 

(AC, BD). So every other order of wilting the letters gives 
ns a cross ratio of the points, e.g. another cross ratio is 


Ex. 1. If ( AB, CD) = (AD, (TD'), then (AB, CCf) = (AB, Dlf). 

Ex. 2. If (AC, A'B) = (A'C', AB'), then (AC, (?B) = (A'Cf, OB'). 

Ex. 3. If (AB, CD) = (A'B', C'l/), and (AB, CE) = (A'B', C'E'), 
show that (AB, DE) = ( A'lf, I/E*). 

Ex. 4. If OA, OB, OC cut BC, CA, AB in P, Q, B, and if any line cut BC, 
CA, AB in P f , (f, R', then 

(BC, PP') x (CA, Q(f) x (AB, RR') = -i ; 
and conversely, if this relation hold, and if PA, QB, RC he concurrent, then P', 
(f, R' are col I inear, and if P', (f, R' be collinear, then PA, QB, RC are con¬ 
current. 


Ex. 5. If OA, OB, OC cut the sales of the triangle ABC in P, Q, R, and 
O'A, 0'S. O'C cut the sides in P', (f, I/, or if tico transversals cut the sides in 
1\ Q, R ami P', (/, O', then 

(BC, PP') x (CA, QQ') x (AB, RR') - i ; 

and conversely, if this relation hold, and if PA, QB, RC be concurrent , then 
I y A, Q'B, R'C are concurrent, and if P, Q, R be collinear, then P', Of, I? are 
collinear. 


Ex. 8 . A cross ratio is not altered by inversion for a point on the line. 
For given OA .OA' = OB. OB' = ... = k\ 

we have AB = OB-OA = A- 3 / OB' — k 7 /OA' 

= - A- 3 . A'B'/OA'. OB'. 


Ex. 7. The tangent at 0 to a conic meets the sides of a circumscribed 
in A, B, C and the sides of the triangle formed by the points of contact in A , d, 

O'; show that (OA, BC) = (OA', 1/C'). 
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Since (< OA',BC ) is harmonic, we have «' = 2 fcc 
and cf. Now substitute in (OA'. B'C'), viz. in 

r,/ . « . < . 
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(6 + r). So for 1/ 


OB' CfA 

B'a' x Tier 


«' - (/ 


«' - r' 


and we get (0^1, BC). 

2. A cross ratio is equal to any other, in which any two points 
being interchanged, the other two arc also interchanged. 

Let (AC, BD) be the cross ratio. We may interchange A 
with B, C or T). Hence we have to prove that 

(AC, BD) = (BD, AC) = (CM, DB) = (DB, CA\ 

or that 

AB DC = BA CD_CD BA_DC AB 
BC 'AD AD' BC ~ DA * CB~ CB * DA * 

3. There arc 24 cross ratios of four points ; and these can be 
divided into 3 groups of 8 , such that every cross ratio in a group 
is equal to or the reciprocal of every other in the group. 

Let the points be ABCD. Take the three cross ratios 
(AB, CD), (AC, DB) and (AD, BC). Now 

(AB, CD) = (BA, DC) = (CD, AB) = (DC, BA) 

by IX. 2 . Also it is easy to prove that (AB, CD) is the 
reciprocal of (AB, DC), (BA, CD), (CD, BA), (DC. AB). 
Hence we get a group of 8 connected with (AB, CD). Simi¬ 
larly there is a group of 8 connected with (AC, DB) and with 
(AD BC). And no ratio can belong to two groups; for in 
the first group AB are together and CD, so in the second 
group AC are together and DB, and in the third group AD 

41IQ jdO* 

4 . // \ = (AB, CD), n = (AC, DB), v = (AD, BC), 


then A + - = n + i — 1 _ 

P r-r v -»+ ^~-\pv = i. 

For A 4- -— 1 = VB DC AB 

M CB' AD + AD' BC~ l 

— AV' DB—D C^AB—CB . AD 

CB. AD 
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cb — cd — ah + ad -cb + ca + db — da—bd + ba + cd—ac 

cbTad 


= o. 
Also 


AC DB AD BC AB CD _ 
CB'AD' DC ' AB'BD'AC~ 



We have now shown that the three fundamental cross 
ratios A, y, v are connected by the above four relations. 
Two of these are independent and give y, v in terms of A. 
The other two can be derived from these. Hence given any 
one cross ratio of four points, the other 23 can be cal¬ 
culated. 

Ex. 1. Given A + - = 1 , p + - = 1 , show that 

H v 

v + - = l and \pv = — I. 

A 

Ex. 2. Given A + - = 1 , \pv = — i, show that 

v + - = 1 and p + - = I. 

A v 

Ex. 3. Jf (AB, CD) — 1 , show that either A and B coincide, or C and D; 
and conversely, if A and B coincide, or C and D. then (AB, CD) = I. 

Ex. 4. If two points of a range of four points coincide, each of the cross ratios 
is equal to o. 1 , or <x>; and no cross ratio can equal o or r or co unless two 
points coincide. 

Ex. 5. Show that no real range can he found of which all the cross ratios are 
equal. 

Ex. 6. Of the three A, p, v, two are positive and one negative. 

Ex. 7. If any cross ratio of the range A BCD is equal to the corresponding 
cross ratio of the range A'Jf&I/, then every two corresponding cross ratios of the 
ranges are equal. 

For if X = A', then n = a*' and v = . 

Two such ranges are said to be /tomographic , and we denote the fact by 
the equation ( A BCD) = {A' B / C' 1/). 

Ex. 8. If (ABB'C) = ( A'JfBCf) and (ADD'D) = ( A'B’Bl /), show that 

(DD'CD) = (B'BffD'). 

Divide (BIT, AC) = (1TB, A'Cf ) by (BIT, AD) = (D'B, A'I/). 


5 . If {AC, BD) be harmonic, then {AC, BD) — — i 
B AT) AB AD 

BC 


For 


AD . AB 

DC' henCe BC 


DC 




If {AC, BD) be harmonic, then {AC, BD) = (AC, DB); and 
conversely, if (AC, BD) = (AC, DB), then either (AC, BD) is 
harmonic or two points coincide. 
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For if (AC, BD) = (AC, LB). 
then 


IB DC AD BC . ( AB DC, 2 

>’ lK " K ' e (y,r 


hence 


= i i, i. e. ur* yyy>)= +i. 


BC AD DC A B 
AB DC 

BC ' ad 

It (AC, BD) = + i, then A and C, or B and J) coincide ; 
and it (AC, BD) = — i, then (AC, BD) is liarmonic. 

Ex. If a range oj Jour )mints In harmonic, each of its 24 cross ratios is 
equal l» — 1. w. or 2 ; ami fang one of the cross ratios of four /joints he equal to 
— I u>' | or :2. tlnn the Join’ joints form a harmonic nt/n/v. 

6 . If A. B, C. D, I)' be colli near points, such that 

(AC, III), = (AC, BIZ ), 

then D and D' coincide. 


For 


AB DC _AB D'C . DC IYC 
BC * AD~ BC ' AIR AD~ AD'' 


i. e. AC is divided in the same ratio at D and If ; hence J) 
and D' coincide. 

7. If four lines a, h. c, d passing through the same point V 
he cut by two transversals in A BCD and A'B’C'D'. then 

(A BCD) = (A'B'C'D'). 
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It is sufficient to prove that 


Now 


(AC, BD) = (AX', B’D'). 


(. AC,BD) = 


AB DC _ A A VB A DVC 
BC ’ AD~ A BVC * A AVD 


VA . VB. sin A VB VD. VC. sin DVC 
VB. VC . sin BVC ’ VA. VD. sin A VD 


sin A VB sin DVC 
sin BVC' sin A VD 


Similarly, 


(A'C\ B’D') = 


sin A’VB' 
sin B'VC' ’ 


sin D'VC' 
sin A'VD' 


Now A VB is equal to either A' VB' or its supplement. In 
either case, sin A VB = sin A'VBt. And so on. Hence 

(AC, BD) = (AX', B'D'), i.e. (ABCD) = (A'BC'D'). 
We may enunciate the above theorem in the form— Every 
transversal cuts a pencil of four lines in the same cross ratio. 

The cross ratio (AC, BD) of the pencil is written 

V(AC, BD) or (ac, ltd). 

Also, by the above, 

. . sin ah sin ad 

(ac, hd) = -i- -—- r • 

sin be sin ac 


Ex. 1. Show that the fundamental cross ratios p, v of the range {ABCD) 
are equal to cosec 2 <p, — tan 2 </> and cos 2 <p, where 2 <p is the angle at which the 
circles on AC and BD as diameters intersect. 

AC DB sin APC si n DPB 
° r = CB ' AD ~ sin CPB ' sin ADD ’ 

and iAPC=-, ZDPB=--, l CPB = -<p, l APD = n-<p. 

2 2 

Ex. 2. Erjyress {ac, bd) as a ratio of tico segments of a line. 

Draw a transversal parallel to d. Then (ac, bd) = AB: CB, for 
AD = CD, D being at infinity. 

Ex. 3. Given the three points A, B, C; fnul D so that (AB, CD) may hare a 
given value X. 

Take any line AB', and divide it in (f so that —A(f -f- VB' = A. Let 
BB / , CCf meet in V. Through V draw VD parallel to ABf. Then 
, ab CD) = (AB', VCl'), [where Cl' is the point at infinity upon Ad, J 

— —Atf-r O'O' — A. 

Ex 4. Through a given point 0 draw a transversal to cut the sides of a given 
triangle ABC in points A', If, <f, such that (0A' t IfCf) may have a given value. 
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Let OA cut BC in O'. Then (OA', If (!) = A OA' t B'C') = O'A*, CI1). 
Hence A ' is known. 

Ex. 5. If A A', BIf, C<f meet in a point 0 and if (AC, BD) = (A' O', 1/1/), 
then D1/ passes through 0. 

8 . A cross ratio of a range of four points is unaltered by 
projection. 

Let the range ABCD be joined to the vertex V , and let 
the joining plane cut the plane of projection in A'B'C’D’. 
Then since A'B’C’D ' is a section of the pencil V (ABCD), it 
follows that {ABCD) = A'B'C'D'). 

Ex. If the points a, b. c, ... be taken on the sides AB, BC, CD,... of a 
polygon ; show that the continued product of such ratios as An)all is unaltered by 
projection. 

Let any transversal cut the sides All, BC, Cl), ... in a, B, y, then 
the continued product of Aa/aB is numerically unity. Hence, divid¬ 
ing, we have to prove that the continued product of A a all -f A a/a 11 

is unaltered by projection, i.e. the continued product of certain cross 
ratios. 


9. A cross ratio of a pencil of four lines is unaltered by 
projection. 

Join the pencil 0 {ABCD) to the vertex V, and let the 
joining planes cut the plane of projection in the pencil 

0 {ABCD). Through V draw any plane cutting the 
pencils in abed and a'b'c'd'. Then 

0{ABCD) = {abed) = V {abed) = V {a'b’c'd') 

= {a'b'c'd') = O' {A'B'C'D'). 

Hence the pencils 0{ABCD) and O' {A'B'C'D') have the 
same cross ratios. 


,iff Am T" 9 h r' B ' c ' - ° f a ,hm b ‘<■»» 

is pr, ’ dua ° J "* ra,ioS si “ '"/sin iBC 

Take any point 0 and consider tho cross ratio 

sin ABb/t, in bBC 4- sin ^150/sin OBC. 

Let AC, BD meet in U , and A'Cf, ff 1/ meet in TV T .L-n r 
that (Yatic\ — , o ' AfT*/v\ j in u • A on AC so 

where n »nd 4 Lrolt inLdy V 

angles AUB BAU into angles of magnftude £*$!' Z t !“ 

Then'X^ff 1 TrlncT*. If* fa?' ,"* cr ° “ “V inflnity - 

bVtu'd':; B'C*: V ]/; Z 
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Hence the figures a'b'c'd'u' and A'B'C'l/U' are similar. If they arc 
not equal, we proceed as in IV. 7 . 

Note that this construction fails if A’Y as constructed be at infinity ; 
in other cases, by IV. 6, the construction is real. 

Cross ratio of four planes meeting in a line. 

10. Any transversal eats four planes which pass through 
the same line in four points whose cross ratio is constant. 

Let two transversals cut the planes in ABCD and A'B'C'D'. 
Join ABCD to any point 0 on the meet of the planes, and 
A'B'C'D' to any other point O' on this meet. Then the 
meet ot the planes OABCD and O'A'B'C'D' is a line which 
cuts the four given planes in the points a, p, y f 8 , say. 

Then (ABCD) = O(ABCD) = O(apyb) = (apyo) 

= O'(aPyo) = O'(A'B'C'D') = (A'B'C'D'). 

Hence (ABCD) is constant. 

Ex. Any plane, cuts four planes tchick meet in a line in /our lines t chose 
cross ratio is constant. 

Homograpliic ranges and pencils. 

11. Two ranges of points ABCD ... and A'B'C'D'... on 
the same or different lines, in which to each point (A say) of 
one range corresponds a point (A') of the other, are said to be 
homographic if the range formed by every four points (ABCD) 
of one range is homographic with the range formed by the 
corresponding four points (A'B’C'D') of the other. (See 
Ex. 7 of § 4 .) 

Two pencils of rays at the same or different vertices are 
said to be homograpliic when any two sections of them are 
liomographic. 

It is convenient to use the notation 

(ABCD...) = (. A'B'C'D'...), 

to denote that the ranges (ABCD...) and (A'B'C'D'...) are 
homographic; and thenotation V(ABCD...)= V'(A'B'C'D'...) 
to denote that the pencils V(ABCD...) and V' (A'B'C'D'...) 
are homograpliic. 

A range is said to be homograpliic with a pencil when 
the range is homograpliic with a section of the pencil. This 
is denoted by (ABCD...) = V (A'B'C D'...). 
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Ex. 1. Tiro ranges (or pencils) which are homographic with the same range 
(or pencil) are homographic. 

Ex. 2. // VX : Y'X' he given, U being a fixed point and X a variable point 
on one line , and V\ X / on another line ; da n A" and X' generate homograjdtii 
ranges on these lints . 

Let A, R, (\ 1) be four positions of A\ and A\ R\ // the corre¬ 
sponding four positions of X' m 

Then AC = VC - UA = A . V'l* - V'A') = A . A'('. 

Hence (AB, CD) = (A'B', (T//). 

Ex. 3. The same is true if VA". Y'X' he given. 

For AC = rc- UA = A/ F'C'- A/ I'M' 

= -k.A'C'l- Y't'. V'A'. 

Ex. 4. -d variable circle passes through a fixed point and cuts a gin n line at 
a given angle ; show that it deter/nines on the line two homographic ranges. 

For the pencils at the point are superpossible. 

12. To form tiro homograph ic ranges on di fferent lines. 



Take any range ABCDE ... on one of the lines, and take 

any three points A',B\C' arbitrarily on the other line to 
correspond to ABC. 

Let Alf and A'B meet in /3, AC' and A'C in y ; let fly 

meet A A' in a and A'l) in b ; let Ab meet A'B' in 1Y. 

Similarly construct the points *, E\ &c. Then the range 

A B C'D'E'... is homographic with the range ABCDE.... 

For take any four points of the first range, viz. LJINB, 

and the corresponding four points of the other, viz. L’M'N’Ii'. 
Then 

{L'M'N'B') = A {L'M'N'R') = (\p.vp) = A' (Afxep) = (ZJnXR). 
Hence every range of four points of one range is homo¬ 
graphic with the range of the corresponding four points 
of the other range, i.e. the ranges are homographic. 
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13. To form two homographic ranges on the same line. 

Take the range ABODE... on one line. Take any section 

A"B"C"D"E"... of the pencil joining any point V to 
ABODE.... Then with any three points A'B'C' on the 
given line to correspond to A"B"C", construct a range 
A'B'C'D'E'... homographic with A"B"C"D"E".... Then 

(A'B'C'D'E'...) = (. A"B"C"D"E’"...), by construction 

= (ABODE...) by projection. Hence the 
range A'B'C'D'E'... is homographicwith the range ABODE... 
on the same line. Also the three points A'B'C' which cor¬ 
respond to ABC are taken arbitrarily. 

To form two liomographic pencils at the same or different 
vertices. 

Join the vertices to any two homographic ranges. 

Notice that in this case also, if one pencil be given, the 
rays in the other pencil corresponding to three rays in the 
given pencil may be taken arbitrarily. 

14. Two ranges ABC... and A'B'C'... on different lines 
are said to bo in perspective when the lines AA',BB', CC 
joining corresponding points meet in a point (called the 
centre of perspective\ 

Two pencils V(ABC...) and V' (A'B'C'...) at different 
vertices are said to be in perspective when the meets of 
corresponding rays lie on a lino (called the axis of pet- 
spcctive.) 

Two ranges in perspective arc homographic. 

For let the centre of perspective be 0. Then 

(LMNIi) = 0 (LMNR) = 0 (Z'M'N'X') = (L'M'N'If)- 

Two pencils in perspective arc liomographic. 

For let VA, V'A' meet in a, and so on. Then 

V(LMNB) = (A pvp) = V' {L'M'N'R'). 

15. If two liomographic ranges on different lines have the meet 
of the lines as a point corresponding to itself in the two ranges , 
then the ranges arc in perspective. 

Let the ranges be ( ABCD...) = ( AB'C'D 
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Let BB'. CC' meet in 0, and let OB meet AB' in B". 
Then (AB'C'B') = ( ABCB) by hypothesis = (AB'C'B") by 


o 



projection. Hence (AB'C'B') = (AB'C'B"), i.e. Tf and B" 
coincide, i.e. the join BB’ of any pair of corresponding 
points passes through 0. 


Ex. 1. If A he the meet of two corresjwnding rays of tu n homographic pencils, 
thin any two transversals through A mil cut the pencils in ranyes in perspective. 

Ex. 2. Jj a cross ratio of the range ABCD be equal to the corresponding cross 
1 at 10 of the range A B’C'I/, show that every two corresponding cross ratios are 
equal. (.See also § 4 , Ex. 7 .) 

Phicethe two ranges so that A and A' coincide and that the lines 
AB and A B do not coincide. Then, as above, the ranges are in per¬ 
spective ; and hence every cross ratio is equal to the corresponding 
cross ratio. 1 0 

a ^ y ( ABCD ) = (A'B'C'l/) and (ABCB) = iA'B'C'E') and so on 

hen (ABODE...) and [A'B'C'l/E'...) arc homographic ranges. 

Ex. 4. If (UV, AA') = (UV, BB') = (UV, CC') =..., 

show that (ABC...) = (A'B'C'...). 

For (UV, AB) = (UV, A'B'). 

V E *- 5 -,Y P he . a P?i»t on the line joining two ftred points A, B and 

1 a t ariahle point on the line joining the fixed points A', If, such that 

APj BP A' i y / IfP' 

is constant, then P and P' generate homographic ranges. 

For if C be a position of P and O' of P', we have 

AC/BC ~ AP/BP = A'C/B'Cf -f. A'P'/B'P 
i.e. (ABCP) = (A'B'C'l'). 

Ex. 0. If VA, VB, VP and V'A', V'Ef. V'P' he such that 
sin ^1 TP/sin BVP sin A'V'P'/sin If V'P' 

is constant, then VP and V'P> generate homographic pencils. 

Ex. 7. Also if tan A VP/ tin A'V'P' be constant. 

Take AVB and A'V'B' right angles. 

ra^. 8 ' lf AP ' BP U C °"* tani ' thm P and IU Ocncratc homographic 

For AP.B'P'^ BP.CI'P'^ A c.B'C'i r BC.n'C' 

hence (AB, CP) = (&#, (fp>). 
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Ex. 9. If the triangle ABC be circumscribed to the triangle LAIN; show that 
an infinite number of triangles can be drawn which are inscribed in the triangle 
LAIN and at the same time circumscribed to the triangle ABC. 

Take any point R on LAI ; let AR cut NL in Q . and let BR cut NAI in 
P. It will be sufficient to prove that PQ passes through C. Let BC 
cut KM in X, let CA cut LN in Y, and let AB cut AIL in Z. 

Then (XMPX) = B {ISMPA') = (ZMRL) = A ( ZMHL) = (iVFQZ,)- 

Hence the ranges (NMPX) and (NYQL) are in perspective. Hence 
MY. PQ. XL meet in a point, i.e. PQ passes through C. Hence PQR is 
inscribed in LMX and circumscribed to ABC. 

Ex. 10. Six points A, B. C, I) E, F are taken, such that AB. FC, ED meet 
in a point G, and also FA, EB. DC in 11 ; show that BC, AD, FE also meet in 
a point. 

Let BE and CF meet in P, CF and AD in B, and AD and BE in Q. Then 

(BPQE) = G (BPQE) = ( ARQD) = ll(ARQD) = ( FRPC ) = (CPRF). 

Ex. 11. AO meets BC in D. BO meets AC in E, CO meets AB in F. X, Y, X 
are taken such that (AD. 0X) = (BE, OY ) = (CF, OZ . = - i ; show that the 
triangle XYZ circumscribes the triangle ABC. 

For (AD, OX) = (EB, OY). 

Ex. 12. The points A and B more on fixed lines through 0, and b and \ r are 
fixed points coll inear with 0 ; if UA and VB meet on a fixed hue, show tha 
passes through a fixed point. 

Take several positions of the point A, viz. A,A 2 A »— 
cutting the given line in C,, and join C,V cutting OB in B ,. Sinn «r } 
construct C t C,... and B, B s .... Then 

(A, A,A S ...)=U (A t A, A 3 ...) = (C t Cj C 3 ...) = V (C, C 2 C 9 ...) = (B, B, B 9 ...)• 
Hence the ranges (A, A, A ,...) and <B , B.B,... j are homographic. Also 
when A is at 0, B is also at 0. Hence the ranges are in perspective. 
Hence A , B { , A 2 B 2 , A 9 B 9 , ... meet in a point, i.e. AB passes through 

fixed point. 

Ex. 13. If the points A,B,C more on fixed lines through 0, and AB turnabout 
a fixed point P, and BC turn about a fixed point Q, show that CA turns about < 
fixed point. 

Ex. 14. If the vertices of a polygon more on fixed concurrent lines, ^ ut 

one of the sides jmss through fixed points, (his side and every diagona ui I*** 
through a fixed point. 

16. If two homographic pencils at different vertices hate the 
rag joining the vertices as a rag corresponding to itself in the tuo 
pencils, then the pencils are in perspective. 

Let the two homographic pencils be I (1 'ABC...) a ” 
V' {VA'B'C'...). Let VA cut V'A' in a. Let \B cut V B 
in p. Let ap cut VV' in v. If ap does not cut VC and V'C 
in the same point, let ap cut VC in y and V'C' in /. 

Now V(V'ABC...)= V'(VA'B'C'...). Hence 

(vapy) = ( vapy'\ 
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by considering the sections of these pencils by «,1 Hence 
y and / coincide. Hence VC. Y'C' meet on a/1 So every 



pair of corresponding rays meet on a/1 Hence the pencils 
are in perspective. 

Ex. 1. If A BCD ...) and (A'If Cf //...) bctico homographic ranges, any 
tiro point* r, V' hi taken on A A', show that the units of VB ami V'If, of VC 
awl I '(/, of I I) awI VI/, S[c., oil lie on a line. 

Ex. 2. // All pass through o fun! point U, owl .1 owl 11 more on fi.red 
lines muting in O, awl if V. H’ he fixed points coll inair with 0, show that the 
locus of the meet of A V owl BW is o line. 

Let Al and BW out in 1\ Take several positions A, A, of A 
of B. of P. Then 

V (. OP i 1 \-) = (OA l A 2 ...)=U{pA x A. 1 ...) = (OB x B 1 ...) = W K OI\P 2 ...). 
Now the pencils K(Of>, P a ...) and W{OP l I \...) have a common ray; 
nonce they arc in perspective. Hence all the meets ■ 17* ; Wpp 
VP.. ; Wl\<, ... lie on a line. 

Ex. 3. Show that the meet of UV owl OB. awl the mat of UW ami OA He 
on the locus. 

Ex ; If A mul B 0> ‘ f,xc ‘ l lines through 0. owl AB , BP. owl A P pass 
through fixed colli,war points U. V , W. show that the locus of P is a hoc 
through 0. 

I ‘! t " rk C' 1 <,fn r>,,hj, J" n 1'“™ through one of a set of collincar points 
whilst all but one cf its vertices slide on fixed lines, then will the remaining vertex 
and every meet of two sides describe a line. 


17. If (ABC...) and (AlfC'...) be tiro homographic ranges 
on different lines , then the meet of AB' and A'B, of BC' and 
B C } and generally of PQ' and P'Q. uherc PP\ QQ arc any tu o 

pairs of corresponding points , all lie on a line (called the homo¬ 
graphic axis). 

Let the two lines meet in a point which we shall call 
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X or Y', according as we consider it to belong to the range 
(ABC...) or to (A'B'C'...). Take the points X' and Y cor¬ 
responding to the point X (= Y') in the two ranges. Then 
every cross meet such as ( PQ'; P'Q) lies on X'Y. (See figure 
of § 12 .) For by hypothesis (XYABC...) = (X'Y A'B'C'...). 
Hence A' (XYABC...) = A (X'Y'A'B'C'...) ; and these two 
pencils have the common ray AA'; hence they are in per¬ 
spective ; hence (A'X; AX'), (A'Y ; AT), (A'B ; AB’\ ... 
all lie on a line. But (A'X ; AX') is X', and (A'Y; AY) is 
Y. Hence (A'B ; AB) lies on the fixed line X'Y ; i.e. every 
cross meet lies on a fixed line, for AA', BB' are any two 
pairs of corresponding points. 

18. By Reciprocation, or by a similar proof, we show that 
ifV (ABCD...) and V' (A'BfC'I)'...) be tomographic pencils, 
then all the cross joins such as the join of (VB; V’C) with 
(V'B'; VC) j)ass through a fixed point (called the homographic 
pole). 

Ex. 1. If A, B. C be any three points on a line , and A', B?, Cf be any three 
points on another line, show that the meets of AB ' and A'B , of At' and A C, an 
of B(f and if C, are collinear. 

Consider A' (= Y') as above. 

Ex. 2. When two ranges are in perspective, the axis of /tomography is the 
polar of the centre of perspective for the lines of the ranges. 

Projective ranges and pencils. 

19. If range a is in perspective with range /3, and range J 
with range y, and range y with range b, and so on ; then 
each of the ranges a, fi,y,b... is said to be projective with every 

other. _ 

If pencil a is in perspective with pencil /3, and pencil k 

with pencil y, and pencil y with pencil b, and so on ; then 

each of the pencils a, f3, y,b... is said to be projective with 

every, other. 

Projective ranges arc homographic. . 

For the range a is homograpliic with the range /3, being in 
perspective with it; so 0 with y, y with b, and so on ; 
hence each is homograpliic with every other. 

Projective pencils arc tomographic. 
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For the pencil a is homographic with the pencil being 
in perspective with it; and so on. 

Homographic ranges are projective. 

For they can be put in perspective with the same range 
on the homographic axis. 

Homogruphic pencils arc projective. 

For they can be put in perspective with the same pencil 
at the homographic pole. 

A range and a pencil are said to be projective, when the 
range is projective with a section of the pencil 

Hence a range and a pcneil which arc projective arc homo¬ 
graphic; and a range and a pencil which arc homographic are 
projective. 


CHAPTER X. 


VANISHING POINTS OF TWO HOMOGRAPHIC RANGES. 

1. The points corresponding to the two points at infinity 
in two homographic ranges are called the vanishing points. 

To construct the vanishing points. 

Let the ranges be {illABC...) = (J'LI'A'B'C'...), where 
12 and 12' are the points at infinity, and I and J' are the 
vanishing points. 

First, suppose the ranges to be on different lines. 

Through A' draw A'u> parallel to AB (and therefore 
passing through 12) cutting the homographic axis in w. 
Then Aw will cut A'B' in the vanishing point J'. Similarly 

I can be constructed. 

Second, suppose the ranges to be on the same line. 

Join LI ABC... to any point V, not on the line ; and let the 
joining lines cut any other line in oahe.... Then Vo is 
parallel to A A'. By using the homographic axis of the two 
homographic ranges uhc... and A'B'C'..., find the point J 
in A'B'C'... corresponding to o in ahc.... Then J'is the 
vanishing point belonging to the range A'B C'.... Vor 

(LI ABC...) = ( oahe ...) = (J'A'B'C'..). 

Similarly I can be constructed. 

2. In two homographic ranges (ABCP...) and (A'B’C'P ' -■•)> 
on the same or different lines , if I correspond to the point LI at 
infinity in the range (A'B'...), amt J' correspond to the point U 
at infinity in the range (AB...), then IP.J’P' is the same what - 
ever corresponding points P and P are taken. 


Vwishing Points of two Homographic Ranges. 1 13 

For we have (712 ABCP...) = {il'J'A'B'C'P. 

hence ( AP , ID) = U'P', D'J'), 
i.e. AI IP -r- A LI/DP = A'D'/D'PA'J'/J'P 
But AD/DP = — r and A'D'/D'P'= - 1 . 

AI/IP = J'P'/A'J', 

FP. J'P' — I A. J'A', which is constant. 
Conversely, 7 / IP. J'P 1 be constant, then P and P' generate 
ranges which are homographic , and I and J' arc the points cor¬ 
responding to the points at in finity in the ranges. 

For let A and A' be any two positions of P and P', then 
IP.I'P'—IA.J'A'. Hence retracing the above steps, we 
get (vlP, ID) = (A'P\ D'J'). Hence P and P' are cor- 
responding points in the ranges determined by AID and 
A'D'J', and 7 and J' correspond to D' and £2 in these ranges. 

J - f through the centre of perspective 0 of the tiro ranges (ABC ) and 

Vo •j:'* tke> Z he dr . aWH “ P uraM t0 AB ' meeting AB in I and a parallel to 
AB meeting Au tn J> prove geometrically that 

lA.J'A = IB.J'B' = ... = 10.^0. 

Deduce thefonnula IP .J'P* for any tico homographic ranges . 

Ex. 2. If OP. OP* be constant, 0 being the meet of the lines on which P and 
r he ) show that P and P / generate homographic ranges. 

Ex. 3. If I and J' be the vanishing points of the homographic ranges 

(ABCP...) = (A'B'C'P 
show that (a) AP: AI :: A'PJ'P'; 

(b) AP/BP + A'P'/B'P' = Al/BI. 

Ex 4. Show also that AP.J'P'^ A'P' is independent of the position of P 
For (An,PQ) = (A'J', P'(/). ’ 

Ex. 6. If 0, A , B be fixed points on the fixed line OAB, and 0 A' B' hr 

xr - ~ 

f r v d 0 r z " (I ?KSK \ A ?- 

A'r me °v ° f th ° spl i eres determined by AB, A'# and by AC 
A (7 , whose centres are on the axis. J AC ’ 

3. Take any two origins U and V’ on the lines of the 
ranges. Then IP = UP— VI = x—a, say • 

and J'P’= VP'- Y'J' = af- ^y. 


I 
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Hence we get (x—a) (x'—a') = constant, 

or xxf—a!x— ax' + aa! — constant, 

a relation of the form kxx'+ lx + nix' + n = o. 

Hence the distances x and x' of corresponding points in two 
homographic ranges from any fixed points on the lines of the 
ranges are connected by a relation of the form 

kxxf + lx + nix' 4- n = o, 
where k, l , m, n arc constants. 

Conversely, if the distances be connected by this relation , 
the points generate homographic ranges. 

For if kxx' + lx+nix' + n = o, 

/ ni\ / , l \ lm 
then *(*+ jt)(y+jfc)-T - ”’ 

or IP . J'P' = constant, where m/k = IU and l/k = J'V'. 

The above relation assumes a neat form if we take V' 
to coincide with U'. For then 

IP. J'P'= IU. J' U' t .*• xx'-a'x-ax = o, 
or a/x + a';x'= i, or UI/UP+ U'J'/U'I>'=i- 


4. If P and P' be connected by the relation lx + mat+n - o, 
P and P' generate homographic ranges in which the vanishing 
points are at infinity; and conversely, the corresponding points of 
two homographic ranges whose vanishing points arc at infinity , 

are connected by a relation of the form lx+nud + n = o. 

(The reasoning employed in the general case does not 
apply here because I and J‘ are at infinity, and hence 
we cannot start with the equation IP. J'P'= constant.) 

If Ix + mP + n = o, then x’=fix + y( say). 

Hence P'Q’= V'Q'— VP'=j/—xI (say )= fS(y-x)=■ PQ- 
Hence the two lines are divided proportionally by the two 
sets of points, which therefore form homographic ranges. ^ 
Also putting * = =0 , we get *'= =o ; hence fi and G 
corresponding points, i. e. / and J' are at infinity. 
Conversely, if I and J' are at infinity, then 

(AB, PH) = {A'B', P'VJ). 
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Hence 


AP_A'P' 

PB ~ P'B 1 01 b-x ^b'-uf 


x(b'~ a , ) + x'(a~ b) + a'b— ab'= o, 

which is of the form Ix+mx' + n = o. 

Or, we may consider the equation lx + mx' + n = o as the 
limit of the relation Jcxx' + lx -f mx' + n = o when Jc decreases 
indehnitely. Since the latter equation determines two homo¬ 
graphic ranges however small 1c is, we may assume this to be 
true in the limit when k = o. 

Two homographic ranges in which the vanishing points 
are at infinity may be called similar liomograpliic ranges. 

Ex. 1. If (H IAB...) = (J'Cl'A'B'...), and AB = A'B'; show that 

AB = AI + A'J', and AI = -B'J'. 

geritx V of the parallelogram VIOJ' is drawn a line 
attting 01 in A and OJ 01 A', show that OI/OA + OJ'/OA' = 1 . 

Ex. 8. Find the values of the constants in the relation 

xP + lx + mP + n = 0 . 

The relation is 1 + 1/P + m / x + „/ XJ / = 0 

Put * = co ; I = = _ y>j>. SQ m = _ [7/ 

Again, put x = o and x* = V'U'; n e= v*U' UI 

Hence VP. V'P'-V'J'. UP- UI.V'P' + V'U'. UI = o. 

Another value of n is UV . V'J'. 

These values come also at once from 

IP.J'P '= iu. J'U' or IV. J' V'. 

Ex. 4. Deduce the formula when the vanishing points are at infinity. 

EJX - iz ;j: fi ™ 

Ex. 5. Show that the formula lx + mP + u = o am be written 

UP/VV+V'P'/V'U’ = I. 

Tut P=U and P>=v f successively. 

I™"' 3 K 0l£ 9C,l(ml nlati0n “» > c (, irown 

same line wZnnette^ homographic ranges on the 

UP. V*I* + -y ' ppr + 5 _ 0 

provided OV = VV. Skcc also ,„a, y = W = VJ' 

5 = UI.UU' = V'J'. V'V. 

5. The following are geometrical applications. 

r “ re 

a . UP/AP+ 0 . Y'pr/A'P ' = 7 , 

I 2 
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u here a, 0, y are constants, show that the locus of the meet of OP and O'P' is a 
line. 

Reducing the given relation to any origins on AU and A'V', it is 
clearly of the form xxf + lx + mxf + n = o. Hence P and P' generate 
homographic ranges. Also putting P = A, we get P / = A'. Hence 
in the two homographic pencils 0(P...) and O' (P'...), 00/ is a common 
ray. Hence the locus is a line. 

Ex. 2. The same is true if any one of the folloxoing relations hold — 

(i) a . UP/AP+ 0/A'P' = y, V' being at infinity ; 

(ii) a/AP + 0/A'P' = y, U and V / being at infinity ; 

(iii) a . UP/AP + 0 . V'P' = y, A! being at infinity ; 

(iv) a . VP + 0 . V'P r = y, A and A' being at infinity. 

Ex. 3. If 7 = 0 in any of these relations, the locus passes through the meet 
of OU and C/V'. 

Ex. 4. Obtain the Cartesian equation of a line, viz. Ax + By + C = o. 

Consider the pencils at the points at infinity on the axes. 

Ex. 5. If PM, PM' drawn in given directions from P meet given lines OM 
and OM’ in M and M' so that a . PM + 0 . PM' = y, show that P 7noves on a line. 

For PM' and PM are proportional to the x and y of Ex. 4 . 

Ex. 6 . If 0, U, V' be fixed points, and if points P and P' be taken on OU 
•nd OV' such that a . UP/OP + 0 . V'P'/OB' = 7 , 

then PP' passes through a fixed point. 

Ex. 7. The same is true if any one of the following relations hold — 
a/OP + 0 . V'P' /OP' = 7 , U being at infinity ; 
a/OP + 0/OB' - 7 , U and V' beuig at infinity ; 
a .UP+ 0 .V'P' = 7 , 0 being at infinity. 

Ex. 8 . If 7 = 0 , the point is on UV'. 

Ex. 9. If p, g, r, the perpendiculars from A, B, C on a line, be connected by 
the relation \.p + p.q + v .r = o, then the line passes through a fixed point. 

Divide by p and use Ex. 6 . 

6. If P and P' be connected by a relation which can 
be reduced to the form kxxf + lx + mxf + n = o, we have 
proved that P and P' generate homographic ranges. The 
following converse is very important, viz. 

Any relation which can he reduced to the form 

kxaf 4 hf + mx' + n = o 

is true of every pair of corresponding points of two homographic 
ranges , provided it is time of three pairs of corresponding points. 

Let the two homographic ranges be ( ABCD...) and 
(A'B'C'D'...). Suppose the above relation (in which x = LP 
and x'= V'P') is satisfied when P is at A and P' at A , and 
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when P is at B and P' at IP, and when P is at C and P' at C'. 
Then it will be satisfied when P is at I) and P'at I)', J) and 
D' being any other two corresponding points of the ranges. 

For if not, suppose that when P is at D. the above relation 
gives E' as the position of P'. Then since the given relation 
determines two homographic ranges, we have 

(ABCD) = (. A'B'C'E '); 

but (ABCD) = ( A'B'C'D ') by hypothesis. Hence D' and 
E' coincide, i.e. the given relation is true for every pair of 
corresponding points of the two ranges. 

Ex. 1. // the. point P on the line AD and the point 1 v on the line B'Cf be 
connected by the relation 

A . A P/BP + p . C'P'/B'P' = i , 

shore that P and P' generate homographic ranges, and that B and B' are cor¬ 
responding points in these ranges. Find also the values of \ and p. Prove also 
conversely, that if ( ABCP) - (A'B'Cl") then the relation holds. 

Taking any origins we get 

X (*-«) (x'-l/)+p( x'-c') (; T-b) = ( X -b) (; x'-b 
which is of the form kxx' + lx + nix' + n = o. 

Hence Pand 1" generate homographic ranges. 

Take Pat B, then x = b, .-. A ( b-a ) (x'-b') = o, .-. x'= b'. 

Hence P 7 is at B ', i.e. B and B' correspond. 

Again, let P be at C when P' is at C. 

Put x' = </. A (c-«) = (c — 6), ... X = BC/AC. 

Let Pf be at A' when P is at A. 

Put x = «. p (a'-o') = a'-l/, .-. p = B'A'/CA'. 

Conversely, if (ABCP) = (A'B'Cl"), the relation 

BC \lP B’A ' CP' 

AC ‘ BP + C'A' ’ WF' = 1 

S V/fJ'ltn. ~ J+h:+m ' + ’‘ - by 

Ex. 2. Treat the/ollotcing relations in the same uray _ 

(a) \/BP + p . CP'/B'P' = i ; 

(b) X . AP/IP + p . C'P' = r ; 

(c) X/ IP + p . C'P' = 1 ; 

{d) AP. B'l*+ k . CP +p .C'p'= AC. B'C ■ 

(e) IP.B'P' + k.CP + p = o. 

Results— (a) X = BC, p = B’J'/CfJ'; 

(b) X = 1C/AC, p = i/ C'A'; 

(c) X = JC, p = i/CJ'- 

(d) X -B'J', p = _ AI; 

(e) X = -B'J', p = -IC.B'C. 
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Ex. 3. Show that the following equations are satisfed by every two homo- 
graphic ranges. 


(«) 

AP 

B'P' 

% AP 

B'P' 

CP 

D'P' 

+ \ • - 

CP 

+ ^ ’ D'P' + v ~ °> 

(*) 

AP 

B'P' 

% AP 

B'P' 

AC ' 

B'Df 

+ \ • - 

AC 

+ li B'D’ + V ~ 0 - 


Each equation is of the required form, and X, p, v can be determined 
so that the equation shall be satisfied by any three pairs of points.. 

Ex. 4. Deduce in Ex. 3 definite formulae for (ABCP) = ( A'B'C'P'), i.e. 
determine the values of X, p, v. 


Ex. 5. If (ABCD) = (. A'B'Cflf ), prove that 


(«) 

(■0 


AB.CD AC.DB AD.BC 

+ -“TTi- + 


A'B' 
AB.CD 
A'B' 


. C/B' + 


A'Cf A'lf 
AC.DB 


o; 


A'Cf 





(f being an arbitrary point on the line A'B'. 

Take D and 1 X as variable points. 

Ex. 0. If the pencil V( ABCD) be homographic with the range ( A’B’Cflf ), 
show that 


sin A VB. sin CVD _ sin A VC. sin DVB _ sin A VD. sin BVC 
A'B' + A 'C' + AW 


Use Ex. 5 (a). 

Ex. 7. Show that VP, V'P' generate homographic pencils if 

a\nAVP sin BVC sin C'V'P' sin B'V'A' t 
(a) siVBVP ' sin A VC + sin B' V'P' ’ sin C'V'A' 
or ( b ) X cot B VP + p cot B' V'P' = 1 , 
or (c) X tan A VP + p tan C'V'P' = z. 

Ex 8. If VP and V'P' generate two homographic pencils, and AVP = 0 
and B'V'P' = 6', VA and V'B' being any initial lines, show that 

tan 0 . tan 0' + X tan Q + p tan 6' + v = o ; 
and conversely, if this relation be satisfied, then VP and V'P' generate homo¬ 
graphic pencils. 

Take transversals perpendicular to the initial lines, then 

tan 0 oc x and tan 6 'oc of. 


Common points of two homographic ranges on 

the same line. • 

7 . Suppose corresponding points in two ranges on the 
same line to be connected by the relation 

k. UP. V'P' + l. UP+m.V'P'+n = o. 

For the origins U and V' we can take the same point 
on the line, called U or V' according as it is considered 
to belong to one or the other range. The equation becomes 

k. UP. UP'+l-UP+m. UP'+n = o. 
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Now if P correspond to itself, P must coincide with P'. 
Hence the equation giving the self-corresponding or common 
points of the two ranges is 

7c.UP 2 +(l+m) UP+n = o. 

Hence every two homographic ranges on the same line 
have two common points, real, coincident, or imaginary. 

A graphic construction of the common points will be 
found in XVI. 6. 


Ex. 1. If E and F be the coni man points of the homographic ranges (ABC...) 
and (A / B'C '...), show that 

( EFAA ') = (EFBli') = ( EFCC') = .... 

For (EF, AB) « (EF. A'B'), (EF, A A') = (EF, BB'). 

Ex. 2. If (EFABC ...) = (EFA'B'C'...) = (EFA"B"C"...) « 
then (ICFAA'A "...) = ( EFBB'B ",..) = (EFCC'C "...) = .... 

Ex. 3. If (EF, PI*) be constant, then PI* generate homographic ranges of 
which EF are the common points. 

Ex. 4. If ABC..., A'B’C'... be homographic ranges on the same line, and 
if P', Q be the points corresponding to the point P( = (/) according as it is con¬ 
sidered to belong to the first range or the second, show that I*, Q g, aerate homo¬ 
graphic ranges whose common points are the same as those of the given ranges. 

The range generated by I* is homographic with the range generated 
by P, i.e. by (/, and this is homographic with the range generated by 
Q. Hence range I* - range Q. 

Again, suppose P is a common point of the given ranges; then I* 
coincides with P, i.e. 1* coincides with </; lienee P coincides with Q, 

i.e. 1* coincides with Q, i.e. P is a common point of the derived 
ranges. 


Ex. 5. If X be the f01 nil, harmonic of P for I* and Q, then PX is divided 
harmonically by the common points. 

Let the given homography be defined by 

PA . PA ' +1 . PA + m . PA' + n = o. 

Put A = P and A'= I*, .-. pp* = - n /m. Put A - Q, A'= </= P 

*'• PQ = - n / f » */PX=i/PP'+i,PQ = -(/ + ,«)/„. 

Now E and F are given by x 2 + (l + »,) x + n- o, 

•*• */ PE + I /PF = ~{l +»«)/»» = s/PX, 

FF) is harmonic. 


Ex. 6 . Construct the fourth harmonic of a giren point for the (unknown) 
common points of two given homographic ranges. ^ 

Ex. 7. Show that (EF, QI*) = (EF, A A') 2 in Ex. 4 . 

For (EF,AA') 2 = (EF,PI*).(EF,QQ') where 
This gives us another proof of Ex. 4 , using Ex. 3 . 

liw\fh YiJY* le 9 T l ? UiHmr poin,s> find a P° int x in the 

quantity impound ratio AX. A'X — BX. B'X may be a given 
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x * s one the common points of the homographic ranges deter¬ 
mined by AP/BP ^ B'P'/A'P' = the given quantity. 

Ex. 9. Determine the point X, given the value of AX. A'X ■ f- BX. 


8 . If one of the common points of two homographic ranges 
{ABC...) and {.A'B'C'...) on the same line he at infinity , then 
the points ABC... divide the tine in the same ratios as the points 
A'B'C'; and conversely. 


For if 

Then 

But 


{AB, Ci 2) = (A'B\ C'H). 

AC £IB _ A'C' HB' 

CB * Ail - C'B' * A'il ' 
HB-i-A H = -1 = SlB'-i-A'Sl; 
AC:CB::A'C':C'B / ; 


and similarly for any other pair of segments ; i.e. the line is 
divided similarly by the two sets of points. 

Conversely, if the line be divided similarly by the two sets 
of points. 


Since AC:CB: : A'C': C'B', 

we have, retracing our steps, {AB, Cil) = {A'B\ C'H). 

So {J)B, CH) = {D'B', C'H), and so on. 

Hence {HABC...) = {HA'IfC'...), 

i.e. (ABC...) and {A'B'C'...) are two homographic ranges 
with a common point at infinity. 

Or thus —Let the homography be given by 

kxx' -f Ix-p nix' + n = o. 

The common points are given by her + (l + m) x+ n = o. If 
one of the common points beat infinity, then h = o, i.e. the 
homography is given by lx + nix' + n — o, i.e. the ranges are 
similar. 

Conversely, if the ranges are similar, then 

lx + mx' + n = o, 


i.e. k = o, i.e. one of the common points is at infinity. 

Ex. 1. If in tico homographic ranges on different lines the points at infinity 
correspotid, the ranges are similar ; and conversely. 

Ex. 2. If one of the common points of tico homographic ranges on the same 
line be at infinity, the other , E, is given by EA : EA: BA : B'A'. 


X.] 
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Ex. 3. Show also that E is the meet with A A' of the radical axis of any 
two circles through AB' and A'B. 

Ex. 4. If AB! A'B' = BC/B'C' = • • • = -i, show that one common point 
is at infinity, and that the other bisects all the segments A A', BB', CC, _ 

Ex. 5. If each of the common points be at infinity, then all segments joining 
corresponding points are equal; and conversely. 

For if F he at infinity, the ranges arc* divided proportionally, lienee 
AB/A'B'='EB EB'= i, for E is also at infinity. Conversely, if 
•AB = A'B', BC = B'tfi, ..., the ranges are divided proportionally; 
henco F is at infinity. And E is given by EB/EB' = i, hence E is 
also at infinity. 

Orfhu$ : In this case the quadratic A x 2 + (/ + m) x + n = o has both 
roots infinite. Hence A- = o and / + mi = o. Hence the lioinographv 
is given by l(x-x') + n = o, i.e. x-j J = constant, i.e. A A' is constant. 
And conversely, if AA' is constant, then k = o and / + m = o. Hence 
hotli common points are at infinity. 

Common rays of two homographic pencils having 

the same vertex. 

9. In any two homographic pencils having the same vertex, two 
lays exist, each of which corresponds to itself. 

Let the pencils be VUBC...) = Y(A'B’C ’...). Suppose 
a line to cut the pencils in the ranges (ahe ...) = ( a'b'c 
a being on VA, and so on. Then if VA and VA' coincide] 
a and a' will coincide. Hence if e and / be the self-corre¬ 
sponding points of the ranges (ahr ...) and ( a'b'c '...), Vc and 
Y a 1 ’ 0 the self-corresponding or common rays of the pencils 

V(ABC...) tmdV(A'B'C'...). 

JzhZZztz ,n ,ic °""~ 

is Sin EVr/Sin Fyp + si, ‘ Ecr/sin FVI* 

on the H n °e“y C th T™„ 0 cns P0intS ° f th ° ranges determined 

v shoic " m> "■ 

dimtiom- « cu, 6 ,, „ K l,ro „ena,s pr^foUZy 

For without altering the directions of tl.e rays, superpose I" on V. 

Kn, V '<^ ^ >»"' » 

AB = A'B!, BC = B'C, CD = Clf ’fa enmne ,e P oslt,,J>l °f the line so (hat 

7 the lino 

one or otlier of the pairs of corresponding parallel 
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rays. Let it meet the other two corresponding parallel rays in 0, O'. 
Draw F'S parallel to the line to meet VO in S. Then 

SO = V'C/, 0A = C/A', and ZS0A = Z V'C/A'. 

Hence SA is parallel to V'A'. 

Hence the construction—Take the corresponding rays Vy, Vxf which 
are parallel, and also the corresponding rays Vs, V'z' which are parallel. 
Let Vs meet V'i/ in S, and through S draw SA parallel to V'a' to meet 
Va in A. Through A draw ABC... A'B'V... parallel to V'S, This 
line satisfies the required condition. 

For Vy, V'i/ meet the line in the same point ft at infinity. Hence 
(ft OAB) = (ft C/A'Bf). Hence 0A : OB : : O'A': 0/Bf. But 0A = O'A' by 
construction. Hence OB = C/B'. Hence AB = A'B', and so on. 

Hence there are two such lines, one parallel to each of the lines 

Vy, Vs. 

Ex. 5. Given any two homographic pencils, one can be moved parallel to itself 
so as to be in perspective with the other. 

10 . If i, J' correspond to the points at infinity in two 
homographic ranges on the same line, and 0 bisect IJ', and 
O' be the point corresponding to 0, then the common points 
E, F are given by 

0E 2 = OF 2 = or. 00'. 

For (0n,IE)=(0'F,n'E\ 

where S2 or 12' is the point at infinity upon the line. 

01 Ei 2 _ O'f V EJ' 

Iil ’ OF ~ il'J' ’ O'E 
But EFl-^I£l = i and 0'&-*-il'J'=-h 

0I.0'E+0E.EJ'=o. 

Take 0 as origin, 01 {0E-00')+0E{0J'- OE) = o, 
but 01=-0J', -0J'{OE-00') + 0E(0r-0E) = o, 

/. 0E' l = OJ'. 00 so 0F*= OJ'. 00'. 

Hence the two common points arc equidistant from 0; there¬ 
fore one is as far from I as the other is from J'. 

Notice that ( EF, O' J') is harmonic. 

Ex. 1. If E and F coincide, they both coincide with 0. 

For 0 bisects EF. 

Ex. 2. Show that the relation connecting Uco homographic ranges on the same 
line can be thrown into the form EP. FP+ IP. PI* = o. 

For this relation is of the required form, and it is satisfied by (E, E) 
and (F, Fj. Also putting the relation in the form 

EP. FP/PP'+IP = o, 
we see that it is satisfied by (/, ft'). 
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Ex. 3. Prove (he fame fur (he relations 
(n) EP. FP — El. PP; 

0) OP. OP-01. PP+OI. 0(f = o; 
(c) OP- + IP. PP + 01.00'= o. 


Ex. 4. If E and F coincide, P and P are connected hy the relation 

UP. UP-UJ'. UP- UI. UP + VO 1 = o. 

For putting P = P in the general relation 

UP. UP - UJ'. UP- UI. UP + UU'. UI = o, 
and noticing that 2 . U0 = UI + UJ', we get 

UP --2 . UO. UP+ UU'. UI = o. 


LI = LLP. 


And this is a perfect square, hence UU . 

Ex. 5. If E and F coincide, shoio that P and P are connected bn the 
relation 0P.0P = 01. PP. 

** : S „ of J h ? rec l uire(1 form < and is satisfied by (/, ft') and by (E, E) 
and (F, F) since E and F coincide with 0. 


6- IfE and F coincide, shoic atso that 

(a) (OP)-’.f(OP')- 1 = (0,1 ~' + (0A')-' ; 

(b) OP. OA/AP = OP. OA'/A'P; 

(c) OP 1 = PI. pp. 


reluct vI, rw/' 00 YangeS ,' rk0Re C ° mm0n P ° in(S coinri,,e > *>e placed in 
pcrsjxctne with tiro ranges whose corresponding segments are equal 

anriii^arane^ Ka g€St ° “ y ^ Kand C ° nsid ° r the - 


11 . If the common points he imaginary, then the ranges 

{ABC...) and (. A'B'C'...) subtend at two points in the plane 
of the paper suprrposahle pencils. 


For if E and F are imaginary, since OFF = OF. 00', wo 
see that 0J‘ and Off have different signs, i. e. 0 lies between 
0 and J'. On a perpendicular to the line A A' through 
0 take Off such that 01P= OJ'. ffO. Two such points can 
be taken one on each side of the line AA '. 



Then the pencils subtended at U are superposable. 

Since I corresponds to the point IT at infinity, the ray 
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UQ is parallel to A A ; so the ray UVL corresponding to 
TIP is parallel to A A'. Now since U0 2 =J'0. 00' it follows 
that J'UO' is a right angle. 

Hence AilUJ'= Z JJJ'O = LOTJO' 

= Z UIJ', since J'O = 01 

= z izm'. 

Hence the pencil U (HOT) can be superposed to the pencil 
U(J'0'£l') by turning it through the angle ilJJJ'. After the 
rotation three rays of the pencils U (ilOIABC...) and 
U(J'O'W A'B'C' ...) coincide ; hence every ray of one pencil 
coincides with the corresponding ray of the other pencil, i. e. 
the pencils are superposed. 

Notice that the points U give solutions of the problem— 
Given, on one line, two homographic ranges (ABC...) and 
( A'B'C'...) of which the common points are imaginary , find a 
point at which the segments A A', BB', CC, ... subtend equal 
angles. 

Ex. Determine a point at urhich three given collinear segments subtend equal 
angles. 

12 . Two homographic pencils with the same vertex whose 
common rays are imaginary can be placed in perspective with two 
superposable pencils. 

For let any line cut the given pencils in ABC... and 
A'B'C' .... In a plane not that of the pencils construct the 
point U at which AA, BB',... subtend equal angles. Take 
the vertex of projection on the line joining U to the vertex V 
of the given pencils ; and take the plane of projection 
parallel to UAA'. Then the projection of VA is parallel to 
UA, and of VA' to TJA' . Hence the projection of the angle 
AVA' is equal to the angle AUA'; so for the other angles. 
Hence the angles AVA', BVB, CVC',... project into equal 
angles. 


CHAPTER XI. 


ANHARMONIC PROPERTIES OF POINTS ON A CONIC. 

1. We have already shown in IX. 8 that the projection 
of a range of four points is homographic with the range, 
and in IX. 9 that the projection of a pencil of four lines 
is homographic with the pencil. We shall now proceed 
to investigate certain properties of a conic by proving the 
corresponding properties of the circle of which the conic 
is by definition the projection. 

2. Four fixed points on a conic subtend at a variable fifth point 
on the conic a constant cross ratio. 

Let the four fixed points on 
the conic be ABCD and the 
variable point P. Let A, B, C, 

P, P be the projections of the 
points a, b, c, d, p on the circle 
of which the conic is the pro¬ 
jection. Now, in the circle, abed 
subtend the same cross ratio at 
every point on the circle. For 
take any two points p and p’ on the circle. Then 

p (ah, cd) = smapd _ sin ap'c sin ap'd 

sin cpb sin dpb sin cp'b ' sin dp'b C( ^‘ 

For in all cases the angle apb is equal to the angle ap'b 

PU S cT- m 7tL a , nd S ° f0r the 0ther an S Ies - Hence 

\ ABCD ) - i> (abed) by projection = p' (abed) = P' (ABCD) 
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by projection. Hence ABCD subtend the same cross ratio 
at every point P on the conic. 

The cross ratio subtended by the points ( AB, CD) on 
a conic at any point on the conic is called the cross ratio of 
the points (AB, CD) on the conic. 

Notice that, making P coincide with A, the cross ratio of 
(AB, CD) is equal to A (AB, CD) = A (TB, CD), where AT 
is the tangent to the conic at A. 


Ex. 1. Show that in a circle the pencils p {abed) and p' {abed) are super- 
posable in all cases. 

This gives another proof of § 2 . 

Ex. 2. A tangent to an ellipse meets the auxiliary circle in ZZ'; show that the 
cross ratio of the four points {A A', ZZ’) on the circle is (i-e) -7- (1 + e). 

Consider the pencil at the point opposite to Z'. 

Ex. 3. l*ro ve that the cross ratio {AB, CD) of the four points A, B, C, Don a 
circle is AC/CB + AD/DB, AC being the length of the line joining A to C. 

For sin A PC = AC + 2 R. 


Ex. 4. Conjugate lines for a conic meet the conic in four points which subtend 
a harmonic pencil at every point on the conic. 

Consider the pencil at one of the four points. 

Such points are called harmonic points on the conic. 

Ex. 5. If A A', BB' be pairs of harmonic points on a conic, show that AA 
ami BBf are conjugate lines for the conic. 

Ex 6 The chords AB. CD of a conic are conjugate . and ACB is a right 
angle; through D is drawn the chord DP meeting AB in Q; show that CA, US 
are the bisectors of the angle PCQ. 

For _i = P{AB, CD) = P{AB, CQ) = C{AB, PQ). 

Ex 7. Two cotiics a and 0 touch at B and C. Through A, the meet of the 
common tangents, is draxen a line meeting a in P, Q. BQ, BP meet 0 in V, U. 
Show that VUpasses through A. 

{BC, UVj = B {BC, UVj = B {AC, PQ) = — 1 . 

Ex 8 If a variable circle cut a given arc of a given circle harmonically, it is 
orthogonal to the circle, xchich passes through the ends of the given arc and is 
orthogonal to the given circle. 

Ex. 9. If AA', BB' be pairs of harmonic points on a circle, show that 

AA'. BB' = 2 . AB . A' If = 2 . AB'. BA'. 


By Ex. 3 we have AB. A'If = AB'. BA'. 

By Ptolemy’s theorem we have 

. R a n . A'If + AB'. BA' = 2. AB. A If. 


-Fy 10 Obtain the equation of a hxjperbola referred to its asxjmptotes. 

Lot P, Q bo any * Through 

infinity on the hyperbola. Then n {PQnn) v alle i to 


conic. 
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Hence 


CM 


Cl'M 

Cl'L 


nR 

ftiV 


cit 

-r — , i.e. CL . CN = CM. CR. 


CL ' Cl'L " CIX ' CX* 

U. Any diameter of a parabola meets the tangent at Q in T, the currt in 
P, and any chord Q(/ in R; show that TP: PR : : <JR : R(/. 

For q (Qp<y n) ~ n (Q/Y/n . 


Ex. 12. A variable point P on a conic is joined to (he fixed points L, M on 
the come ; show that the angle LPM is divided in a constant cross ratio by 
parallels t/nough P to the asymptotes. 


Ex. 13. Through four fixed points A, B, C, T) is drawn a system of conics ; 
show that the tangents at A, the tangents at B, the tangents at C, and the tangents 
at D form four homographic pencils. 

For A {ABCD) =- B (ABCD) = B (BA DC). 


3. Pappus’s theorem. If from am/ point P on a conic 
perpendiculars a, /j, y, b be drawn on the lines AB, BC, CD, DA 
joining fixed points ABCD on the conic, then a . y = k.yi.b, 
tchere k is independent of the position of P. 

For P(AC, BD) = sin APB. sin DPC- r-sin BPC. sin API). 

But PA . PB sin APB = a . AB, and so on. 

Hence a . y . AB. DC+j . 6. BC. AD = I> (AC, BD) is 
constant, i.e. ay = k. . b. 


C r’7" a *" rS M fn " /nm " mJ m “ «»* mi »« *«/« of 

Z7, / 7J m ,ff* Z 0/ ***• u ca " ed »• 3 . *", 

Suppose the theorem holds for 271-2 sides. Then 

. 1 • 3 • 5 • • • • (2 a- 3) = A-. 2.4.6. ... (2 >1-4') r . 

And by the- above theorem (2 n -1.* = A' (2 „ _ a) *>. Multiplying 

TT . T 1 • 3 • 5 • ... 1.2 *1 — 1) = k ". 2.4.6.2». 

Hence by Induction. 

z 

Make the alternate sides in Ex. 1 of zero length. 

slf at ZT%l e Etti 2 ) Pr0 " UdS “ re "' emm md 

SrS^TJt a ‘" J I"'™ * “ '« 

contact. q e °J the Perpendicular on the chord of 

zfZ ?JL\ p Z7,t£"r Jr ° m r y m ° « 

the intercept on the cane. 7 1 proportional to the perpendicular on 

For a.y + fi. and a = a . 
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4. Any number of fixed points on a conic subtend homographic 
pencils at variable points on the conic. 

Let the fixed points be A, B, C, D,... and take two other 
points P, Q on the conic ; we have to prove that 

P{ABCD ...) = Q{ABCD ...). 

This follows at once from the fact that 

P{ABCD) = Q (ABCD), 
where ABCD are any four of the fixed points. 


Ex. 1. P, U. V are points on a hyperbola, P being variable ; show that the 
lines PU and PV intercept on cither asymptote a cotistant length. 

Instead of the asymptote consider at first a chord LM of the conic, 
and let PU, PV cut LM in p and p'. Then (p) = U{P) = V(P) = (/). 
And the common points of the homographic ranges (p) and {]/) are 
seen, by taking P at L and M, to bo L and M. Hence in the given case 
the common points coincido at infinity ; hence pp' is constant. 

Ex. 2. Through a fixed point are drawn lines parallel to the rays of the 
pencils subtended at two points on a parabola by the other points on the parabola ; 
show that corresponding lines cut off on a fixed diameter a constant length. 

Join the ranges determined on the line at infinity to the fixed point 
and proceed as above. 

Ex. 3. The fixed line DA meets a fixed conic in A, and EB touches at a fixed 
point B. A point 0 is taken on the conic. Through A is drawn a va - r table hn f 
meeting the conic again in P and EB in Q. OP meets DA in U and OQ meets 
DA in V. Find the position of 0 ichen UV is of constant length. 

First take EB to be a chord BC. Then 


(U) = O(U) = 0 (P) = A (P) = (Q) = 0(Q) = (V). 

And the common points are where OB and OC 'meet DA In the 
case therefore these coincide. And they must be at infinity. Hence 


OB is parallel to DA. 


5. The locus of the meets of corresponding rags of two homo¬ 
graphic pencils , at different vertices and not in perspective, is a 

conic which passes through the vertices. 

Let the pencils he 0 (PQR ■ ■ ■) and V (PQR ■■■)■ Then we 
have to prove that the locus of the points PQR ... is a conic 
through 0 and V. Since the pencils are not in perspective, 
corresponding to the ray VO in the F pencil, we shall have 
some ray OU, say, in the 0 pencil which does not com ede 
with VO- Draw any circle touching OU at 0- 
circle cut OF in V', OP in P\ and so on. 

Now V{OPQ ■■■) = by hypothesis 0 ( UPQ ■••) 

= 0{UP'q -) = O(OPV-) = 7 < 0P ^- ) 
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from the circle. Hence the two pencils V(OPQ...) and 
V'(OPQ'...) are liomographic. And they have a common 
ray, viz. VV'O■ Hence they are in perspective. Ilenco 



all the points (VP ; V'P') y (VQ; V'Q'),... lie on a line, viz. 
the axis of perspective. Let (VP ; V'P’) be called tt ; and let 
the axis meet OF in 1 * and OP in tt' ; so for Q, P . 

Now rotate the figure of the circle out of the original 
p ane about the axis and let 0 ' be the new position 

np' w ,?", 10 trmng,eS 0PV nnd 0P ' V ' coaxal ; for 
Print P'V mCet , “ *'* and ° V and °' V ' meet in and 

i e off pp' m vr' n Hence these triangIesare c °P° 1,lr - 

’ rT meet ln » point. Hence PP' passes 
through a fixed point, viz. the meet of Off, VV'. Hence the 

figure OT PQJt... is the projection of the figure O'V'P'Q'IT 

But the latter figure is a circle ; hence the locus of P is the 

projection of a circle, i. e. is a conic. Also, since the circle 

undo 110US aiui t!l6 conic passes through V 
Notice that if the pencils are in perspective, the locus 
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6 . One, and only oyie, conic can be drawn through five given 
points. 

Let the five points be A, B, C, D, E. Take A and B as 
vertices. Through A draw any ray AP, and let BQ be such 
that A(CDEP) = B(CDEQ). Then the rays AP and BQ 
generate homographic ranges of which AC and BC, AD and 
BD, AE and BE are corresponding rays. Hence the locus 
of the meet It of the rays AP and BQ is a conic through 
ABODE. Hence a conic can be drawn through ABODE. 

Also only one conic can be drawn through ABODE. For 
the other point It, in which any ray AP cuts a conic through 
ABODE, is given by the relation A ( CDEIt) = B {CDEIt). 
Hence every ray through A cuts all conics through ABODE 
in the same point, i.e. all the conics coincide. 

The locus of points at which four given points subtend a 
constant cross ratio is a conic through the given points. 

Let the points ABCD .subtend the same cross ratio at 
E, P, Q, It.... Then, taking E and P as vertices, since 

E(ABCD) = P{ABCD), 

we know that ABCDEP lie on a conic. Hence the locus of P 
is the conic drawn through the five fixed points A,B,C,D,E. 

7. Every two conics cut in finirpoints. 

Two conics cannot cut in more than four points; for 
if they have five points in common, they must coincide. 
Also we see that two equal ellipses laid across one another 
cut in four points. Hence we conclude that if two conics do 
not apparently cut in four points, some of the meets are 
imaginary or coincident. (See also XXVil. 4-) 

Through four given points can be drawn an infinite number of 

conics. . . . 

For we can draw a conic through the four given point 

and any fifth point. 

All conics through four given points have a common s f- 
conjugate triangle; viz. the harmonic triangle of the quadrangle 

formed by the points. 
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Ex. 1. Any four points A. B, C. D tire taken, and M is the middle jxtint of 
AC; BQ a parallel to AC cuts DM in (J, and DP a parallel to AC cuts JJM in P; 
show that ABCDPQ tie on a conic* 

For P(AC. BD) = Q(AC, BIS) = - 1 on AC. 

Ex. 2. Through four given points cun In drawn one and only one rectangular 
hyperbola. 

Fora fifth point is the orthocentre of any of the other three. An 
exception is when this orthocentre coincides with the fourth point, 
when an infinite number of rectangular hyperbolas can be drawn 
through the four points. 

Ex. 3. Given in position tiro pairs of conjugate diameters of a conic and a 
point P on the conic y to construct it. 

Through P draw parallels to a pair of conjugate diameters; this 
gives two more points on the conic. Proceeding similarly with the 
other pair, we have five points on the conic. 

_ ! Ex - , 4 : JJ I> ' A ' I{ ' ( '' & six points on a conic; show that the meets of 
1A and QB, of PB and QA. of PC and (jD. and of PD and QC lie on a conic 
through PQ. For p{BCAD = Q BCAJ)) = Q 

Ex. 5. The sides PQ, QB, BJ> ,f „ trianyle inscribed in a conic meet a 

t uimeter in Z, A Y. and H\ U. V arc the rcjhxions of these points in the centre : 
show that 1 L, Ql, H\V meet on the conic . * 

Let the diameter be LX. Let PU , (/V meet in X. Then 

P {LXRX) = Q (LMBX), 

tor {LXYU) = {LXXV), since J.MYU, and {XLVX\ are superposablo. 

¥.? C °'1 C ™ ncMe ,cith ih reciprocal, it must coincide also with the 
uasi^ Coyne, o) have (loublt contact icith it. 

For let the conic a and the base conic r meet in the point P. Then 
ic 1 eciproeal of P touches r. and therefore n at P. Hence a and r 
touch at P; so they touch at every common point. 

■ 8 at A ’f’, C ’ J) ar< fiXed 1>0mts - CD mee,s AP ini U and BP 
N , : /“* ll,e hcus of T men that the ratio CM: BN is 
constant. Discuss the locus when AB and CD are parallel. 

mCe n 7 *' ^ ani * ^ generate homographic 

ranges on CD (see X. 8). Hence P 

X (P,P ) = A (M.M,...) = S (N,N 2 ...) = B ftp,...). 
Hence the locus of i> is a conic through A and B. 

K 2 
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If AB and CD be parallel, it follows from elementary 
geometry that the locus is the line dividing CD and AB 
is the given ratio. 


Ex. 1. The locus of the vertex of a triangle, whose base is fixed, and whose 
sides cut off a constant length from a given line, is a conic, which is a rectangular 
hyperbola, when (he constant length is equal to the length of the base. 

For in this case AM and BN are parallel when AM is parallel to 
either of the bisectors of the angles between the given lines. 

Ex. 2. A triangle ABC is such that B and C more on fixed lines OL and OM, 
whilst its sides BC,CA , AB pass through fixed points P, Q, R; show that the 
locus of A is a conic passing through R. Q, 0 and through the meet of PQ and OL 
and through the meet of PR and OM. 

Ex. 3. All but one of the vertices of a polygon move on fixed lines and each 
side passes through a fixed point; find the locus of the remaining vertex. 

Ex. 4. The locus of Q is a line. The angles QOP and QO'P are given , 0 and 
O' being fixed jioints. Show that the locus of P is a conic. 

Ex. 5. A, A' are fixed points on a circle and the arc PP' moves round the 
circle; show that the locus of the intersection of AP, A'P' is a conic. 

For A{P...) = A {P'...) since L PAP' is given 

= A' (.P'...). 

Ex. 6. A and M are fixed points, P is a variable point moving on a fixed 
line I, QM at right angles to PM meets PA in Q; show that the locus of Q is a 
conic. If l meet the circle on AM as diameter in B and C, show that the 
asymptotes of the conic arc parallel to AB, AC. 

Ex. 7. A and B are fixed points, and P and Q are points such that the angles 
PAQ and PBQ are constant; if P describe a conic through A and B, so will Q. 

Ex 8. ( PQR...) and (P'Q'R'...) are two homographic ranges on the lines 
OA, OB ; if the parallelogram BOB' V be constructed, show that the locus of V is a 


contc. 


Nil. a conic through the points at infinity on OA and OA'. 

Ex. 9. All but one of the vertices of a polygon more on fixed lines, and each 
side subtends a fixed angle at a fixed point; find the locus of the remaining 


vertex. 

Ex 10 PCP' and BCD' are fixed conjugate diameters of an ellipse. On CP 
and CD are taken X and Y such that PX. DY = 2 CP. CD. Show that DA 
and BY meet on the given ellipse. 

For X and Y generate homographic ranges of which P andaro Uie 
vanishing points. To get the constant, take X at l y ; then 1 is at C. 

Ex 11 EP FD, DE pass through the fixed points A, B, C. The centroid of 
DEFisfixed at G. ’ AG fs produced to H, so that GU = *.AG. Show that 

the locus of D is a conic through BCGH. 

For D ( GH, BC) = -1 on EF. 

Ex 12. 0 moves on a fixed line, PQ passes through a fixed point, the angle 
CAP is constant, and A is a fixed point. Find the locus of 1. 

Ex. 13. ^ variable line PQ passes through a fixed point D and meets the fixed 
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lines AB and AC in P and Q. Through P and Q are drawn PR and QR in given 
directions . Show that the logits 0 / R is a hypt rbolu with asymptotes in the given 
directions; and find where the hjcus mots AB and AC. 


9 . The torus of the meets of corresponding rugs of two 
pencils whose corresponding ungtes are equal but measured in 
opposite directions is a rectangular hyperbola with the vertices 
of the pencils ut the ends of a diameter. 

The locus is clearly the locus of the meets of corresponding 
rays of two homographic pencils, i.e. is a conic through the 
vertices of the pencils. 

Let OP be one of the rays of the pencil at 0 and O'P' the 
corresponding ray of the pencil at O'. Through 0 draw 
Op' parallel to O'P'. Then clearly all the angles POp have 
the same bisector. Now draw this bisector OL and its 
perpendicular OM, and the parallels 0'IJ and O'M'. Then 
OL and O'L' correspond and are parallel, hence their meet 
is at infinity ; hence OL is parallel to an asymptote of 
the conic. Similarly OM is parallel to an asymptote of the 
conic. Hence the conic is a rectangular hyperbola. 

Again, the ray corresponding to 00', viz. the tangent at O', 
is parallel to the reflexion in OL of 00'; and the ray corre¬ 
sponding to O'O. viz. the tangent at 0. is the reflexion in OL 
of O'O. Hence the tangents at 0 and O' are parallel, i. e. 00' 
is a diameter. 


Ex. 1. 1 he point of b isection of a given arc of a circle may be constructed as 
one of the mats of the arc with „ rectangular hype rbola. 

Let AB be the arc and BT the tangent at B. Let C he the centre of 
the circle. Make the angle ACT equal to the angle TBP. Then if P is 
°f p 1G arc have Z.BCP = zZACP. 1(P is not on the arc, the locus 
of i is a rectangular hyperbola; and if Q be that meet of the circle 

the arc°.lB U8U ar hyi>erbo,a wllich lies between A and B, y trisects 
toTlR ° ther mCGtS triSGCt th ° ° thor arc AB the arc supplementary 


Ex .2. The locus of the points of contact of parallel tangents la a system of 
confocal comes ,s a rectangular hyperbola through the foci. Prove this, and obtain 
Oie reciprocal property qf coaxal circles . 


10 . Converse of Pappus’s theorem. If a point more so' 
that its perpendicular distances a, 0, y, 5 from four fixed lines 
AB, BC, CD, I)A arc connected by the relation a. y = jfc. p . 8. 
then the locus of P is a con ic through A BCD. 
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For 


a.y AB DC. 


p.b BC.AD 
§ 3 , we see that P(AC, BD) is constant. 


is constant. Hence, reasoning as in 


Ex. 1. Given tiro pairs of lines which are conjugate for a circle , the locus of 
the centre of the circle is a rectangular hyperbola. 

Let AB, CD be conjugate, and also BC, AD. Assume 0 to be a position 
of the centre. From 0 drop OP perpendicular to DC to meet AB in I-'. 
Then 1* is the pole of CD, lienee OP. OP' = ^radius'i 8 . So if OQ, per¬ 
pendicular to AD, meet BC in </, we have OP. OB' = OQ.OQ'. Also 
OP = y, OP'oca , OQ = b, OQ'ccB. Hence a. 70 c 0.5. Hence the locus 
of O is a conic through ABCD. Also the orthocentre of ADC gives 
OP. 01* — OQ . OQ'. Hence the conic is a r. h. 

Ex. 2. The locus of the foci of conics inscribed in a parallelogram is a r. h. 
circumscribing the parallelogram. 

Here a . 7 = $ . 5. 


11 . The projection of a conic is a conic. 

We have to prove that any projection of a conic can be 
placed in perspective with a circle. Now eveiy projection of 
a conic is such that all the points on it subtend homographic 
pencils at two points on it; for this is true in the conic which 
was projected and is a projective property. Hence the projec¬ 
tion is the locus of the meets of two homographic pencils 
and is therefore a conic. 



CHAPTER XII. 


ANHARMOXIC PROPERTIES OF TANGENTS OF A CONIC. 

1 . Four fixed tangents of a conic cut any variable fifth 
tangent of the conic in a constant cross ratio. 

Consider first the circle of which the conic is the projec¬ 
tion. Let the fixed tangents of the conic be the projections 
of the tangents at A BCD 
of the circle, and let the 
variable tangent of the 
conic be the projection 
of the variable tangent 
at P of the circle. Let 
the tangent at A cut the 
tangent at P in a, and 
so on. 

Then if 0 be the centre 
of the circle, Oa is per¬ 
pendicular to PA. Hence 
the pencils 0 {abed) and 

P {ABCD) are superposable and therefore homographic. 
But P{ABCD) is independent of the position of P on the 
circle. Hence 0 ( abed ), i. e. {abedfi is independent of the 
position of the variable tangent of the circle. Hence the 
pioposition is true for a circle; and being a projective 
theorem, it follows at once for the conic by projection. 

The constant cross ratio ( ab , cd) determined on a variable 

tangent by four fixed tangents is called a cross ratio of the 
four tangents. 
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Notice that the point where a tangent cuts itself is its 
point of contact; for as two tangents approach, their meet 
approaches the point of contact of each. 

Similarly any number of tangents of a conic determine on two 
other tangents of the conic two ranges which are homographic. 

Notice that we have in the above proof incidentally shown 
that the range determined on any tangent of a conic by several 
other tangents of the conic is homographic with the pencil sub¬ 
tended at any point on the conic by the points of contact of the 
other tangents. 

Ex. 1. Show that the a)iyle aOb is the same for every position of the variable 
tangent. 

This gives us another proof of the proposition of § 1. 

Ex. 2. A variable tangent of a conic meets at Q and (f the tangents at the ends 
P, I y of a fixed diameter of the conic ; show that PQ. P'Q' = CL) 1 , CD being the 
semi-diameter conjugate to CP. 

For P and P' are the vanishing points of the ranges determined 
by Q and (f on the tangents at P and P / . Hence PQ. P'Q' is constant. 
To get the constant in the ellipse, take QQ' parallel to PP / . To get the 
constant in the hyperbola, take an asymptote as QQ'. Then 

PQ = l y O' = CD. 

Ex. 3. If the joins of the ends PP / of a diameter to a point on the conic cut the 
tangents at P and L y in Q and </, show that PQ. P'Q' = 4 . CLP. 

Ex. 4. If R and R' be the meets of these joins and Dl/, then CR. CR' = CD 1 , 
and R and It' are conjugate points. 

Ex. 5. A variable tangent to a conic meets the adjacent sides AB, BC of the 
parallelogram ABCD circumscribed to the conic in P and Q ; show (hut AP. CQ is 
constant. 

Ex. 0. A variable tangent cuts the asymptotes of a hyjierbola in T and V; 
show that CT. CT' is constant, C being the centre. 

Ex. 7. Deduce the equation of a hyperbola referred to its asymptotes, vis. 
xy — constant. 

Ex. 8. B and C are the points of contact of tangents from A to a conic. 
A variable tangent meets AB in P and AC in Q. Show that the locus of ( BQ; CP) 
is a conic touching the given conic at B and C. 

For B (R) = (Q) = (P) = C(R). Also when P approaches B, R ap¬ 
proaches B. 

Ex. 9. The tico pairs of tangents from a pair of conjugate points meet any 
tangent in two pairs of harmonic points. 

Such pairs of tangents are called harmonic pairs of tangents. 

Ex. 10. If A A', BB' be pairs of harmonic points on a conic, show that the 
four tangents at ABA'B" ait any fifth tangent in a harmonic range. 

Ex. 11. On a fixed tangent of a conic, are taken two fixed points AB and also 
ttvo variable points QR> such that ( AB. Qli ) = -i; show that the locus of 
the meet of the other tangents from Q and li is the join ofthe points (f contact of Uie 
other tangents from A and B. 
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2. If AB, BC, CD, DA touch a conic, and p, q, r, s hr. the 
perpendiculars from A. B, C, D on a variable tangent of the 
conic, then p.r = Jc.q.s. 

Let two variable tangents cut BC in P, P' and AD in Q. Q\ 



Then 


(BC, PP ) = (AD, QQ'). 

BP P'C_ AQ Q'D 
PC ' BP' ~ QD ' AQ ' ; 


But 


“ ) 
s 


BP.QD-~PC.AQ is constant. 

~= q - and AQ ~P 
PC r and QD' 

• ’• V • r 2 . s is constant. 

Ex. 1. Extend the theorem to a sn-sided circumscribed polygon. 

Ex. 2. Deduce a theorem concerning a n-sided circumscribed polygon. 

Ex. 3. If the conic be a circle, show that p.r+q. sis equal to 

OA . OC -f- OB. OD, 

0 bang the centre. 

For sin AOQ = sin BOP. 

Ex. 4. If the conic be a parabola, then p.r = q s 
For taking the line at infinity aa tangent, 

four tangents divided by the cross ratio (/tL V? ' 7°^ r ° ho Uie 

parallel to than through any vertex. / 1Knctljo> mcd bl JMr hues drawn 
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Let PQ meet AB in M and CD in X. Then 

MQ -f- sin MAQ = AQ sin AMQ ; and so on. 

Hence the ratio of cross ratios corresponding to {MX, QP ) is 

AQ . PC QD. BP = p .r + q. 3 . 

Ex. 0. 77je lines AB BC, CD, DA touch a conic; one tangent meets AB, CD 
in M, N and another tangent meets AD, BC in P, Q; show that 

AM. BQ.CN. DP = AP. BM. CQ. DN. 

Ex. 7. The sides BC, CA, AB of a triangle touch a conic at P, Q, R; show 
that if t be any tangent 

(i) (P, 0 . (A, i ) oc (£, 0 . (C, 0 ; 

(ii) {R.t).(Q,t)CK ( A,ty. 


3. Deduce, from the theorem a. y = k. ft. b of XI. 3 , the 
theorem p. r = Jc. q. s by {Reciprocation. 

Call the sides of the inscribed figure in XI. 3 a, b, c, d; 
and let the reciprocals of a, b , c, d be the points A, B, C, D 
of a four-sided figure circumscribing a conic ; then p, the 
reciprocal of P, touches this conic. 

The given theorem a. y = Jc. J3. b asserts that 

(P, a). (P, c) -r- (P, b) . (P, d) 

is constant. 

But by Salmon’s theorem OP/(P, a) = OA/(A, p), and 
so on. 

Hence, dividing by OP 2 , we see that 

{A, p) ( C, p) (P, p) ' (D,P) 

OA ' OC OB ' OD 

is constant. 

Now 0 is a fixed point, hence 

(A, p). ( C , p) (B, p). (A p) 

is constant, i.e. p ,r -f- q. s is constant. 


Ex 1. Given any fixed point 0 and any conic , tico lines s and h can be found 
such that 01* (P, s) . (P, h) is constant , P being a variable point on Uie 

conic. . _ ,, 

Viz. the lines corresponding to the foci of a reciprocal o 

conicforO. 

Ex. 2. A A', BB' CCf are the three pairs of opposite vertices of a quadrilatera 
circumscribed to a parabola whose focus is S ; show that 

SA . SA' — SB . SB' = SC . SC'. , 

Take the four-sided figure whose vertices are AB'AB. men 
p.r = q.s. Hence in the reciprocal circle wo have 

SA . SA'. a. y = SB . SB'. (3 . 5 . 

But k = i in the circle. Hence SA . SA' = SB. SB', = SC. SC' sum ar } 
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Ex. 3. If the tangents at A BCD ... to a circle meet in LMN ..., then, t Icing 
any tangoit and 0 the centre of the circle, 

II DM): II (L. t) : : II 0/1: II 0L, 

II denoting a )iroduct. 

For II (T , «) = II (T, l) in a circle. 


4. The lines join in ft corresponding points of tiro Jioniof/rnphir 
ranges which arc on different axes and not in perspective touch a 
conic which touches the ares. 


Let the ranges be (PQP...) and (P'Q'IT ..) on the axes OP 
and OP'. Since they are not. in perspective, tilt* point which 
corresponds in the range (P'Q'IT . ) to 0 will he some point 
0' not coinciding with 0. 

Draw any circle touching 
OP' at O', and from 0 and 
P' draw the second tangents 
to this circle, meeting in p. 

Then the range (P) = 
range (P') by hypothesis = 
range (p) from the circle. 

Hence the ranges (P) and 

(p) are homographic. Also when P' coincides with O', both 

P and p coincide with 0. Hence the ranges are in per¬ 
spective. 



Now rotate the figure of the circle out of the original 
plane about the axis 00'. Then the ranges <P) and (p) are 
still m perspective. Hence all the lines Pp, Qq, J,V. ... meet 
in a point, say V. Hence, taking V as vertex of projection, p 
projects into P, and therefore the line P'p into the line P'P. 
Hence, since P'p in all positions touches a circle, P'P in all 
positions touches the projection of a circle, i. e. a conic. 
Also, since the circle touches Op and OP', the conic touches 
the projections of these lines, viz. OP and OP'. 

Notice that if the ranges be in perspective the envelope of 

P degenerates into the centre of perspective and the meet 
ot the axes. 


5. 

lines. 


One, and only one, conic can he drawn touching Jive given 
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The envelope of a line which cuts four given lines in a given 
cross ratio is a conic touching the given lines. 

These propositions can be proved like the reciprocal pro¬ 
positions in XI. 6 or they may be deduced from these by 
Reciprocation. 


6 . Every two conics have four common tangents. 

Two conics cannot have more than four common tangents ; 
for if they had five, they would coincide. Also we see that 
two equal ellipses laid across one another have four common 
tangents. Hence we conclude that if two conics have not 
apparently four common tangents, some of the tangents are 
imaginary, or coincident. (See also XXVII. 4 .) 

Touching four given lines can be drawn an infinite number of 
conics. 

For we can draw a conic touching the four given lines and 
any fifth line. 

All the conics which touch four given lines have a common 
self-conjugate triangle, viz. the harmonic triangle of the 
quadrilateral formed by the common tangents. 


Ex. L Given two homographic ranges ABC... and A'B'Cf... on different 
lines ; show that two points can be found at each of which the segments AA , BB , 
CC, ... subtend the same angle. 

Viz. the foci of the touching conic. 

Ex. 2. There arc also two points at which AA', BB', CCf.... subtend angles 


having the same bisectors. 

Let the enveloped conic touch the lines in P and Q. The require 
points are the meets of PQ with the director ; as may be shown by 
reciprocating for one of these meets. 

Ex. 3. The vertices A, B, C of a triangle lie on the fxed lines MX, B1, LM, 
and the sides BA, AC pass through the fxed points W and V; show that <« 
envelope of BC is a conic touching the five lines LM, LX, VH , M , MW. 

Ex 4. All but one of the sides of a polygon pass through fixed points and each 
vertex moves on a fixed line; find the envelope of the remaining side. 

Ex. 5. From the variable point 0 situated on a fixed line are drawn to 

OA, OB, OC to the fixed points ABC, meeting BC, CA,AB in A, Y, o 

’ „, y> rA v r meet in ¥', and AB, XY meet i n Show that the line 

X'Y'Z' envelopes a conic which touches each side of the triangle at the fout 

harmonic of the fixed line for the side. 

Bv a previous example X'Y'Z' are collinear. Also 

\0) =- A {0) = (X) = (X') since (BC, XX') is harmonic 

= (Y*) similarly. 
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Hence X'Y' envelopes a conic. Lot the locus of 0 moot BC in P. 
Then when 0 coincides with P. X coincides with P, X' coincides 
with P' where (PP\ BC) = — i, Y and Y' coincide with C, and Z and 7.' 
coincide with B. Hence BC touches at P / . 


Ex. 6. Reciprocate the previous example. 

Ex. 7. The rcilices BC of a triangle lie on given lines ami the vertex A lies on 
a conic on ichich also lie fixed points VIY through which the sides CA, AB pass. 
Show that the envelope of BC is a conic touching the given lines. 

Ex. 8. The side BC of a triangle touches a conic, and the vertices B and C 
more on fixed tangents of this conic, whilst the sides AB. AC pass through fixed 
points ; show that the locus of A is a conic through the fixed points. 

Ex. 9. If c {ah, cd) mean (he cross ratio determined on the line e by the lines 
a, b, c, d ; show that 

e ( ab , cd ). c {ah, dc) . d ( ab. cc) = i, 
where a, b, c, d. e are any fire lines. 

Estimate the cross ratios on any tangent to the conic touching abede. 

Ex. 10. Show that the problem —' To find a line on which fire given lines, no 
three of which arc concurrent, shall determine a range homographic with a gin n 
range’—has four solutions. 


Ex. 11. Given in position tico pairs of conjugate diameters of a conic and a 
tangent, construct the conic. 

Construct the parallel tangent (which is equidistant from the 
“" V,;, ^se tangents cut a pair of conjugate diameters in LL' 
ud Mil . Theni ZJf and L'M' also touch the conic. Proceeding simi¬ 
lar!) with the other pair, we have seven tangents. 

Ex. 12. Given m position a pair of conjugate diameters and two tangents 
construct the come , J ’ 


Ex. 13. Prove the con verse o/§ 2 . 


7 . If two quadrangles have the same harmonic points, then 
their eight vertices tie on a conic; as a particular case, if any three 
of the vertices are coll incar, the eight vertices lie on two lines. 

77 Fw’m' BCZ) ’ ABC1> ' be the two given quadrangles, and 
U 1 IV the common harmonic triangle. 

If no three of the eight vertices lie on a line, we can draw 
a come through any five, say A', IT. C’, D' and A. Then 
from the inscribed quadrangle A'B'C'D' we see that VYW 
" *. S6 '^ Ugat6 , trian S le fOT this conic. Also by hypo- 

*4 6 w 13 le harmonic trian s le of the quadrangle 

ABCD. Hence (see figure of V. 9 ) B is such that (IFAA'B) 

is harmomc ; hence B is on the conic, for A is 0,1 the conic, 

and IF is the pole of UV ; similarly C and D are on the 
conic. 
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Hence ABCDA'RC'D' lie on a conic. 

If three of the vertices lie on a line, say A CD', then 
since BD' passes through V we see that B' also lies on AC. 
Again, BD and also A'C' form with AC or B'D' a pair har¬ 
monic with YU and VW. Hence BD and A'C' coincide. 
Hence the eight vertices lie on two lines, i.e. on a conic. 

Ex. 1. Prove that hco quadrilaterals which have the same harmonic triangle 
are such that the eight sides touch a conic (which may be two jjoints). 

Ex. 2. A conic can be drawn through the eight points of contact of two conics 
inscribed in (he same quadrilateral. 

Ex. 3. The eight tangents at the four meets of any two conics touch the 
same conic. 


8 . Any number of tangents of a parabola determine on two 
other tangents of the parabola two ranges which are similar. 

Let the two ranges be (PQB...) and ( P'Q'R'...). Let 12 
and 12' be the two points at infinity upon the lines PQ and 
P'Q'. Then since the line at infinity touches the parabola, 
the line 1212' is a tangent. Hence the two ranges (12 PQB...) 
and (if P'Q'R...) are homographic ; also the points at infinity 
1212' correspond. Hence the ranges are similar. 

Conversely, the lines joining corresponding points of two 
similar ranges ivhich arc on different axes and not in perspective 
touch a parabola which touches the axes. 

For if the ranges {PQB ..) and (P'Q'R...) are similar, the 
ranges (12 PQB ...) and (il'P'Q'R ...) are homographic. Hence 
the lines 1212 ', PP', QQ', ... all touch a conic which touches 
PQ and P'Q'. And this conic is a parabola since 1212' 

touches it. 


Ex. 1. One and only one parabola can be drawn touching four given lines. 
Ex. 2. The. cnalope of a line which cuts three given lines in a constant ratio is 
a parabola. 

Ex. 3. Every two parabolas have three finite common tangents. 

Ex. 4. Touching three given lines can be drawn an infinite number of 

parabolas . . 

Ex 6. TP , TP / touch a parabola at P and P / , and cut a third tang# in 

Q, <y / show that QP:TP::TQ' :TP'. . . n 

For W, pci) = (<//*, rn'). considering the ranges ^ermine 
the two tangents TP, TP' by the four tangents Q(/, IP', 1% ™ • 

Ex. 0. If <?</ touch at R, then PQ/ QT = Qli/RQ'. 
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Ex. 7. Through the fixed points As B is driven a variable circle mating fixed 
lines through A in I\ Q ; show that PQ envelopes a parabola . 


Ex. a The envelope of the axes of conics which touch lu o given lims at yin a 
points is a parabola. 

Let TP, TP' be the fixed tangents. Then 


PG : l'G’ = Py : P'y' = CD : Cl/ = TP : TP', which is constant. 


Ex. 9. The normals at the points P ami l* on a conic , the chord PI' amt the 
axes of the conic touch a parabola. 

Ex. 10. Determine a line which shall meet given Urns AA', 111/, CCf in jmints 
P, Q. R such that AP = BQ = CR. 

On AA', Bl/ take X, Y such that AX= BY, and construct a parabola 
a touching AA'. BB\ AR. XY. On CC take ^ such that BY = CZ, and 
construct a parabola b touching Bit’, PC', Be, YZ. Let PQIi be either of 
the remaining two common tangents of the parabolas. Then I’QR is one 
position of the required line. Fur (A ft, XPj = (iiO, YQ\ = (Cft, ZIP, 
ftlie Os being different). Hence 

AX-rAP = BY + BQ - CZ+CR, i.e. AP = BQ = CR. 

Ex. 11. The ends PQ of a segment more on .fixed lines, and the orthogonal 
projection of PQ on a fixed line is of constant length ; show that the inrdope of Pq 
is a parabola whose axis is in the dilution of the prop ding Urns. 

Let pq be the projection of PQ. Then range (P) is similar to range p) 
which is equal to range </). which is similar to range Q). Also when 
pq approaches infinity, PQ approaches being perjH-ndicuIar to 

Ex. 12. From points P on one line are drawn perpendiculars PQ, PR on two 
other lines, show Had QR touches a parabola. 

Ex. 13. If through any point parallels be drawn to the fang, ids of a parabola 
a pencil is constructed homographic with the range determined by the taiu/nds oil 
any tangent. J ' 


Ex 14. If through points of a range on a given line there be drawn lims 
parallel to the corresponding rays of a pencil . which is homographic with the nit; n 
range, these lines will touch a parabola. 

Ex. 15. If all the tangents of a parabola be turned through the same angle and 
\Vch\ S parabda Ctl ° n ^ ,C/,C ' C th<y " ,ecl “ ‘“"V- 1 ' 1 , they »<•/// stilt 


Ex IQ. If the angle OPQ be constant, 0 being a fixed iioint 
a jued hue, show that PQ envelopes a parabola. 


and P moving on 


CHAPTER XIII. 

POLES AND POLARS. RECIPROCATION. 

1. A range formed by any number of points on a given line 
is homographic with the pencil formed by the polars of these 
points for a conic. 

Consider the circle of which the conic is the projection. 
Let A, B, ... on the line 2 > be the points in the figure of the 

circle which project into 
the points on the given 
line in the figure of the 
conic. 

Now since A, B, ... lie 
on p, the polars PA', PB / , 
... all pass through P, the 
pole of p. Also PA' is 
perpendicular to OA, 0 
being the centre of the 
circle. Hence the pencil 
P{A'B'...) is superposable 

to and therefore homographic with the pencil 0{AB...), and 
is therefore homographic with the range (AB...). Hence the 
proposition is true for a circle ; and being a projective 
theorem, it is true for the conic by projection. 

Taking the base conic as the given conic, the theorem 

bGcomcs— 

The reciprocal of a range of points is a pencil of lines which is 
homographic with the given range. 
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Ex. 1. Thrmrjh a fixed point 0 in drawn a variable line cutting a fix<d line 
iu (f and a fix- d omic in VI'. If VV\ Q(f) l, harmonic, shorn that th, torus 
of Q in a conic passing through 0. through the pot, of the fix. d line, through the 
nuJs oj this line with the ionic, and through th, f.t ,f th. tangents ft.an 0. 

For 0 (Q) = ((f) = V (g , V being the |>ole of the locus of (f. 

Ex. 2. Obtain the reciprocal theorem to that of example i. 

EX. 3 If on fix, d thus 01 and OV points VI' h. tab n whirl, arc conjugate 
for a fixed onuc. show that VI' envelopes a conic which tombs 01 OL' and also 
the four tang, nls to the fixed conic at its mots with OL and OL'. 

The join of I' t„ tin- pole of OL is the polar of V. 

/ , (v Ex : f- lj . 0L \ py be <«>'j"jatc lims, then the envelope degenerates into 
tu <i jxfuits; also if 0 be on Die conic. 

Ex. 5. Two re,lias of a triangle s. If. conjugate fix a given conic more on fled 
"lltiJZ t,IC r a,S P’p »* - omic passing through th, Lr- 
U s Tr i, gn€n * UinU CU,,iC ,lir, "" jh ,he l ,ok « "J diem 

unesfor (he given conic. J 

a S ,?/' r A V 1>{ t (,/ 0 ,} r iU ' > ,ir ; * " / " f C'd'h'lateral whose sid. s touch 

P ‘ oj,,, *; L - A om/ A on,jugate Inns nice ting in 

r. .Show that the locus of V is the omic AALMXR. 

■ y.AP, AQ. harmonic with two fixed lines through A mo t a conic 
Z Ur Ll C f"?' 0/ PQ iS " r " >,k dc fixed lines at points 

fixZZlLusiiUitl;. ‘ J lhC h th€ C0, ' k 

For IQ meets the fixed lines in conjugate points. 

r^tiZzt, /* •) 

" k M,r " so -• is ° 

<r ,r s!‘r y poi,it rdraw 

- y(g,g,...) = 0 ( 1 - y t \ 

[correspondmg rays being perpendicular] = (P,p ) x Jonco m . 

o f ; nar ““ 1 «> *- oVbfot foot 

ang*;J!h '* «"*■* ^ ^ 

and also touches the tangents at the points wbZ th"’ H, " ch fvUchts ihc l'"' 11 ' "f 0, 
with the radii from 0 ^ tangents make the above angle 

^ To he r ™ ,hr «■««* 

touches Vic line. 1 P ^ thcse c,Uj rds is a parabola which 

Consider the pencil of diameters. 

Po*M l Z He ** QQ , 

a parabola which toZechl L ^ s/ “>* ** «*, Q</,.. wi 


L 
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Ex. 13. The reciprocals of the four points A, B, P, Q are the four lines 
a, b, p, q ; show that 

1 P, a) ( A ’ P) _ (0- a ) ( A < ?) 

(P, b) • (B, p) " (Q, b) ‘ (B, q) ‘ 

Let PQ cut a in I and b in Af ; also let AB cut p in N and q in U. 
Then we have to prove that ( PQLM)= ( ABNU ) ; and this is true, for the 
polars of P, Q. L, M aro ON, OU, OA, OB, if 0 be the meet of p and q. 

Ex. 14. Show that 

(P, a) ( A,p ) _ (B,a) = (C, a) 

( P,b)'(B,p) (A, b) ' C, b) 

Take Q successively at B and at the centre C. 

2. The reciprocal of a conic for a conic is a conic. 

We may define the original conic as the locus of a point 
P such that P(ABCD) = E(ABCD), where A, B, C, D, E 
are fixed points on the conic. Let the reciprocals of the 
points A, B. C. D, E, P be the lines a, h, c, (1, c , p. Now 
the reciprocal of the pencil P{ABCD) is the range of points 
determined on the line p by the lines a , h, c, cl. Hence this 
range is homographic with P (ABCD). So the range of 
points determined on c by a, h, c, cl is homographic with 
E(ABCD), Le. with P(ABCD), i.e. with the range of points 
determined on p by a, h, c, cl Hence the reciprocal of the 
given conic, viz. the envelope of p , the reciprocal of P, is the 
envelope of a line which cuts four given lines a, h, c , (l in a 
constant cross ratio. Hence the reciprocal is a conic touch¬ 
ing a, b, c, d, c. 

3. The reciprocal of a pole and polar for a conic is a polar and 
pole for the reciprocal conic. 

Let P be the pole and c its polar. Through P draw any 
line r cutting c in P' and the conic in Q, Q • Then 
(PP', QQ') is harmonic. Let the reciprocals of P, c , r, 
P', Q, Q' be p, E, B, /, q, (f. Then on a fixed line p is 
taken a variable point P, and from B are drawn the tangents 
q, cf to the reciprocal conic, and the line p' is taken such that 
{PP, M) is harmonic. We are given that p always passes 
through E, and we have to prove that E is the pole of p. 
But this is obvious, for p and p are conjugate in all positions 
of p', since (pp, (if) = - 1 . Hence p' always passes through 

the pole of p, i.e. E is the pole of p. 
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Ex. 1. The reciprocal of a triangle self-conjugate for a conk is a triangle self- 
conjugate for the reciprocal conic. 

Ex. 2. A triangle Stlf-conjugatc for the base conic reciprocates into itself. 

Ex. 3. A conic , its reciprocal , and the base conic hare a common selfaon innate 
triangle. J J ' 

Viz. the common self-conjugate triangle of the given conic and the 
base conic. 

4. Given any two conics, a base conic can be found for which 
they arc reciprocal. 

Of the two given conics a and /3, let P he a common 
point, q a common tangent, and PI IT the common self-con¬ 
jugate triangle. Describe by XXV. 12 the conic F for which 
M 11 is a self-conjugate triangle and P is the pole of q. 
Then T is the required base conic. 

For let a' be the reciprocal of a for F. Then since P is on 

°» its reciprocal q touches a. Again, since q touches a , its 

reciprocal P is on a'. Also since UV IF is self-conjugate for 

a and F, it is self-conjugate for a'. Hence o, »' and (j pass 

through P, touch q , and have UVW as a self-conjugato 
triangle. 

Now by V. 9 to be given a point and a self-conjugate 
triangle is equivalent to being given four points. Hence 
o, a' and ,3 pass through the same four points and touch the 
same line. But by XXI. 3 , Ex. 4 , two, and only two, conics 
can satisfy these conditions. Hence a' coincides with a or /3. 

ow if the meets of the conics are distinct, a' cannot coin¬ 
cide with a. For let q touch « at R. Then, by XI. 7 , Ex. 

and 7 , a and T have double contact, and PR passes through 
he common pole A of the chord of contact RC. Now /is 
the pole of RC for a and E. Hence ,1 must he U or V or 11 ' 
Hence 1R passes through U or V or IF. Hence PR is a 

common chord of a and 0, i.e. R is a common point; which 
is impossible unless a and p touch. 

Hence o' does not coincide with a. Hence a' coincides 
W tn p. Hence a and /3 are reciprocal for T. 

tv: 1 /*'™ .° r ° f the comm ™ P»ints of a and (3 coincide, 
tins may be taken as the limit of a case when no two coin- 
cide ; and the proposition still holds. 
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Note that there are four base conics. For we may take 
any one of the four common tangents as the reciprocal of P. 
Then as the conics are reciprocal, each of the common points 
will have, as polar, one of the common tangents. 

The above construction is imaginary unless the conics 
have a real common point and also a real common tangent. 

Ex. The cross ratio of the four common points of tiro conics for one of the 
conics is equal to the cross ratio of the four common tangents for the other 
conic. 

5 . Bcciprocatc—a segment divided in a given ratio. 

Let AC be divided in B. Let l be the line AB and i the 
line at infinity, and let be the meet of l and i. The reci¬ 
procals of the points ABCil on the line l are the lines abcu> 
through the point L. Also the reciprocal of i is the centre 0 
of the base conic. Hence AB - 5 - BC = —(AC, BQ) of the 
given range of points = -( ac , bu>) of the reciprocal pencil, 

where 10 is the join of B to 0. 

As a particular case the middle point of a segment AC red- 
proeates into the fourth harmonic for a and c of the join of ac to 
the centre of the base conic. 

Ex. Rccijtrucatc the theorem — 

l The locus of the centres of conics inscribed in a given quadrilateral is a line 
which bisects each of the three diagonals’ 



CHAPTER XIV. 


PROPERTIES OF TWO TRIANGLES. 


1 . If the vertices of two triangles lie on a conic, the sides touch 
a conic; and conversely. 

Let the vertices ABC. A'B'C' of the two triangles lie on a 
conic. Let AB, A C meet B’C' in 
L, 21 ; let A'B', A'C' meet BC in 
L', 2V. Then 

(< C'LMB ') = A (C'BCB') 

= A'(C'BCB') = (. M'BCL '). 

Hence the six lines C'M', LB, 

2IC, HI/, B'C', BC touch a conic; 
i.e. C'A', AB. AC, B'A', B’C', BC 
touch a conic ; i.e. the sides of the 
triangles touch a conic. 

Let the sides touch a conic. Then 

A (C'BCB') - (C'LMB') = (M'BCL') = A'(C'BCB'). 

Hence the six points C\ B, C, B', A, A' lie on n conic ; i.e 
the vertices lie on a conic. 



th™ 9 h\*{/Z ST’ a ° >mc rfraM7 ‘ 

irs ir—'» 
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Ex. 4. If BC be the points of contact of tangents from A, and B'C be the 
points of contact of tangents from A ' ton conic; show that the triangles ABC, 
A'B'C are inscriptible in a conic, and circumscrijrtible to a conic. 

Let AB, AC cut B'C in L, M ; let A'B', A'C cut BC in V, M'. Then 
<LB'C'M) of poles = A'BL'M'C) of polars. Hence (LB'CM) = ( BL'M'C ). 
Hence the triangles are circurascriptible, and therefore inscriptible. 

Ex. 5. If 0 be the centre of the conic circumscribing ABC, A'B'Cf {of Ex. 4 ), 
and if BC and B'Cf meet in D, show that DO bisects AA'. 

For D is the pole of AA' for the new conic as well as for the given 
conic. 

Ex. 6 . A conic is drawn through a fixed point A and through the points 
of contact B, C of tangents from A to a circle, so as to touch the circle at a variable 
j>oint P. Show that the curvatures of all the conics at the points Pare equal. 

In Ex. 4 let A'B’C coincide in P. Then the circle of curvature 
of the conic at P is the circum-circle of A'B'C, whose radius is one- 
half of that of the given circle. 

Ex. 7. Through a point 0 on a conic is draicn a line cutting the conic in p and 
the sides of an inscribed triangle in a, b, c; show that ( abep) is constant. 

Draw another line 0 a'b'c'p' and consider the triangles ABC, Opp '. 

2 . If two triangles be self-conjugate for a conic, the six 
vertices lie on a conic, and the six sides touch a conic; conversely, 
if the six vertices lie on a conic, or if the six sides touch a conic, 
the triangles are self conjugate for a conic. 

In the figure of § 1 , let ABC, A'B'C' be self-conjugate for 
a conic. Then the polar of C' is A'B', the polar ot L where 
B'C' and AB meet is A'C, the polar of M where B'C’ and 
AC meet is A'B, and the polar of B' is A'C'. Hence 
(C'LMB') = A' ( B'CBC') = ( L'CBM') = ( M'BCL'). 
Hence the six sides C'M', LB, MC, B'L', B'C', BC touch a 
conic ; and hence the six vertices lie on a conic. 

If the two triangles are inscriptible in a conic y, describe 
by XXV. 12 a conic a such that ABC is self-conjugate for «, 
and that A' is the pole of B'C' for a. Let the polar of B 
for a cut B'C' in C". Then ABC and A'B'C" are self-con¬ 
jugate for a ; hence ABC A'B'C" lie on a conic. But this 
conic is y, for the points ABCxi'B' lie on both conics. 
Hence B'C' cuts y in three points unless C' and C" coincide. 
Hence C' and C" coincide. Hence ABC, A’B'C' are self¬ 
conjugate for a conic, viz. for the conic a. 

If the two triangles are circumscribed to a conic, they are 

also inscribed in a conic, and the above proof applies. 
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Ex. 1. If two triangles be $cf•conjugate fur a conic a, then a conic /3 drawn to 
touch fee of (he sales will touch the sixth also , and a conic 7 drawn to pass 
through five of the vertices will pass through the sixth also; and 7 and & 
are reciprocal for a. 

Ex. 2. Throuqh the centre of a conic and the vertices of a triangle self-conjugate 
for the conic can be drawn a hyperbola with its asijniptobs paralhl to any pair oj 
conjugate diameters of the conic . 

For, adding the line at infinity, we have two self-eonjugato 
triangles. 

Ex. 3. If two conics be such that one triangle can be circumscribed to one conic 
which is self •conjugate for the otlur conic y then an infinite number of such triangles 
can be drawn. 

Let ABC he the given triangle touching conic (3 and self-conjugate for 
conic a. Take any tangent B'(' of li. and take its pole A' for a ; draw 
from A / one tangent A'li' to 0. and take C\ the pole of A'II' for a. Then, 
since ABC . A'B'Cf are self-conjugate for n, the sides touch a conic. 
But five sides touch & ; hence the sixth side (f A' touches fi. Hence 
A'B'C satisfies the required conditions. 

Ex. 4. If two conics be such that one triangle can be inscribed in one conic 
which is self-conjugate for the other conic, then an infinite number of such triangles 
am be drawn. 


Ex. 5. An infinite number of triangbs can be described having the same cir¬ 
cumscribing, nine-point , and polar circles as a given triangle. 

For the nine-point circle is given when the circmn-circle and the 
polar circle are given, being half the circum-circle, taking the ortho- 
centre as centre of similitude. 


Ex. 0. Gaskin's theorem. The circum-circle of any triangle self-conjugate 
for a conic is orthogonal to the director circle of the conic. (See also XXIII. 5 , 
Ex. 9 .) 

Let the two circles meet in T. Let the polar PP' of T for the conic meet 
the circum-circle in Q(/. Then, us in Ex. 4 , since 7 is the pole of v</, 
it follows that TQ(f is a self-conjugate triangle for the conic. Hence 
<?</ are conjugate points for the conic; hence if CT meet PI" in V, we 
have VQ. Vlf =VP\ for V bisects PI". Also PTI" is a right angle. 
Hence VQ. VQ' = VT 1 ; i.e. CT touches the circum-circle. Hence the 
circles are orthogonal. 


Ex. 7. Txco conics Q and a arc such that triangles can he circumscribed to B 
which arc self-conjugate for a ; find the locus of the point from which tin jiairs if 
tangents to a and are harmonic . 


From P , any point on the locus, draw tangents PT and PI" to B. 
These tangents are conjugate for a, for they are harmonic for the 
tangents to a. Hence the pole of PT. viz. Q, lies on PT'. and the polo of 
PI", viz. li, lies on PI\ Hence the triangle PQR is self-conjugate for a. 
Lit ABC be a triangle self-conjugate fora and circumscribed to /3. Then 
since the two triangles ABC, PQIi are self-conjugate for the same conic 
their sides touch a conic, i. e. QR always touches B. Hence P, the polo 
of QR for a, always lies on the reciprocal of & for a. 


Ex. 8 . If tioo conics 7 and a are such that triangles can be inscribed in 7 
which are self-conjugate for a, find the envelope of a line 1 chick cuts a and 7 
in pairs of harmonic points. 1 
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Ex. 9 . If Q and R be the points of contact of the tangents from P to any conic 
a, and any conic 7 be drawn to pass through P and to touch QR at Q, then 
triangles can be inscribed in 7 which are self conjugate for a. 

For PQQ is such a triangle, QQ being QR. 

Ex. 10. If Q and R be the points of contact of the tangents from P to any 
conic a. and any conic 0 be drawn to touch PQ at P and to touch QR, then 
triangles can be circumscribed to 0 which arc self conjugate for a. 

For PQQ is sucli a triangle, QQ being QR. 

Ex. 11. If triangles can be circumscribed to 0 which are self conjugate for a, 
then triangles can be inscribed in a which are self conjugate for 0; ami con¬ 
versely. 

For we can reciprocate a into 0. 

Ex. 12. The triangle ABC is inscribed in the cojiic a , and the triangle DEF is 
self conjugate for a. Show that a conic 0 can be found such that DEF is circum- 
scribed to 0 and ABC is self conjugate for 0. 

Viz. that conic inscribed in DEF for which A is the pole of BC. 

Ex. 13. The centre of (he circle circumscribing a triangle which is self conjugate 
for a parabola is on the directrix. 

Consider the triangle Ofifl' where OH, on' are the tangents to 
the parabola from the centre of the circle. 

Ex. 14. The conic a is drawn touching the lines PQ, PR at Q, R ; the conic 0 
is drawn touching the lines QP, QR at P, R; show that (i) triangles can 
be inscribed in a which are self conjugate for 0, (ii) triangles can be inscribed in 
0 which are self conjugate for a, (iii) triangles can be circumscribed to a which 
arc self conjugate for 0, (iv) triangles can be circumscribed to 0 which are self- 
conjugate for a, (v) triangles can be inscribed i/i o and circumscribed to 0 , 
(vi) triangles can be inscribed in 0 and circumscribed to a. 

On RP and RQ take L, V consecutive to R ; on PR, QR take M, M' 
consecutive to P, Q ; on QP, PQ take N, N' consecutive to Q, P. Then 
consider the triangles (i) QRL, (ii) PRIf , (iii) QPM, (iv) PQM', tv) RQR, 
(vi) RPN'. 

Ex. 15. If a triangle can be drawn inscribed in a and circumscribed to 0 and 
also a triangle self conjugate for a and circumscribed to 0, then the conics a and 0 
are related as in Ex. 14 . 

At R, one of the meets of a and 0, draw RQ touching 0 and meeting a 
again in Q ; draw the tangent at Q, and on it take N consecutive to <?. 
Then bv the first datum QN touches 0, at Psay. Then by the second 
datum QR is the polar of P for a, i. e. PR touches a at 11. 

Similarly many other converses of Ex. 14 can be proved. 

Ex. 16. The centre of a circle touching the sides of a triangle self-conjugate for 
a rectangular hyperbola is on the r. h. 

For triangles can be inscribed in the r. h. which are self-conjugate 
for the circle. Now one triangle self-conjugate for the circle is (KlCl , 
and two of its vertices ClCl' lie (at infinity) on the r. h. ; lienee 0, the 
centre of the circle, lies on the r. h. 

Ex. 17. Given a triayigle self conjugate for a r. h., we knoio four points 
071 the r. h. 

Viz. the centres of the touching circles. 
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Ex. 18. Given a self conjugate triangle of a conic and <t point on the director , 
show that Jour tangents arc kionni % vie. the din (trices of tin Jour conics which nm 
he drawn to circumscribe the triangle and to hare the point as corresponding 
focus. 

Reciprocate for the point. 

Ex. 19. The necessary and sufficient condition that trianghs can he circum¬ 
scribed to a circle which are selfwon jugate fur a r. h. is that the outre of the dote 
shall be on the r. h . 

Ex. 20. An instance of Lx . 14 is a rectangular hyperbola which pnssi s 
through the Vertices oj a triangle and also through the Centre of a circle touching 
the sides. 

This follows from Ex. 15 and Ex. 19 . 

Ex. 21. If tiro conies fS and 7 be so situatal that (me triangle can be circum- 
stnbcd to (S so as to be inscribed in 7 , Do n an infinite mindor if such triangles 
can be drawn , and atI of these wilt be & If conjugate fur a third conic a; also the 
two conics IS and 7 are reciprocal for a. 

Tlu* first part has been proved. To prove the third part, notice that 
AIi ( \ A'B'C are self-conjugate for a conic a. Define 7 by ABCA'B '; 
then since the pofcm of these points for a. viz. BC y CA, A if, JfC, C A' 
touch I3 % it follows that IS is the reciprocal of 7 for a. 

Again take any point A" on 7 , and let B" be one of the points in 

iT//r 1 * K l >0 .* ar ot A " for a ( Xv ^* e * 1 touches IS) cuts 7 . Let (he polar of 
. ‘ ( ; r touches (S and passes through A ") cut the polar of A" 

in C . Then the triangle A”It*C' is self-conjugate fora. Hence, since 

two sides touch iS and two vertices are on 7 , it is circumscribed to B 
and inscribed in 7 . 

Ex. 22. Prove by this article that i The orthocentre of a triangle inscribed in a 
rectangular hyperbola lies on the r. hj 

tl Smd thotrian S le formed by the orthocentre ami 
the points at infinity on the r. h. are self-conjugate lor the polar circle. 

3. The two triangles ABC. A'B'C' are said to be reciprocal 

for a come if A he the pole of B'C', B of C'A\ C of A'If. A' 

of BC, B’ of CA and C' of AB for the conic. 

Tico triangles which arc reciprocal for a conic arc homologous ; 

and conversely, if two triangles he homologous they arc reciprocal 
for a conic. 

Let the triangles ABC, A'B'C’ bo reciprocal for a conic : 
then they are homologous. For let BC and B'C meet in V 

“I A /' meet BC in L and B! C' in I/. Then the polar 

°i„ ' SAC ’ the P° Iar ° f C ^ A'B\ the polar of V where 
BC and B C meet is A'A, the polar of L where BC and A'A 
meet is A U. Hence (LBCU) of poles = A' (UC'B'L'). 

mT(L’b : cT ~ iL B ' C ' U) ’ hence the ran S es WBCU) 
and (LB 6 U) are in perspective. Hence LI/, BK, CC' 
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meet in a point, i. e. the triangles ABC, A'B'C' are homo¬ 
logous. 

Let the triangles ABC, A'B'C' be homologous, then they 
are reciprocal for a conic. For let BC and A'C' meet in M. 



By XXV. 12 describe a conic such that the triangle A'B2I is 
self-conjugate for it, and that A is the pole of B'C'. 

Then A' is the pole of BC, B is the pole of A'C', and A is 
the pole of B'C'. Hence C' is the pole of AB. Now let the 
polar of C cut C'B' in B". Then the triangles ABC and 
A'B"C' are reciprocal and therefore homologous. Hence 
AA', BB", CC' meet in a point. But AA', BB', CC' meet 
in a point. Hence B' and Bt coincide, i. e. the triangles 
ABC, A'B'C ' are reciprocal for the above conic. 

Given a triangle ABC and a conic a, we can describe the 
reciprocal triangle A'B'C', and then determine the centre 0 
and axis s of perspective of the triangles ABC, A'B'C'. It 
is convenient to call 0 the pole and s the polar of the triangle 

ABC for the conic a. 


Ex. 1. If tiro triangles be reciprocal for a conic, show that the centre of homology 
of the triangles is the pole of the axis of homology for this conic. 

o j>n CA AB meet any conic in XX', YY', ZZ', and the conic meets 
AX ugai^nZ lx' in V, BY in M, BY' in M', CZ in V, CZ' in 
Uuit LL', MM', NN', meet BC, CA, AB on a line. 

Viz. on the axis of homology of ABC and its reciprocal for the conic. 
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Ex. 3. Any triangle inscribed in a conic and the triangle formed by the 
tangents at the vertices arc homologous. 

Ex. 4. Hesse’s theorem. If the opposite vertices A A' and the opposite 
vertices BB' of a complete quadrilateral be conjugate for the same conic, then the 
(grposite vertices CCf are also conjugate for this conic. {See also XX. I, Ex. 11 .) 

Let the triangle reciprocal to the triangle ABC for the conic he PQR. 
Then QR passes through A', since A and A' are conjugate. So BP 
passes through B'. Hence PQ passes through O' ; for the triangles ABC 
and PQR are homologous. Hence C and (f are conjugate. 

Ex. 5. If two pairs of opposite sides of a complete quadrangle be conjugate for 
the same conic, then the third pair is also conjugate for this conic. 

Ex. 0. The points PP', Q(f, RR' divide harmonically the diagonals A A', BB', 
CCf of a quadrilateral ; show that the six points P, I y , Q, (/, R, R' lit on a conic. 


CHAPTER XV. 


PASCALS THEOREM AND BRIANCHON’s THEOREM. 

Pascal’s Theorem. 

1. The meets of opposite sides of a hexagon (six-point) inscribed 
in a conic are colli near. 

Let the six points be A, B, C, D, E, F. Let the opposite 
sides AB, DE meet in HI, and the opposite sides BC, EF 



meet in N. Let AF meet HID in G, and let CD meet NT 
in IT. Then we have to show that HIN, FG, HD are con¬ 
current. This is true if (EMGD) = (.ENFII ), for the ranges, 
having a common point, will be in perspective ; i.e. if 

A (EBFD) = C(EBFD\ 

which is true. Hence the meet M of AB, DE, the meet N 
of BC, EF, and the meet L of CD, FA are collinear. 
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Conversely, if the meets of opposite sides of a hexagon (six- 
point) are collinear, the six vertices lie on a conic. 

For if LMN are collinear, we have ( EMGD) = ( ENFJI). 
Hence A (EBFD) = C(EBFD). Hence A, B, C, I), E , J'’lie 
on the same conic. 

The line LMN is called the Pascal line of the six-point 
ABCDEF. Observe that for every different order of the 
points A, B. C, D, E , F we get a different Pascal line. 

Notice that if two consecutive points, e.g. B and C, coincide, 
the side BC becomes the tangent at B or C. 


Ex. 1. If AD, BE, CF meet in a point, the Pascal line is the polar of this 
point. 

Ex. 2. The triangles ABC, A'B’C' arc homologous. BC meets A'B' in 1' 
and A'Cf inZ', CA meets B'Cf in Z and B'A' in X', and AB meets CA' 
m X and CfEf in Y'. Show that 

BY. BZ'. CZ. CX'. AX .AY' — CY. CZ f . AZ . AX'. BX. BY'. 

For XY'ZX'YZ' lie on a conic. 

J , Ex - ?; In erer y hexagon inscribed in a conic, the two triangles fanned bu 
taking altenuite sides are homologous . 

Ex. 4. Six points on a conic determine 60 hexagons inscribed in the conic. 

The 60 Pnscal ^ncs belonging to six given ponds on a conic intersect 
three by three. 

TW FI'/ h iV/ 0 ’vi/" S tr ; a . n 8 lcs Of any one hexagon be XYZ, X’Y’Z'. 

cm rV'ifscnZ z* STcnJt " is th ° ,in “ " f 

„ T ' m '? V, "? fes are inscribed in a conic. The sides of the one meet the 

It filed Ini of S T “ nV j ° in * hm * 

OtltZZgL 1 “ KrtKes ° f “* «>*« « « one of the sides of 

z £££ 2 

mcejs AB tn F. Shore that DEF is a line passing through the 'centre of the 

the circ, ° in ^ 

Ex. 8 . Reciprocate Ex. 7 , (i)/or tint circle itself, (ii)for any circle. 

Of pf tiff.PB 'ffA'* fpc ’A'°& h f pt°jf n “ amiC ' SlWW niat a “ mteb 
AB all lie AZZlifaZL'tf’ « ° S **’ CA ««* « fff. 

Use (BCCft'A’A), ( BTCCPAA{BAPP'tfV). 

sSjf 1 2f%r,7a°t2i2Z TfZfZfa l‘Tfe 
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Ex. 11. A, B, C, D. E are any five points. EA, BC meet in A' ; AB, CD meet 
in B*: BC , BE mett in C ; CD. EA meet in L/ ; DE. AB meet in E'; and 
AD, BC meet in F. Show that FB' touches the conic through A'B'C'D'E'. 

Ex. 12. A A', BB', C(f are the diagonals of a complete quadrilateral, A'BfC* 
being collinear points. AO meets BC in M, CO meets AB in L, LM meets B'(f 
in X and AC in P. If PB and OX meet in R, show that R is the remaining 
intersection of the conics OBB'AA' and OBB'CCf, and that OR is the tangent at 
0 to the conic OCCAA'. 

Consider the hexagons ORBA'B'A , ORBC'B'C, and OOCA'C'A. 

Ex. 13. ABC, A'B'tf are coaxal triangles; AC and A'B' meet in P, AB and 
A'C' meet in Q ; shore that BCB'CPQ are on a conic. 

Ex. 14. The chord QQ' of a conic is parallel to the tangent at P, and the chord 
PI y is parallel to the tangent at Q ; show that PQ and I y (f arc parallel. 

Consider PPP'Q'QQ. 

Ex. 15. The tangents at the vertices of a triangle inscribed in a conic meet the 
opposite sides in three collinear points. 

Ex. 10. PQ, PR are chords of a parabola. PR meets the diameter through Q 
in V. and PQ meets the diameter through R in U; show that UV is parallel to 
the tangent at P. 

Consider PPRCiClQ, where H is the point at infinity on the parabola. 

Ex. 17. Deduce by Reciprocation a property of a circle. 

2. Since Pascal’s theorem is true for a hyperbola however 
near the hyperbola approaches two lines, it is true for two 
lines, the six points being situated in any manner on the 
two lines. 

But each case may be proved as in § 1 . 

Ex. 1. If any four-sided figure be divided into two others by a line, the three 
meets of the internal diagonals are collinear. 

Let the four-sided figure ABCD be divided into two others ABFE, 
EFCD. Now apply Pascal’s theorem to ACEBDF. 

Ex. 2. P, Q, R are fixed points on the sides MX, XL, LM of a triangle. A 
is taken on MX, AQ meets LM in B, BP meets XL in C, CR meets MX in A , 
A'Q meets LM in If, B'P meets XL in C ; show that Cf A passes through R. 

Consider the hexagon BQCA'PB'. 

Ex 3. On the fixed lines LM, MX. XL are taken the fixed points C, A, B. 
On BC is taken the variable point P; XP meets CA in Q, and MP meets BA tn «• 
Show that RLQ arc collinear. 

Consider ACMPXB. 

3. IfOQand OB be the tangents of a conic at Q and B, and 
if P be any point on the conic, then PQ and PB cut any line 
through 0 in points which arc conjugate for the conic. 

Let PQ and PB cut any line through 0 in F and G. ^ Let 
FB and GQ meet in U. Consider the six-point PQQUBB. 
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Then since the meets of opposite sides are collinear, the 
six points lie on a conic. But five points lie on the given 
conic ; hence the sixth point U also lies on the given conic. 
Hence F and G are two harmonic points of the inscribed 
quadrangle PQTJJR. Hence i^and G are conjugate points. 

Conversely, if any two conjugate joints lying on a tine through 
0 be joined to the points of contact of the tangents from 0, then 
the joining lines meet on the conk. 

Let F and G be conjugate points on a line through 0. 
Join FQ cutting the conic again in P, and join Pit cutting FG 
in G'. Then F and G' are conjugate, and also F and G. 
Hence G' coincides with G ; i. e. FQ and Gli meet on the 
conic. So FB and GQ meet on the conic. 

Ex. 1. If PF be conjugate points for a central conic, ami Q(f be the ends of 
the diameter which bisects chords parallel to PF ; show that PQ, P'(J cut on the 
conic, and so do P(f, FQ. 

Ex. 2. If R and R' be conjugate points lying on a diameter of a hyperbola 
show that parallels to the asymptotes through R and F cut again on the curie. ’ 

^ tS (l,a,,}efcr bisecting the chord Q(f of a parabola cuts the cuire in P 
and RF are points on this diameter equidistant from P; show that the other 
lines joining QQ'RF meet on the curve. 

Ex. 4. If F and G be conjugate points on PQ and PR, then FG and QR arc 
conjugate lines. v 


.?*• 6 ’ ^ U eZ BC \ ° A ’ AB t0UCh a confe at A> ' B ’> Shaw that an 
infinite number of triangles can be drawn which arc inscribed in A'B'F and 

fo^thTconic f ° ABC ‘ S, ‘ 0W 0lS ° th<tt eaCh 1heS€ tria,l 9 lcs is self-conjugate 

any line J meetin S A ' B ' i* % and FCf in a. Let A y 
meet FA m 0. Then 7 and a are conjugate, and a lies on FF • hence 

Hen™ P °i e ° f ^ - S ° 0 iS *5? P ° Ie 0f ya - Hence a$ y is self-conjugate 
Hence a, 0 are conjugate. Hence a/3 passes through C, J • 


unanchon’s Theorem, 

4 The joins of opposite vertices of a hexagon {six-side) circum¬ 
scribing a conic are concurrent. 

Let the six sides be AB, BC, CD, DE, EF, FA. Let the 
four tengents^P, CD, DE, EF meet the tangents FA, BC 
in ASPF and BCQT. Then (ASPF) = {BCQT). Hence 

Hen ;' [ DA ^ B) and WW 5 *0) and (DF; ET) are collinear : 

; EB\ and C and F are collinear ; i.e, DA, EB CF 
are concurrent. ’ ’ 
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Conversely, if the joins of opposite vertices of a hexagon (six- 
side) arc concurrent, the six sides touch a conic. 


For if DA, EB, CF are concurrent, we have 

D iASPF) = E(BCQT), 

lienee (ASPF ) = ( BCQT ); hence the six lines AB, BC, CD, 
DE, EF, FA touch the same conic. 

The point 0 is called the Brianchon point of the hexagon 

ABCDEFA. 

Notice that when two of the sides, e.g. CD and DE, coin¬ 
cide, the point D becomes the point of contact of either CD 
or DE. 

Ex. 1. In every hexagon circumscribed to a conic, the tico triangles formed by 
taking alternate vertices are homologous. 

Ex. 2. Six tangents to a conic determine 6 o hexagons circumscribed to the 
conic. 

Ex. 3. The 6o Brianchon points belonging to six given tangents to a conic are 
collinear three by three. 

Reciprocate. 

Ex. 4. The hexagon formed by the six lines in order obtained by joining 
alternate pairs of vertices of a Brianchon hexagon is a Pascal hexagon. 

For the triangles are coaxal. 
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^Ex. 6. Reciprocate Ex. 4. 

Ex. 6. Three angles have coVinear vertices. Show that their six legs intersect 
in twelve other points which can be divided in four ways into a Rascal hexagon 
and a Brianchon hexagon. 

Ex. 7 . If two triangles be the reciprocals of one another for a conic a , the 
meets of non-corresponding sides lie on a conic 0 , and the joins of non-correspond- 
xng vertices touch a conic 7 ; and 0 and 7 are reciprocals for a. If one triangle 
be inscribed in the other, the three conics coincide. 

Ex. 8. Steiner’s theorem. The orthocentre of a triangle circumscribing a 
parabola is on the directrix. 

Let ABC be the triangle. Through Z, the meet of BC and the direc¬ 
trix, draw the other tangent Zn whore n is at infinity. Through Z' 
the meet of CA and the directrix, draw the other tangent Z' n' where 
fi is at infinity. From the circumscribing six-side ABZCiC.'Z'A we 
conclude that ZZ’, BCJ and A Cl meet in a point. Now ZZ' is the 
directrix; BCl' is a parallel through B to Z'f/, i.e. BCi’ is the perpen¬ 
dicular from B on CA ; so A Cl is the perpendicular from A on BC 
Hence these two perpendiculars meet on the directrix : i.e. the ortho^ 
centre is on the directrix. 

Ex. 9. The orthocentres of the four triangles formed by taking three out of four 
given lines are coliinear. J 


\ ABCDEA is a pentagon circumscribing a parabola; show that the 
parallel through A to CD, and the parallel through B to DE meet on CE. 

,, Ex ' ^ BCD * is a Quadrilateral circumscribing a par alula; show that 

,0 CD "" para "“ " ,ro " al ‘ c 10 DA “• 

da iouc " - •” i >*• “ 
Consider ALBCNDA and ABMCDRA. 

CA}AB , ° uch a “ mc atL ’ u ' - v '- ■*« 

inOand 4 ^ !•! P ' ACB *“”** inP ’t ^ CA'touches 
J, SA m Show '*“< AC, AQ meet on CO, and so do A'P, At?. 

C^tr»‘“V r<a "fu * “ " mV > ,heir *»« '»“<* « sonic. 

th » Brianchon hexagon 

Jf*' 18 ' If,UX ,ria " 9,eS * eirc “’" MrW «• « conic, their vertices lie on a 


< Ton’ and r m 

touch a conic. C he on a an(i the six sides 

The proof is like that of Ex. 15. 

5. If OQ and OR be the tangents of a conic at Q and It, and 
if any tangent meet OQ, OR in K, L; then the joins of E and 
L to any point E on QR are conjugate lines. 

Let IE cut OQ in M, and let EE cut OR in N. Consider 
the six-side EL, LR, RE, NM, MQ, QE. Since ML, QR, 

M 
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KN meet in a point, the six sides touch a conic. But five 
sides touch the given conic ; hence the sixth side MN also 
touches the given conic. Hence ML , KN, being two har¬ 
monic lines of the circumscribed quadrilateral KLNM, are 
conjugate lines. 

Conversely, if through any point E on QR any two conjugate 
lines he drawn cutting OQ in M, K and OR in L, N, then MN 
and KL touch the conic. 

For if KL does not touch, let KL' touch. Then EL and 
EL' are both conjugate to EK. Hence L and L' coincide. 
Hence KL touches ; so MN touches. 

Ex. 1. Parallel to a diameter of a conic are drawn a pair of conjugate lines ; 
show that the diagonals of the parallelogram formed by these lines and the 
tangents at the ends of the diameter touch the conic. 

Ex. 2. Two parallel lines which are conjugate for a hyperbola meet the 
asymptotes in points such that the other lines joining them touch the curve. 

Ex. 3. Jf the tangents of a parabola at P and Q ait in T. and on the diameter 
through P there be taken any point R ; show that RT is conjugate to the parallel 
through R to the tangent at Q. 

Ex. 4. Through a point on the chord of contact PQ of the tangents from T to a 
purabola are drawn parallels to TP arul TQ meeting TQ ami IP in R ami L ; 
show that RU touches the parabola. 


CHAPTER XVI. 


HOMOGRAPHIC RANGES ON A CONIC. 


1. Two systems of points ABC... and A'B'C'... on a 
conic are said to be homographic ranges on the conic when the 
pencils P(ABC...) and Q (A'B'C'...) are homographic, P 
and Q being points on the conic. Hence two ranges on 
a conic which are homographic subtend, at any points on the 
conic, pencils which are homographic. 

To construct homographic ranges on a conic, take two 
homographic pencils at points P and Q on the conic ; the 
rays of these pencils will determine on the conic two homo¬ 
graphic ranges. Given one of these pencils, three rays of 
the other pencil may be taken arbitrarily. Hence given 
a range of points on a conic, in constructing a homographic 
range on the conic, three points may be taken arbitrarily. 

2. If (ABC...) and (A B C ...)be two homographic ranges on 

a come then the meet of AB’ and A'B, of BC’ and B'C, and 
generally of PQ> and P'Q, w Ure PP', QQ’ are any twop ’ irs of 
corresponding points, all lie on a J 

line (called the homographic axis). 

First consider all the meets 
which belong to A and A'. 

These all lie on a line. For 

A (A'B'C'...) = A'(ABC . ). 

Hence all the meets (AB'; A'B) 

(AC; A'C), (AT)'; A'B), ... lie 
on an axis. So all the meets 

which belong to B and B’ lie on an axis. So for CC’, DD' . 

M2 
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We have now to prove that all these axes are the same. 
The inscribed six-point AB'CA'BC' shows that the meets 
(AB'; A'B), (B'C ; BC'), (CA'; C'A) are collinear. Now 
(AB'; A'B) and (CA'; C'A) determine the axis of AA'; so 
(AB'; A'B) and (B'C; BC') determine the axis of BB'. 
Hence the axes of A A' and BB' coincide ; i.e. every two 
axes, and therefore all the axes, coincide. Hence all the 
cross meets (PQ'; P'Q) lie on the same line. 

3. Given three pairs of corresponding points ABC, A'B'C' of 
two homographic ranges on a conic , to construct the point D' 
corresponding to D. 

The meets (AB'; A'B) and (AC'; A'C) give the homo¬ 
graphic axis ; and we know that (AD'; A'D)\s on the homo¬ 
graphic axis. Hence the construction—Let A'B cut the 
homographic axis in 8 } join A8, cutting the conic again in 
the required point D\ 

4. Two homographic ranges on a conic have two common 
points , viz. the points where the homographic axis cuts the 

conic. 

Let the liomographic axis cut the conic in X and T. To 
get the point X' corresponding to X, we join A' to X cutting 
XY in X and then join AX cutting the conic again in X'. 

Hence X' is X. So Y' is Y. 

And there can be no common point other than X and Y. 
For if D and D' coincide, then each coincides with 8. Hence 
Z>, D' and 8 must be at X or Y. 

5. Reciprocally, two homographic sets of tangents to a conic 
can he formed bg dividing tivo tangents liomographically in 
ABC... and A'B'C'...; then the second tangents from ABC... 
will form a set of tangents homographic with the second tangents 

from A'B'C'.... t , . 

For any tangent will cut the two sets in homograpln 

Again, all the cross joins will 2 ™ss through a point called the 
homographic pole ; and the tangents from the liomographic poe 
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will be the self-corresponding lines in the two sets of homographic 
tangents. 

This follows by Reciprocation from the previous articles. 

Ex. 1. The points of contact of tico homographic sets of tangents are homo¬ 
graphic ranges; and conversely, the tangents at points of taxi homographic ranges 
on a conic form homographic sets of tangents. 

Ex. 2. If 0(Y be fixed points on a conic and A A' variable points on the 
conic, such that (0(/, A A') is constant ; show that A and A' generate homo- 
graphic ranges on the conic of which 0 and <S are the common joints. 

Ex. 3 If the lines joining a fixed point P on a conic to the corresponding 
points A A' of tico homographic ranges on the conic cut the homographic axis 
in aa', show that aa' generate homographic ranges, and that the ranges obtained 
by varying P are identical. 

For (A'Y, aa') is constant and independent of the position of P on 
the conic. 

Ex. 4. A conic is drawn through the common pomts of two homographic 
ranges AB.. } A'B 9 ... on the saine line. P is any point on the conic } and 
PA } PA' cut the conic again in a y a'. Show that aa 9 generate homographic 
ranges on the conic y and (hat the ra)iges obtained by varying P are identical . 

Ex. 5. Reciprocate Examples 3 and 4 . 

Ex. 6 . The pencils A (PQR...) and A 9 (PQR...) are homographic. A line 
meets AP in p y A'P in p' y arid so on . Show that there are two positions of the 
line such that ppf = gq 9 = rr 1 =.... 

Viz. the asymptotes of the conic through A A 1 PQR... . 

Ex. 7. The joins of corresponding points of two homographic ranges on a conic 
touch a conic having double contact with the given conic at the common j)oints of 
the given ranges . 

Let AA' cut XY in £, the tangent at X in a, and the tangent at Y 
in a 9 ; let BB 9 cut XY in M y the tangent at X in b y and the tangent at 
Y in b 9 . Let AB f y A'B cut XY in K. Then 

(ALA?a) = X {ALA 9 a) ~ ( AYA'X) = ( BYB'X) 

[since X y Y are the common points] 

= Y (BYB'X) = (Bb'B'M) = ( B'MBb '). 

Now ABf , Lil and A'B meet in K. Hence ab 9 passes through K. So 
a 9 b passes through K. Hence XY, ab' y a'b are concurrent. Hence, by 
Brianchon, a conic touching the conic at X and at Y and touching AA 9 
will also touch BB 9 , and similarly CCf y etc. (See also XXIX. 10 .) 

6. Given a conic and a i*ulcr, construct the common points of 
tico homographic ranges on the same line. 

Let the ranges be ABC... and A'B'C'.... Take any point 
P on the conic, and let pA, pA', pB, pB r , ... cut the conic 
again in a, a, b, b\ .... The ranges abc... and a'b'c'... on the 
conic are homographic ; for 

{abc...) = p {abc...) = = {A'B'C'...) 

= p {A'B'C'...) = {a'b'c'...). 
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Now determine the homographic axis of the ranges ( abc...) 
and ia'b'c'...) by connecting the cross meets (ah'; a'b), etc. ; 
and let this axis cut the conic in x and y. Then if px and py 
cut AB in X and Y, X and Y are the common points of the 
ranges ABC... and A'B'C'.... 

For 

(XYABC...) = p (XYABC:..) = (.ryabc ...) = (xya'bY...) 

= p ( xya'b'c ...) = (XYA'B'C'...); 

i.e. XY correspond to themselves in the ranges ABC... and 
A'B'C'.... 

Given a conic and a ruler, construct the common rays of two 
homographic pencils having the same vertex. 

Join the vertex to the common points of the ranges deter¬ 
mined by the pencils on any line. 


CHAPTER XVII. 


RANGES IN INVOLUTION' 

1. If we take pairs of corresponding points, viz. AA', BB', 
CC', DD', EE', ... on a line, such that a cross ratio of any 
four of these points (say AD', C'E) is equal to the corre¬ 
sponding cross ratio of the corresponding points (viz. A'D. 
CE'), then the pairs of points A A', BR, CC', ... are said to 
be in involution or to form an involution range. 

Or more briefly — If the ranges (AA'BB'CC'...) and 
( A'AB'BC'C ...) are homographic, then the pairs of points 
A A', BB', CC', ... are in involution. 

To avoid the use of the vague word ‘ conjugate * let us call 
each of a pair of corresponding points, AA' say, the mate of 
the other, so that A is the mate of A' and A' is the mate of 
A. Let us call AA' together a pair of the involution. 

There is no good notation for involution. The notation 
we have used above implies that A and B are related to one 
another in a way in which A and B' are not related ; and 
this is not true. If wo use the notation AB, CD, EF, ... for 
pairs of points in involution, this objection disappears ; but 
there is now nothing to tell us that A and B are corre¬ 
sponding points. 

2. The following is the fundamental proposition in the 
subject and enables us to recognise a range in involution. 

If two homographic ranges, viz. 

{A.A'BCD...) and (A'ARC'D'...), 
be such that to one point A corresponds the same point, viz. A', 
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whichever range A is supposed to belong to, the same is true of 
every other point, and the pairs of corresponding points A A', BB', 
CC', BB', ... arc in involution. 

We have to prove that 

(■ AA'BB'CC'BB '...) = (A'AB'BC'CB'B...), 
given that ( A A'BCD ...) = ( A'AB'C'B '...). 

Now if P be considered to belong to the first range, its 
mate P' in the second range is determined by the equation 

' (AA'BP) = (. A'AB'P'). 

Let P be Bt, then the mate P' of B' is given by the 
equation (A A 'BB') = (A'AB'P'). Now we have identically 
(AA BB') = (A'AB'B). Hence P' is B. Hence B has the 
same mate, viz. B', whichever range it is considered to 
belong to. Again, we may consider the homography to be 
determined by the equation (AA'CP) = ( A'AC'P'); hence, 
as before, C has the same mate in both ranges. Similarly 
every point has the same mate in both ranges, i.e. 

( AA'BB'CC '...) = (A'AB'BC'C...). 

The commonest case of this proposition is — 

If (AA'BC) = ( A'AB'C') ; 

then A A', BB’, CC' arc in involution. 

Two pairs of points detennine an involution. 

For the pairs of points PP' which satisfy the relation 
(AA BP) = (A'AB'P') are in involution. 

Ex. 1. If (CB, AA') and (Cf Bf, AA') be harmonic, then (AA', BB', CCf) 
are in involution . 

Ex. 2. If [CA, A'B') = ( AB , A'(f) = - 1 , then {AA', BB', CCf) is an 
involution. 

Ex. 3. If (AA', BC) = (Blf, CA) = (CCf, AB) = - x, 
shorn that {A'A, B'Cf) = (B'B, O' A') = ( C'C, A'B') = - I, 

arid that (AA', BC', B'C), {BB', AC, A'C) and {CCf, AB', A'B) are involu- 
tions. 

Project the range so that A goes to infinity. 

Ex. 4. If (AB, XX') = (CD, XX'), where A, B, C, D are fixed points on 
the same line, then X and X' generate homographic ranges. 

For (AB. XX') = (DC, X'X), lienee (AD, BC, XX') is an involution. 
Hence (ADBX) = ( DACX'). 

Ex. 6. ABC and A'B'Cf are homologous triangles. BC and If (f meet in A, 
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CA and CfA' meet in Y, aiul AB and A'S' meet in Z. OAA', OBB / , OCCf 
meet the line XYZ in X*, Y', Z'. Show that (XX', YY', ZZ') is an involution. 
For (XX'Y'Z') = O(XABC) = A (. XOBC) = (XX'ZY) = (A"XYZ). 

3. To construct with the ruler only the mate of a given point 
in a given involution. 

Let the involution be determined by the two pairs A A', 
BB'. Take any vertex V, 
and let VA, VA', VB, 

VB', &c. cut any line in 
a, a', b, b', &c. Then the 
ranges AA'BB'... and 
a'ab'b... are liomographic; 
for {a'ab'b...)={A / AB'B...) 
by projection through 
V = (AA'BB'...) by invo¬ 
lution. Construct the homographic axis A/x of these ranges. 
We observe that V is on A/x, being the cross meet ( Aa ; 
A'a'). Take any point X on AA'. Let Xa’ cut A/x in f. 
Let A£ cut aa' in x'. Let Vx' cut AA' in X!. Then X' is 
the mate of X in the given involution. For 

(XAA BB'...) = (x'a'ab'b...) by the homographic axis 

= (X'A'AB'B...) by projection through V. 

Hence (XAA'BB'...) = (X'A'AB'B...). Hence X' is the 
mate of X in the involution. 

If AA', BB', CC' be three pairs of points in involution, 
the following relations are true, viz. 

AB'. BCCA' = - A'B.B'C. C'A, 

AB'. BC. C'A'= - A'B. B'C'. CA, 

AB. B'C'. CA'— - A'B'. BC. C'A, 

AB.B'C. C'A'-- A'B'. BC'. CA. 

Take any one of the relations, viz. 

AB.B'C'. CA'= - A'B'. BC. C'A. 

This is true if AB/BC+AC'/i = -A'B'/B'C'-^A'C/i 
i.e. if AB BC-r-AC'/C'C = A'B'/B'C'+A'C/CC', 
i-e. if (AC, BC') = (A'C', B'C). 

And this is true; hence the relation in question is true. 
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Similarly the other relations can be proved. 

Conversely, if any one of these relations he true, then AA', 
BB', CC' arc in involution. 

For suppose AB . B'C'. CA'= — A'B'. BC. C'A ; then as 
above (AC, BC')= {AX', BX) ; hence AA', BB’, CC' are in 
involution. 

Remark that, given one of these relations, the others 
follow at once. For in the definition of involution, there is 
no distinction made between two corresponding points. 
Hence in any relation connecting the points, we may inter¬ 
change A and A', or B and B’, or C and C', or we may make 
any of these interchanges simultaneously. 

To obtain the second relation from the first, we inter¬ 
change C and C', to obtain the third we interchange B and 
B', to obtain the fourth we interchange B and If and C and 
C' simultaneously. 

Ex. 1. Jf (AA', BB ', CC''* be in involution, then 

(A'A, BC). ( B'B, CA) . (CfC, AB) - - 1 . 

Ex. 2. Circles of a coaxal system whose centres are A, B, C touch the sides 
of a triangle LAIN in P, Q, li, and circles of the same system whose centres are 
A', B', (f pass through the vertices of the triangle; if PQR be a line, then 
(AA', BB', CCf) is an involution. 

For LR- : LQ 2 : : A'C : A'B. 

5. If A A', BB', CC', ...he in involution, and if any fixed 
pair of corresponding points TJU' he taken as origins, and if PP 
he any variable pair of corresponding points, then 

UP . UP'+ U'P . U'P' 

is constant. 

It will be sufficient to prove that 

UP. UP'-*- U'P. U'P'= UA . UA'-t- U'A . U'A', 

where AA' is a fixed pair of corresponding points. This is 
true if PU/UA-r-PU'/U A = P'U', U'A'+P'U/UA i.e. if 
(PA. UU') = ( P'A', U'U). And this is true; hence the 

relation in question is true. 

Particular cases of this theorem are— 

AB. AB’-i- A'B. A'B'= AC. AC'+A'C. A'C', 

CA . CA'-T- C'A . C'A'= CD ■ CV'+ C'D. C’V. 
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Conversely, if UU' be fixed points, and if PP' be variable 
points such that UP. UP '-s- U P. U'P' is constant; then PP' 
generate an involution in which UU' are corresponding points. 

For take any points and let A' be the position of P' when 
P is at A. Then 

UP. UP'+ U'P. U'P'= UA. UA'-r- U'A . U'A'; 

hence (PA, UU') = ( P'A', U'U), i.e. P and P' are corre¬ 
sponding points in the involution determined by the two 
pairs A A', UU'. 

6. In an involution range , if any two of the segments AA', 
BB', ... bounded by corresponding points overlap, then every two 
overlap; and if any two do not overlap, then no two overlap. 

For suppose AA' and BB' overlap, then any two others 
CC' and DJD' overlap. 

a _ ba' & 

Vnr , AB.AB' _AC.AC' 

° r A'B. A'B'~A'C. A'C '* 

But since AA' and BB' overlap, the sign of 

AB. AB'+A’B.A'B' 

is —. Hence the sign of AC. AC'-r- A'C. A'C' is —. 
Hence AA' and CC' overlap; for if AA' and CC' do not 
overlap, the sign of this expression is -f, as we see from the 
figures— 

A a' c c' A c c' A' 

We have shown that if A A' and BB' overlap, then A A' and 

CC' overlap. Hence, since CC' and AA' overlap, it follows 

that CC and LI) overlap, i.e. that every two such segments 
overlap. 

Conversely, suppose A A' and BB' do not overlap, then CC' 
and DL' do not overlap ; for if they do overlap, by the first 
part of thg proof it follows that AA' and BB' overlap. 

7. The centre of an involution range is the point correspond¬ 
ing to the point at infinity. 

If O be tlie centre of the involution of which P and P' are a 
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pair of corresponding points, then OP. OP' is constant; and, 
conversely, if a pair of points P and P' he taken on a line, such 
that OP. OP' is constant, then P and P' generate an involution 
range of which 0 is the centre. 

Let 0 be the centre of the involution range (AA', BB', 
PP', ...)• Then il' being the point at infinity upon the 
line, we have by definition 

(Oil'AA'BB'PP') = ( il'OA'AB'BP'P ); 

(Oil', AP) = (il'O, A'P') ; 

.*. OA/Ail' -r- OP/Pil'= il'A'/A'O + il'P'/P'O, 
and Ail'=Pil' and £1'A'= il'P' ; 

.*. OP. OP'= OA . OA', which is constant. 
Conversely, if OP. OP' be constant, let A' be the position 
of P' when P is at A. Then we have OP. OP'=i OA . OA'. 
Hence by writing the above steps backward we get 

(Oil'AP) = ( il'OA'P'), 

where il' is the point at infinity on the line. Hence P and 
P' are a pair of corresponding points in the involution 
determined by (Oil', A A'), i.e. P and P' generate an involu¬ 
tion of which 0 is the centre. 

Ex. 1. I/O be the centre of the involution (A A, BB', CCf,show that 

AB.AB'^r A'B.A'I/ = AO + A'O. 

To prove this, make the relation projective by introducing infinite 
segments in such a manner that the same letters occur on each side 
of the relation. We get 

AB .AB'-h A'B. A'B' = AO.Atl'+ A'O. A'O. 
and this is a particular caso of the theorem 

AB .AB'-h A'B .A'B' = AC.AC^r A'C.A'C. 

Ex. 2. Show that OA : OB : : AB' : BA'; and deduce three other relations 
by interchanging corresponding points. 

Ex. 3. If a bisect A A' and B bisect BB', show that 

(a) s.AO.aB = AB . ABf ; 

(b) 4 . a 0 . a& = AB. AB' + A'B . A'B' ; 

(c) 2. AA' .aB = AB. AH' —A'B . A'B'. 

For if 0 be origin, then ua' = bt/. 

Ex. 4. If R bisect CC and R' be the mate of R, then RC 1 = RR'-RO. 

Ex. 5. Any two homographic ranges , whether on the same line or not, can 
be placed in two icays so as to be in involution. 

Viz. by placing I on J' and placing A and A' on the same or opposi o 

sides of I. 
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Ex. 0. Of the Uco involutions one is overlapping and the other not . 

Ex. 7. Any line through the radical centre of three circles cuts them in a 
range in involution. 

8. A point on the line of an involution range which 
coincides with its mate is called a double point (or focus) of 
the involution. 

An involution range has two, and only two, double points; and 
the segment joining the double points is bisected by the centre and 
divides the segment joining any pair of corresponding points 
harmonically. 

If AA', PP' be two pairs of corresponding points of an 
involution whose centre is 0, we have seen that 

OP. 0P'= OA . OA'. 

Suppose P and P / coincide in E. Then 0E 2 = OA . OA', 
hence OE = + */OA . OA'. Hence there are two double 
points, E and F say, which are equidistant from 0. Also, since 
0E 2 = 0F 2 = OA. OA' and 0 bisects EF , it follows that 
{AA', EF) is harmonic, i.e. EF divides the segment joining 
any two corresponding points harmonically. 

Notice that the centre is always real, being the mate of the 
point at infinity. But the double points will be imaginary 
when OA . OA' is negative, i.e. when 0 lies between A and 
A'. The double points cannot coincide , for then each coincides 
with 0, in which case OA . 0A'= 0E 2 = o ; i. e. A or A' 
coincides with 0, and A' or A is anywhere, i. e. half the 
points are at 0 and half are indeterminate, i. e. the involu¬ 
tion is nugatory. 

9. The double points of an overlapping involution arc imaginary 
arid those of a non-overlapping involution arc real. 

Take 0 the centre of the involution. Then 

OA . 0A'= OB. 0B'= •.. = 0E 2 = OF 2 . 

Now in an overlapping involution OH' and AA' over¬ 
lap, i. e. 0 lies between A and A'. Hence OA . OA' is nega¬ 
tive, i.e. OE 2 and OF 2 are negative, i.e. E and F are 
imaginary. 
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Similarly in a non-overlapping involution, OE 2 and OF 2 
are positive, i.e. E and Pare real. 

An overlapping involution is sometimes called a negative 
involution and a non-overlapping involution is called a positive 
involution. 


Ex. 1. If E and F divide harmonically the segments AA', BB', C(f, ... , 
shore that (AA', BB', CCf,...) is an involution. 

Bisect the segment EF at 0. Then 

OA . OA' = OB . OB' = ... = 0E : . 

Ex. 2. If E and F be the double points of (A A', BB', CCf,...), show that 

AB . AB'+A'B . A'B'= APP+A'E 1 . 


Ex. 3. Also 


AB.AB' 

A'B.A'B' 


AE.AF 
A'E. A'F 


Ex. 4. Also AB'. BE. EA' — —A'B ■ B'E. EA. 

Ex. 5. Also EF 2 . at3 2 = AB . AB'. A'B . A'B'. 

For EF = 2 . OE = ze ii aa' = e 3 . 


Ex. 6 . Also 4 .ap.aE = (V AB . AB' + VA'B . A'B'] 3 . 

Ex. 7. If the segments A A', BB',... joining corresponding points have the 
same middle point, shore that AA', BB',... form an involution; and find the 
centre and double points. 

SI' tlie point at infinity and E the middle point are harmonic with 
every segment AA'. Hence Cl', E are the double points and Cl' is the 
centre. 

Ex. 8. If AA', BB’ be pairs of points in an involution, one of tchose double 
points is at infinity, then AB = —A'B'. 

For E the other double point must bisect AA' and B&. 

Ex. 9. If any txco segments AA', BB' joining corresponding jioints in an 
involution have the same middle point, then all such segments have the same 
middle point. 

For the other double point must be Cl'. 

Ex. 10. If AP.AP' = A'P.A'P'. show that the points P and P' form an 
involution in which A and A' are corresponding points; and fiiul the centre 
and double points. 

Ex. 11. If any transversal through V (the internal vertex qf the harmonic 
triangle of a quadrilateral circumscribing a conic) ait the sides in AA', BB' 
aiul the conic in PP' ; show that (A A', BB', PP') is an involution, the double 
points being V and the meet of UW with the transversal. 

Ex. 12. Through a given point 0 draw a line meeting hco conics (or txco 
pairs of lines) in points AA', BB" such that ( OAA'BB') = (OA'AB'B . 

Join 0 to the meet of the polars of 0. 

Ex. 13. If ABC..., A'B'O'... be txco hombgrapliic ranges on the same line, 
and if the mates of P ( = O') be P' and Q, we know that the ranges A and A 
ami the ranges P' and Q have the same common points (E, F say) ; show that 
P has the sutne fourth harmonic for I^Q and for EF. (See X. Ex. 4 .) 
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We have only to prove that P (=> O') is one of the double points of 
the involution determined by P'Q, EF. 

Now (PQEF) = ( I y Q'EF ) from the first homography 

= ( P'PEF) = {PP'FE). 

Hence P'Q, EF, PP are in involution, i.e. P is a double point of the 
involution. 

Ex. 14 With (he same data, P and the fourth harmonic of P for P'Q 
generate an involution. 

10. A system of coaxal circles is cut by any transversal in 
pairs of points in involution. 

For if the transversal cut the circles in A A', BB, CC ’, ... 
and the radical axis in 0, then 

OA.OA'= OB . OB' = OC.OC'=... . 

Hence A A', BB / , CC', ... form an involution of which 0 is 
the centre. 


Ex. 1. Give a geometrical construction for the double points of the involution 
determined on a line by a system of coaxal circles. 

Ex. 2. A line touches tico circles in A and A f and aits a coaxal circle in 
B and B'; show that (AA' } B&) is harmonic. 

Ex. 3. Of the involution determined by a system (f coaxal circles on the lint 
<f centres, the limiting points are the double points. 

Ex. 4. If a line meet three circles in three pairs of points in involution, then 
either the circles are coaxal or (he line passes through their radical cenbe. 

Ex. 5. If each of the sides of a triangle meet three circles in pairs of points 
in involution, the circles are coaxal. 

Ex. 0. The three circles drawn through a given point V, one coaxal with the 
circles a and 0, one coaxal with the circles 0 and y, and one coaxal with the 
circles y and a, are coaxal. 

onVV'™ 0 ° f the circles cut again in and consider the involution 


Ex. 7. Two circles a and 0 are drawn having the radical axis p with the 
circle y and « and « are drawn having the radical axis q with y ; show that the 
vieets of a5 and oj $€ are concyclic. 

Consider the involution on the radical axis of a and 5 


lL If EF be the double points of an involution of which A A' 
and BB' are any two pairs of corresponding points, then (AB\ 
A'B, EF) are in involution, and so are {AB, A'B', EF). 

For (AB', A'B, EF) are in involution if 

\ (ABEF) = (B'A'FE), i.e. = (A'B'EF); 
and this is true, for E corresponds to itself and so does F. 
Similarly {AB, A'B', EF) are in involution. 
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Ex. l. Prore the following construction for the double points of the involution 
A A', BB' , C(f.... riz — Take any point P and let the circles through PABf and 
PA'B cut in Q ; so let the circles through PAB and PA'B' cut in R; then the 
circle through PQR cuts A A' in the required double points. 

For if the circle through PQR cut AA' in EF. then from the radical 
axis PQ we see that (AB', A'B . EF) are in involution ; hence 

(ABEF) = (B'A'FE) = (A'B'EF). 

So from the radical axis PR, we get ( AB'EF) = (A'BEF). 

Hence ( ABEFB’) = ( A'B'EFB). 

Hence EF are the double points of the involution determined by AA' 
and BB'. 

Ex. 2 . If E and F be the limiting points of the circles on the collinear 
segments AA', BB' as diameters, show that the circles on AB, A'B', aiui EF 
as diameters are coaxal. 

Ex. 3. If E, F be the common points of the txco homographic ranges (ABC...) 
and (A'B'Cf...), then AB', A'B, EF are in involution. 

Ex. 4. Prove the following construction for the common points of the txco 
homographic ranges (ABC...) and (A'B'O'...)—Take any point P and let the 
circles PA If and PA'B cut in Q, and let the circles PACf and PA'C cut in R; 
then the circle PQR will cut AA' in the required points. 

Ex. 5. Given two pairs of points AA', BB' of two homographic ranges and 
one common point, construct the other. 


12. If AA’, BB', CC be pairs of points in involution, and if 
P. Q, B be the middle points of A A', BB', CC, show that 

A'A\ QB + B'B 1 . BP+ CC 2 . PQ + 4 PQ. QB. BP = o ; 
and if U be any point on the same line, then 

{AlP + A'U*) QB+(BIP + B'IP) BP+(CU* + C'U 2 )PQ 

= - 4 PQ.QB.BP. 

Take the centre of the involution as origin and use 
abridged notation ; then if OA' — a,, and so on, 

A'A 2 = (a—a l Y= a 2 + a, 2 - 2 aa,= (a + a,) 2 - 4 aa v 

But a + a,= 2 p and QB = r—q, 

and aa x = bb x = cc x — A, say ; 

A'A\QB = Up 1 - 4 h) (r-q); 

2 (A'A 2 . QB) = 4 2p* (r-q)- 4 * 2 (r-q) 

= —4 (q-p) {r-q) (p-r) 

= - 4 PQ . QB.BP. 

Again, if x be the distance of U from the origin 

AIP= (x-a)\ 
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Hence 2 {(AU 2 + A'U 2 )QR} 

= 2 {[2^—22; (a + a,) + a 2 + a^] (r—$)} 

= 2^2(>*—3)—2: 2jj(r—g) 

+ 2 (a* + a,*— 2 aa, + 2A} (r— q) 

= 2 A'A\ QR 

= — 4PQ. QR. RP by the former part. 

Ex. 1 . With the same notation, shoio that 

AB . Aff/AC. AC = PQ/PR. 

Ex. 2 . Also if E he a double point, then 

A'A*/PE — B'B 2 /QE = 4 PQ. 

Ex. 3 . Also, X being any point on the same line, 

XA . XA'. QR + XB. XBf . RP+XC. X(f. PQ - o. 

Ex. 4 . Also XA . XA '. EF+ XEP. FP + XF 1 . PE = o. 

Ex. 5 . Also XA . XA'-XB . XBf + 2PQ . XO = o. 

Ex. 6. Also R& .PQ - RA . RA'. QR + RB. RB'. RP. 

Ex. 7 . Given two collinear segments AA', BB', determine a point C such 
Mat CA.CA':CB.CB / ::K: 1. 

Determine the point R from the relation RP:RQ::K: j. 

Through any point V draw the two circles VAA', VBB' cutting again 
in W . Draw the circle through VV, having its centre on the perpen¬ 
dicular to AA' through R. This circle will cut AA' in the required 
points (see Ex. 1). 

13 . Take any point V on the line of the involution. 
Then OA = VA — VO = x—r, say ; so OA' — at — r. 

. *. OA . 0 A'= constant gives ( x— r) (x' —r) = constant. 

Hence the distances of pairs of points in an involution from 
any point on the line satisfy the relation kxat+l(x+at)+n = o, 
where k, l and n are constants. 

Conversely, if this relation be satisfied, the pairs of points 
form an involution. 

For kxxt +1 (x + xf) + n = o can be thrown into the form 
(* r ) ~v) = constant; which is the same as 

OA . 0 A'= constant. 

Or thus. If (AA\ BB ', CC\ ...) be in involution, then 
{AA'BB'CC ',...) is homographic with (A'AB'BC'C, ...). 
Hence corresponding points in the two ranges are connected 
by a relation of the form xx' + lx+ mat+n = o. Also, as there 
is no distinction in an involution between A and A\ we must 

N 
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have l = m. Conversely, if xx' +1 (x+xf) +n = o, A and A' 
generate liomographic ranges in which A and A' are inter¬ 
changeable. Hence A and A' generate an involution. 

Ex. 1. Show that P, P / determine an involution if 

AP. B'P' + \.AP+p.B'P' + v = o, 
provided \ — p = AB'. 

Ex. 2. Shoio that P, P' determine an involution if 

2.AP.BP' = AB.PP'; 
and that A and B are the double points. 

Ex. 3. Show that P, P' determine an involution if AP+ B'P' — v ; and that 
one double point is at infinity. Find also the second double point. 


14. If (A A', BB', CC') be pairs of points of an involution, 


then 


n'Ad- CB ' ATt-r, 

C'A '' BB + C'B' ‘ B A + C'B ’ AB ~ 


We have to prove that 

CA . BB'. C'JT. C'B+ CB . HA . C'A'. C'B 

+ CB'. AB. C'A'. C'B'— o. 


This relation is of the first order in A and in A'. Consider 
the points X, X' connected.by the relation 

CX. BB'. C'B'. CB+CB. B'X. C'X'. C'B 

+ CB'. XB. C'X'. C'B'= o. 


Reducing to any origin, this relation assumes the form 

xx' + lx + mx' + n = o. 


Hence X and X' generate homographic ranges. 

Now the relation is satisfied by X = Cand X'= C', and 
by X = B and X'= B', and by X = B' and X'= B. Hence 
the homography is that determined by ( CBB') = ( C'B'B), 
i.e. is the given involution. Hence the above relation be¬ 
tween X and X' is satisfied by any corresponding pair of 
points of the involution. Hence the relation is satisfied if 
we replace X, X' by A , A'. 


, , AB.A'C 

Ex. 1. Show that A A' = -—— + 

0 

AB.A'C AA'.B’Cf 
Ex - 2 - Als0 ~ac7Hb + XB~A'& 

§?■***£?■**• 


AB'. A'Cf 
B'C' 

= I. 


AB. 


Ex. 3. Also 
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CA CB CB f 

Ex - 4 A,s ° cTi ■ BB ' + CBi ■ BA +-cii AB = °- 


Ex. 5. Also AB = 


AC. AC BC.BC 


AB' 


BA' 


Ex. 0. Also, P being any point on the same line, 

£L.BB’.PA‘ + §? p .B- A . P B'+^.AB.PB 

QA CB 

Ex. 7. ^4ko — -. BC. PA' + —— .CA.PB / =AB. PC. 

(s A v/ 1J 


K 2 
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CHAPTER XVIII. 


PENCILS IN INVOLUTION. 


1. The pencil of lines VA, VA', VB, VB', VC, VC', ... is 
said to form a pencil in involution if 

V(AA'BB'CC'...) = V (A'AB'BC'C...). 

Any transversal cuts an involution pencil in an involution 
range; ami, conversely, the pencil joining any involution range 
to any point is in involution. 

Let a transversal cut an involution pencil in the pairs of 
points A A', BB', CC', .... Then, since 

V(AA'BB'CC'...) = V (A'AB'BC'C...), 
we have V(AA'BC) = V (A'AB'C'); hence 

(AA'BC) = ( A'AB'C'). 

Hence C, C' are a pair in the involution determined by the 
pairs AA', BB'. Similarly for any other pair of points in 
which the transversal is cut by a pair of lines of the invo¬ 


lution pencil. 

Conversely, if (AA'BB'CC'...)— {A'AB'BC'C...), we have 
(AA'BC) = lA'AB'C'); hence V(AA'BC) = V(A'AB'C'). 
Hence VC, VC' are a pair of rays in the involution pencil 
determined by V(AA', BB'). So for any other pair of 
corresponding rays. 

Ex. 1. If V be any poini on the homographic axis of the two homographic 
ranges {ABC ...) = ( A'B'C '...) on different lines; show that 

V(AA', BB', C(f,...) 


is an involution pencil. , j/jy 

Let X’Y be the mates of the point X{= Y') where AB an 
meet. Then V is on X'Y. Henco 

V (XX' ABC...) = V {XYABC...) 
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= V(X'Y'A'B'C'...) by liomography - V(A" XA'B'C'...). 

Henco V(A’X', AA', liB', ...) is an involution. 

Ex. 2. Reciprocate Ex. i. 

Ex. 3. Tiro homographic pencils have their vertices at infinity. Show (hat 
any line through their homographic jiole determines an involution of which Vie pole 
is the centre. 

Ex. 4. Any tico homographic pencils can he placed in (wo ways so as to he in 
involution. 

I>et the pencils be V {ABC...) = V' (A'B'C.. First, superpose tho 
pencils so that V is on V' and VA on V'A'. This can be done in two 
ways. Let VA' (= V'X') be the other common line of the two pencils 
V{ABC...) = V(AB'C...). Then in the original figure AVX = A'V'A 
Second, place V on V' and VA on V'A'' and VA' on V'A'. The two 
pencils are nowin involution; for VA{= V’X') has the same mate, 
viz. V'A' (= VX) whichever pencil it is supposed to belong to. 

If the vertices are at infinity, place the pencils so that all the rays 
are parallel. Let any line now cut them in the homographic ranges 
{nhc...) = ( a'b'c'...). Now slide (a'b'c'...) along (ahe...) until tho two 
ranges are in involution (either by Ex. 5 . of XVII. 7 , or by a construc¬ 
tion similar to the above). 


2. A pencil of rays in involution has two double rays ( i.c . rays 
each of which coincides with its corresponding ray), and the 
double rays divide harmonically the angle between every pair of 
rays. 

Let any transversal cut the pencil in the involution 
{AA , BB, CC', ...), and let E, E be the double points of 
this involution. Then the ray corresponding to VE in the 
pencil is clearly VE itself. Hence VE is a double ray. So 
^ F is & double ray. Also ( AEA'F) is a harmonic range ; 
hence V(AEA'F) is a harmonic pencil. Similarly VE, VF 
divide each of the angles BVB', CVC', ... harmonically. 

There is nothing in an involution pencil which is analo¬ 
gous to the centre of an involution range. In fact the point 
at infinity in the range AA', BB', CC', ... will project into 
a finite point on another transversal, and 0 will project into 
the mate of this finite point. 

If, however, V is at infinity, i.e. if the rays of the pencil 
are parallel, then all sections of the pencil are similar, and 
there is a central ray which is the locus of the centres of all 
the involution ranges determined on transversals. 
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Ex. 2. If the angles be bisected by the same line, then the pencil is in 
involution. 

Ex. 3. If the double rays of a pencil in involution be perpendicular, they 
bisect all the angles bounded by corresj)onding rays. 

Ex. 4. If tico angles A VA', BVB' bounded by corresponding rays of a pencil 
in involution June the same bisectors, then all such angles have the same 
bisectors. 

Ex. 6 . Find the locus of a point at which every segment ( AB) of an in¬ 
volution subtends the same angle as the corresponding segment ( A'B'). 

The circle on EF as diameter. 

Ex. 6. Through any point 0 are drawn chords AA', BB', CCf, ... of a 
conic ; show that AA', BB', CCf subtend an involution pencil at any point of the 
polar of 0. 

Ex. 7. Reciprocate Ex. 6 . 

Ex. 8 . If ABA'B' be four points on a conic, and if through any point 0 on 
the external side UW of the harmonic triangle of ABA'B' there be draum two 
tangents OT and OT' to the conic ; show that 0 (AA', BB', TT') is a pencil in 
involution, the double lines being OU and OV. 

Ex. 9. Through a fixed point 0 is drawn a variable line to cut the sides of a 
given triangle in A'B'O' ; find the locus of the point P such that 

( PB', A'O') = - i. 

Now B (AC, B'P) = — i, BB' and BP generate an involution 

B(P) = B(B') = 0 (B') = O(P), 

. \ the locus is a conic through B and 0. 

3. If AVA'.BVB', CVC', ... be all right angles, then the 
pencil V(AA', BB', CC', ...) is in involution. 

Wo have to show that 

V(AA'BB'CC'...) = V{A'AB'BC'C...). 

Produce A V to a, BV to b, and so on. 

Then if we place VA on VA', VA' will fall on Va, and 
so on. Hence the two pencils 

V^AA'BB'...) and V(A'aB'b...) 
are superposable and therefore homographic. But 

V(A'aB'b...) 

is homographic with ViA’AB'B...) ; hence V(AA’BB’...) 
and V(A'AB'B...) are homographic. 

Otherwise :—From the vertex V drop the perpendicular VO 
on any transversal AA'BB' .... Then, since AVA' is a right 
angle, we have VO 2 = AO . OA'. 

Hence OA . OA' ~ OB. OB' — OC . OC = 


• • • • 
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Hence (AA', BB', CC', ...) is an involution range. 

Hence V(AA’, BB', CC', ...) is an involution pencil. 

Ex. If through the centre of an overlapping involution (AA\ BR' y ...\ there 
be drawn VO perpendicular to A A' and such that VO 1 = AO . OA', then any four 
points of the involution subteml at V a pencil superposable to that subtended 
by tJieir mates. 

4. In every involution pencil, there is one pair of correspond¬ 
ing rays which is orthogonal; and if more than one pair he 
orthogonal, then every pair is orthogonal (See also XX. 6.) 

Take any transversal cutting the pencil in the involution 
{AA', BB', CC', ...). Through the vertex V draw the circles 
VAA'y VBB' cutting again in V'. Let VV' cut AA' in 0. 
Then OA . OA'= OV. OV'= OB. OB'. Hence 0 is the 
centre of the involution. Hence 

OC. OC'= OA . OA' — OV. OV'. 

Hence the four points V, V', C, C' are concyclic. 

In this way, we prove that all the circles VAA', VB1Y, 
VCC', ... pass through V'. Also every circle through VV' 
cuts A A' in a pair of points BB' of the involution ; for 

OB. OB'= OV. 0V'= OA . OA'. 

Let the line bisecting VV' at right angles cut AA' in Q. 
Describe a circle with Q as centre and with QV as radius, 
cutting AA' in BB'. Then B, B' are a pair in the involution, 
and BVB' is a right angle. 

This construction fails in only one case, viz. when VV' is 
perpendicular to AA'. In this case, the orthogonal pair are 
VV' and the perpendicular to VV' through V. 

Also if two pairs are orthogonal, eveiy pair is orthogonal. 
For suppose AVA', BVB' are right angles. Then the 
centres of the circles AVA' and BVB' are on AA'. Hence 
AA bisects VV orthogonally. Hence the centres of all the 
circles AVA', BVB', CVC', ... are on AA'. Hence all the 
angles AVA', BVB', CVC', ... are right angles. 

1 

Ex. 1. Show that a given line VX through Vie vertex aheays bisects one of the 
angles AVA', BVB', ... of an involution; and if it bisect two qf the angles, it 
Inserts all Discuss Vie case when VX is perpendicular to one qf the double rays 

Take A A' perpendicular to VX, and take the centre of the circle 
on VX. 
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Ex. 2. Show (hat the pencils 

V (AA', BB', CC7, ...) arul V' (A'A, B'B, (fC, ...) of § 4 
ore superposable. 

For /.AVB' is equal to lA'V'B or its supplement. 

Ex. 3. Given tico homographic pencils, tee can always find in (he first pencil 
rays VA. VB, and in the second pencil corresponding rays V'A', V'B', such that 
both AVB and A'VB' are right angles. Can more than one such pair exist1 

Ex. 4. (AA',BB / , CCf,...) is an involution. Show that the circles 

PA A', PBB', PCC..., 
where P is any point, are coaxal. 

Ex. 5. Deduce a construction for the mate of a given point in the involution. 

Ex. 0. Also given A A' and BB', and the middle point of CCf, construct 
C and Cf. 

Ex. 7. Given tico segments AA', BB' of an involution, construct geometrically 
the centre 0. 

Ex. 8 . Given a segment AA' of an involution and the centre 0, construct the 
mate of C. 

Ex. 9. Given tico involutions (AA', BB', ...) and (an', bb', ...) on the same 
line: find two points which correspond to one another in both involutions. 

Ex. 10. If any two circles be drawn through AA' and BB', their radical 
axis passes through 0. 

Ex. 11. If A, A' generate an involution range, and QA be perpendicular to 
PA and QA' to PA', show that if P be a fixed point, then Q generates 
a tine. 

For the locus of the centres of the coaxal circles PAA' is a line. 

5. Every overlapping pencil in involution can be projected 
into an orthogonal involution. 

Let any transversal cut the pencil in the overlapping 
involution of points {AA', BB', CC', ...). On AA', BB' as 
diameters describe circles. Since AA', BB' overlap, the 
circles will cut in two real points TJ and U'. Now, since in 
the pencil in involution U{AA', BB', CC', ...) two pairs of 
rays, viz. UA, UA' and UB, UB', are orthogonal, hence 
every pair is orthogonal. 

Rotate U about ^l^l' out of the plane of the paper. With 
any vertex W on the line joining U to the vertex V of the 
given pencil, project the given pencil on to any plane 
parallel to the plane UAA'. Then VA projects into a line 
parallel to UA, and VA' projects into a line parallel to UA'; 
hence A VA' projects into a right angle; similarly BVB', 
CVC', ... project into right angles. 
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Ex. 1. (AA\ BB / , CC/, ...) is an involution. Show lhat the circles on 
A A ', US', CC / , ...as diameters are coaxal. 

Ex. 2. Show also that AA\ BB\ CC ... subtend Tight angles at two points 
in the plane . When are these joints real ? 


6 . If P, Q, It be the fourth harmonics of the point X for the 
segments AA', BB', CC' of an involution range , then 

PA 2 Qlt QB 2 BP IiC 2 PQ PQ.QB.BP 

XA 2 ‘ XP + XB 2 * XQ + XC 2 ' XB + XP.XQ.XB ~ °‘ 

Join the points to any vertex V; and cut the pencil so 
formed by a transversal aa', lb', cc, p, q, r, x. Then since 
the given relation is homogeneous in each point, as in 
proving Carnot’s Theorem, we see that the relation is also 
true of the projections aa', &c. of the given points. Now 
take aa' parallel to VX. Then x is at infinity. Hence 

xa 2 -xp _ xa 2 .xp_ xa 2 .xp 

xb 2 . xq ’ xc l .xr~' y xp.xq.xr~ 

Hence the given relation is true if 

pa 2 . gr+ qb 2 . rp + rc 2 . pq +pq .qr.rp = o. 

But now p, q, r bisect aa', bb\ cc hence this relation is 
true by XVII. 12 . 

If in addition to the above notation P n Q„ I?, bisect A A', 
BB\ CC', show that in Examples 1-6 


Ex 1 AB ’ AB ' ^ = 

‘ XB.XB' ‘ XC.XC PR • A’R' 

Ex. 2. AB . AB , + AC. AC «= PQ . XQ, PR . X/?,. 
For XQ . XQ, = XB . XB', &c. 

Ex. a YA '.<,« RP ,. 0 

xa.xa'-^‘^^ + sb7xb'- bp ‘ aq 

YC. YC 

+ -- .PQ.XR = o, 


XC. XC 

xchere Y is any point on the same line. 


Ex. 4. 

YA . YA'. ~ +YB. YC 

, RP 

■ ^ +rc - w. 

Ex. 5. 

QR.XP t RP.XQ 

PQ. XR 


XA.XA' XB.XB' + 

xc.xc ~ 0 

Take Y 

at infinity. 


Ex. 6. 

6 

II 

+ 

85 IS 

* 5 ? 



PQ 

XR l 


= o. 
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Ex. 7. If (CP, AA') = (CQ, BB') = (PP', BB') = (QQ', AA') 

= (CC', P'Q') = - i, 

then (AA', BB', CC') are in involution. 

Project C to infinity, and use the relation 

2 pj/ + hi/) = ( p +p') (b + b'), taking C as origin. 

Ex. 8. If (A A', BB') = ( XC,AA') = (XC',BB / ) = -i, 
then (AA', BB', C(f) are in involution. 

Project X to infinity, and take the centre of the involution (AA', BB') 
as origin. 

Ex. 9. If A A', BB', Ctf, 1)1/ be four segments in involution, and if 
(LP, A A') = (LQ, BB') = (LB, CC) = (LS, DI/) ; 
shoic that < PQRS) is independent of the position of L. 

For (PQ, RS) = (AB, CD)x(A'B', CD). 

Ex. 10. Deduce by Reciprocation a property of four pairs of rays in 
involution. 


Ex. 11. If (AA', BB') and (AA', Q(f) be harmonic, then 
PA PA' PIP 1/1“ 

**■*+£ ■**+-«,■**- 

Take A' at infinity. 

Ex. 12. Deduce the relation 

BB'. Q(f B'(f 


" 7 # + 


Take P at infinity. 


QA. QA' QB 


Q'B 

+ Qlf ~°‘ 


7 . By considering sections of the involution pencil 

V(AA', BB', CC', ...) 
show that in Examples 1-4 

sin AVB. sin A VB' _ sin A VC . sin AV(f sin 0 AVE 

EX ‘ lm ^xTa'Yb . sin A'VI/ ~ sin A'VC . sin A' VC si ri'A'VE 

Ex. 2. sin AVB.sin B'VC. sin CVA' = — sin A'VB'. sin BVC. sin CVA. 

Ex. 3. If VR be either of the orthogonal rays, then 

tan RVA . tan RVA' is constant. 

Draw the transversal perpendicular to VR. 

Ex. 4. If VX be any line, then any pair VP, VP' satisfies a relation 
of the form 

tan XVP . tan XVP' +1. tan XVP + l. tan XVP' + n = o, 
icherc l and n are constants. 

Ex. 5. If VA', VI/, VC' be three bisectors of the angles BVC, CVA, A 1 B 
(either three external, or one external and hco internal}, then 

V y AA' ,Blf ,CC, ...) 

is an involution. 

Ex. 0. If VX and VY be fixed lines, and VP, VP' be variable lines 
satisfying the condition 

sin XVP 4- sin YVP = -sin XVP' sin YVP', 
then VP, VP' generate an involution. 


CHAPTER XIX. 


INVOLUTION OF CONJUGATE POINTS AND LINES. 

1 . The pairs of points on a line which arc conjugate for a conic 
form an involution. 

Let l be the line and L its pole. Let A A', BB', CC', ... 
be the pairs of conjugate points on l. Then the polar of A 
which lies on l passes through L. Also the polar of A by 
hypothesis passes through A'. Hence LA' is the polar of A. 
So LA is the polar of A', and so on. Hence (AA'BB'CC /...) 
of poles = L{A'AB'BC'C...) of polars = (. A'AB'BC'C ...). 
Hence (AA' t BB', CC', ...) form an involution. 

The double points of the involution of conjugate points on a 
line arc the meets of the line and the conic. 

For these meets are harmonic with every pair of conjugate 
points on the line. 

This affords another proof that conjugate points on a line 
generate an involution. 

2. The pairs of lines through a point which arc conjugate for 
a conic form an involution. 

Let L be the point and l its polar. Let LA, LA'; LB, LB 
LC, LC ; ... be the pairs of conjugate lines, the points AA', 
BBCC , ... being on l. Then the pole of LA which passes 
through L is on l. But the pole of LA by hypothesis lies 
on LA'. Hence the pole of LA is A'; so the pole of LA' is 
A, and so on. Hence L {AA'BB'CC'...) of polars = 
(A'AB'BC'C...) of poles = L(A'AB'BC'C...). Hence 
B(AA', BB', CC', ...) form an involution. 
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The double lines of the involution of conjugate lines through a 
point are the tangents from the point. 

For these tangents are harmonic with every pair of con¬ 
jugate lines through the point. 

This affords another proof that conjugate lines through a 
point generate an involution. 

Ex. 1. Through every point can be draicn a pair of lines which are conjugate 
for a given conic and also perpendicular. 

Ex. 2. If tu'o pairs of conjugate lines at a point are petpendicular, ail pairs 
are perpendicular. 

Ex. 3. Giren that l is the polar of L, and given that ABC is a self-conjugate 
triangle , construct the tangents from L. 


3. An important case of conjugate lines is conjugate 
diameters, i. e. conjugate lines at the centre. The double 
lines of the involution of conjugate diameters are the tan¬ 
gents from the centre, i.e. the asymptotes. 

Ex. 1. Conjugate diameters of a hyperbola do not overlap, and conjugate 
diameters of an ellipse do overlap. 

Ex. 2. Through the ends P and D of conjugate semi-diameters CP y CD 
of a conic are drawn parallels } meeting the conic again in Q and E ; shoxc tha 
CQ , CE arc also conjugate diameters. 

For if CX bisect PQ and DE, and CY be the diameter conjugate 
to CX, then CX, CY are the double lines of the involution C{PQ,DE). 
Hence C {XY, PD, QE) is an involution. 

Ex. 3. The joins of the ends of two pairs of conjugate diayneters PP', DIf 
and Q(f, EE' are parallel four by four. 

Ex. 4. Two of the chords joining the ends of diameters parallel to a pair 
of tangents are parallel to the chord of a/ntact . 

Ex. 5. The conjugate diameters CQ, CE cut the tangent at P in li, Rf ; show 
that BP. Pli' = CD\ 

For P is the centre of the involution determined by the variable 
conjugate diameters CQ, CE on the tangent at P. Also in the hyperbola 
the double points are on the asymptotes. Hence 

BP. PR' = — PT 2 = CD\ 

In the ellipse the diagonals of the quadrilateral of tangents at 
P, P / } Dy If give a case of CQ } CE. Hence RP . PR' = CLr. 

Ex. 0. Parallel tangents of a conic cut the tangent at Pin B, It'; show that 
BP. PH' = CD 7 . 

Ex. 7. The conjugate diameters CQ, CE cut the tangents at the end of 
the diameter PP' in It, H'; show that PR. P'R' = CD 7 . 



xrx.] Conjugate Points and Lines. 189 

4. Defining the principal axes of a central conic as a pair 
of conjugate diameters which are at right angles, we can 
prove that— 

The principal axes of a conic are always real. 

For by XVIII. 4 , one real pair of rays of an involution 
pencil is always orthogonal. 

A central conic (unless it be a circle ) has only one pair of 
principal axes. 

For by XVIII. 4 , if two pairs of rays of the involution 
pencil are orthogonal, then every pair is orthogonal, i.e. the 
conic is a circle. 

Ex. Given the centre of a conic and a self-conjugate triangle, construct the 
axes and asymptotes. 

Let 0 be the centre and ABC the triangle. Through 0 draw 
OA', OB', 0(f parallel to BC, CA, AB. Tho asymptotes are tho doublo 
lines, and the axes the orthogonal pair of the involution 

0 {AA', BB*, CCf). 

5. The feet of the normals which can be drawn from any 
point to a central conic arc the meets of the given conic, and a 
certain rectangular hyperbola which has its asymptotes parallel 
to the axes of the given conic, and which passes through the centre 
of the given conic, and through the given point. 

Let 0 be the given point. Take any diameter CP, and let 
the perpendicular OT on CP cut the conjugate diameter CD 
in Q. Then, taking several positions of P, &c., 

<?(&&..•) = CfAA-) = C(P,P 2 ...) 

= C(Y X y 2 ...) = o(r, r 2 ...) = 0 (G q t ...). 

Hence the locus of Q is a conic through C and 0. 

This conic is a rectangular hyperbola with its asymptotes 
parallel to the axes, as we see by making CP coincide with 
CA and CB in succession. Now let R be the foot of a 
normal from 0 to the given conic, then R is on the above 
rectangular hyperbola ; for, drawing CP perpendicular to OR, 
OY meets CD, i.e. CR, in R. 

Ex. 1. The same conic is the locus of points Q such that the perpendicular 
from Q on the polar of Q passes through 0. 

For go, being perpendicular to the polar, is perpendicular to the 
diameter conjugate to eg. 
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Ex. 2. The normals at the four points where a conic is cat by a rectangular 
hyperbola which passes through the centre ami has its asymptotes parallel to the 
axes. are concurrent at a point on the rectangular hyperbola. 

For let the normal at one of the meets R cut the hyperbola 
again in 0. 

Ex. 3. Eight lines can be druicn from a given point to meet a given central 
conic at a given angle. 

Ex. 4. Deduce the corresponding theorems in the case of a parabola. 

Here the centre n is on the curve ; hence one of the meets is the 
point H. Rejecting this, we see that three normals and six obliques 
can be drawn from any point to a parabola. 

Ex. 5. If OL, OM, ON’, OR be concurrent normals to a conic, the tangents at 
L, M, N, R touch a parabola which also touches the axes of the conic and the polar 
of 0 for the conic. 

Reciprocate for the given conic. 

Ex. 6. 0 is on the directrix of the parabola. 

Reciprocate for 0. 


6. A common chord of two conics is the line joining two 


common points of the conics. 

On a common chord of two conics the involution of conjugate 
points is the same for each conic, the double points being the 


common points. 

Conversely, if two conics have on a line the same involution of 
conjugate points, this line is a common chord, the double points of 
the involution being the common points of the two conics. 

Two common chords of two conics which do not cut on 
the conics may be called a pair of common chords. We know 
that a pair of common chords meet in a vertex of a common 
self-conjugate triangle of the two conics. Conversely, every 
point which has the same polar for two conics is the meet of a 


pair of common chords. 

Let E be the point. Join E to any common point A of 
the two conics. Let EA cut the polar of E in P and the 
conics again in B and B'. Then (EP, AB) is harmonic, and 
also (EP, AB'). Hence B and B' coincide, i.e. EA passes 
through a second common point. So EC passes through 2>. 

Hence two conics have only one common self conjugate tru 
angle; for if U'V'W' be a self-conjugate triangle, and UVrV 
the harmonic triangle belonging to the meets of the conics, 
then CT coincides with U, V, or W, and so on. (See also 


XXV. 12 .) 
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If however, the two conics touch at two points the above 
proof breaks down, and there is an infinite number of common 
self conjugate triangles. 

Let the conics touch the lines OP and OQ at P and Q. 
On PQ take any two points VW such that (PQ, VW) = — 1. 
Then OVW is clearly a common self-conjugate triangle. 

Notice that if two conics have three-point or four-point con- 
tact, the common self conjugate triangle coincides ivith the point 
of contact. 

Ex. 1. The common chorda which pass through one of the vertices of the 
common self-conjugate triuivjle of two conics are a pair in the involution deter¬ 
mined by the pairs of tangents from this point. 

VV, UW being the double lines. 

Ex. 2. Reciprocate Ex. i. 

Ex. 3. The conic y touches the conic a at the two points L and if, and touches 
the conic & at the two points N and R. Show that two common chords of a ami 
0 meet at the intersection of LM and NR. 

7. A common apex of two conics is the meet of two com¬ 
mon tangents of the conics. 

At a common apex of two conics the involution of conjugate 
lities is the same for each conic, the double lines being the com¬ 
mon tangents. 

Conversely, if two conics have at a point the same involution 
of conjugate lines, the point is a common apex, the double lines 
of the involution being the common tangents of the two conics. 

The join of a pair of common apexes of two conics has the 
same pole for both conics. 

Conversely, if a line have the same pole for two conics, this 
line is the join of a pair of common apexes of the conies. 

These results follow by Reciprocation. 

8 . Since two conics have only one common self-conjugate 

triangle, it follows that the harmonic triangle of the quadrangle 

of common points coincides with the harmonic triangle of the 
quadrilateral of common tangents. 

let *7 VW be the harmonic triangle of the quadrangle 
torrned by the common points a, b, c, d, and let A A', CC' 

be the opposite vertices of the quadrilateral formed by the 
common tangents of the two conics. Then A A' being a side 
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of the common self-conjugate triangle, must coincide with 
UV, VW , or IF(7, say with VW, as in the figure. So .BP 
coincides with W77, and CC' with UV. 

The polars of any common apex of tivo conics for the two 
conics pass through the meet of two common chords of the conics. 

Take the common apex B. Now B is on WU, the polar 
of V. Hence the polar of B for either conic passes through 
V, the meet of the common chords ad, he. 



The common chords ad, he are said to belong to the com¬ 
mon apex B. So to every common apex belong two common 

chords. 

Similarly, the poles of any common chord of two conics for the 
two conics lie on the join of two common apexes of the conics; 
and these apexes are said to belong to the chord. 

Homothetic figures. 

. 9. Given any figure of points P, Q, B, ...» and any point 
0 (called the centre of similitude), and any ratio A (called the 
ratio of similitude), we can generate another figure of poin 3 
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P', Q', Rf, ... thus—In OP take the point P', which is such 
that 0P'= A . OP, and similarly construct Q', R', — The 
figures PQR... and P'Q'IV ... are called similar and similarly 
situated figures, or homothctic figures. 

The following properties of homotlietic figures follow from 
the definition by elementary geometry— 

Corresponding sides of the two figures {e.g. PQ and P'Q') are 
parallel and in the ratio A ( i.e . P'Q'= A . PQ). 

Corresponding angles of the two figures arc equal 

(e.g. A PQR = LP'Q'R'.) 

Ex. The triangles ABC, A'B'C' are coa.ral. P, Q, It are three points on the 
axis. Shoic that if AP, BQ, CR concur, so do A'P, B'Q, CR. 

Project the axis to infinity. 

10. If two conics are homothctic, the diameters conjugate to 
parallel diameters are themselves parallel. 

Consider the point corresponding to the centre of the 
first conic ; it will be a point in the second conic, all chords 
through which are bisected at the point, i.e. it will be the 
centre of the second conic. Take any pair of conjugate 
diameters PCP' and DCD' of the first conic ; and let pep' be 
the diameter of the second conic parallel to PCP'. Then, 
corresponding to DCD' in the first conic, we shall have ded' 
in the second conic which bisects chords parallel to pep, i.e. 
ded is the diameter conjugate to pep'. Hence, to a pair of 
conjugate diameters of the first conic correspond a parallel 
pair of conjugate diameters of the second conic. 

11. Two conics will be homothctic, if two pairs of conjugate 
diameters of the one are parallel to two pairs of conjugate dia¬ 
meters of the other. 

For then every pair is parallel to some pair. Take any 
diameter PCP' of the first conic, and through P and P' 
draw lines parallel to a pair of conjugate diameters; these 
lines meet in a point Q on the conic. Let pep' be the 
diameter in the second conic parallel to PCP', and through 
p and p' draw lines parallel to PQ and P'Q. These will meet 
in a point q on the second conic; for they are parallel to a 

o 
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pair of conjugate diameters of the first conic, and therefore 
parallel to a pair of conjugate diameters of the second conic. 
And clearly the points Q and q generate homothetic figures, 
the centre of similitude being the intersection of Pp and Cc. 

Homothetic conics arc conics which meet the line at infinity in 
the same points. 

If the conics are homothetic, their conjugate diameters are 
parallel. Hence the asymptotes, being the double lines of 
the involutions of conjugate diameters, are parallel, i.e. meet 
the line at infinity in the same points. And both conics 
pass through these points. 

Conversely, if two conics pass through the same two 
points at infinity, they are homothetic. For since the conics 
pass through the same two points at infinity, the asymptotes 
of the two conics are parallel. Hence the conjugate 
diameters, being harmonic with the asymptotes, are parallel. 
Hence the conics are homothetic. 

Ex. 1. Through three given points , draw a conic homothetic to a given conic. 

To draw through ABC a conic homothetic to a. Through the middle 
point of AB draw a line parallel to the diameter bisecting chords of a 
parallel to AB. This line passes through the centre 0 of the required 
conic. Similarly BC gives us another line through 0. Hence the 
centre of the required conic and three points upon it are known. 

Ex. 2. Touching three given lines, draw a conic homothetic to a given conic. 

Draw tangents of the conic parallel to the sides of the given triangle. 
It will he found that we thus have four triangles homothetic to the 
given triangle. Taking any one of these triangles, and dividing the 
sides of the given triangle similarly, we get the points of contact of a 
homothetic conic. 


CHAPTER XX. 


INVOLUTION RANGE ON A CONIC. 

1. The pairs of points A A', BB', CC', ... on a conic are 
said to form an involution range on a conic, or briefly, to be in 
involution when the pencil V (AA', BB', CC', ...) subtended 
by them at a point V on the conic is in involution. 

If pairs of points A A', BB', CC', ...be taken on a conic, such 
that ( AA'BC...) = (. A'AB'C '...), then (AA', BB', CC', ...) arc 
in involution. 

For V being any point on the conio, we have 

V(AA'BC...)=(AA'BC...)=(A'AB'C'...) = V(A'AB / C / ...). 

Hence V(AA', BB / , CC', ...) is an involution pencil. Hence 
(AA', BB', CC', ...) is an involution on the conic. 

An involution range on a conic has tico double points, which 
fomi with any pair of points of the involution , two pairs of 
harmonic points on the conic. 

The double points X, Y are the points in which the 
double lines of the involution pencil Y(AA', BB', CC',...) 
cut the conic. 

2. If the pairs of points AA', BB’, CC, ... on a conic be in 
involution, then the chords AA’, BB', CC\ ... arc concurrent; 
and conversely, if the chords AA', BB', CC', ... of a conic be 

concu>rent, then the pairs of points AA', BB', CC\ ... on the 
conic are in involution. 

If {AA, BB', CC, ...) form an involution on the conic, 
we have (AA'BB'CC'...) = (A'AB'BC'C...). Hence 

{AB; A'B'), (AC; A'Cf), and (BC; B'C'), 
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being cross meets, lie on the homographic axis of these two 
ranges on the conic. Hence the triangles ABC, A'B'C' 
are coaxal and therefore copolar. Hence AA', BB', CC' 
meet in a point, i.e. CC' passes through the point 0, where 
A A' and BB' meet. So all the lines CC', BB', ... pass 
through 0. 

Conversely, if AA', BB', CC', ... be concurrent in 0, then 
{AA', BB', CC', ...) is an involution. For if not, let C" be 
the mate of C in the involution determined by {AA', BB'). 
Then by the first part {AA', BB', CC") meet in a point, i.e. 
CC" passes through 0. But CC' passes through 0 ; and OC 
cannot cut the conic in three points. Hence C" coincides 
with C', i.e. C' is the mate of C in the involution {AA', BB'). 
So B' is the mate of B, and so on. 

Or thus, assuming the properties of poles and polars. 

If {AA', BB', CC', ...) be an involution on the conic, then 
{AA'BB'CC'...) and {A'AB'BC'C...) are homographic ranges 
on the conic ; hence the meets {A'B ; AB'), {A'B'; AB), &c. 
lie on a fixed line, viz. the axis of homography. Hence 
AA' and BB' pass through the pole of this line ; so for 
CC', &c. 

Again, if the chords AA', BB', CC', ... of the conic meet 
in 0, then the meets {A'B; AB'), {A'B'; AB), &c. lie on 
the polar of 0. Hence •AA'BB'CC'...) and {A'AB'BC'C...) 
are homographic ranges on the conic. Hence 

{AA', BB', CC, ...) 

are in involution. 

The point 0 where AA', BB', CC', ... meet is called the 
pole of the involution {AA', BB', CC', ...), and the line on 
which {AB; A'B'), &c. lie, i.e. the homographic axis of the 
two ranges (AA'BB'...) and {A'AB'B...), is called the axis 
of the involution. Note that the curis of the involution is the 
polar for the conic of the pole of the involution. For {AB; A B) 
and {AB'; A'B), being cross meets, lie on the homographic 
axis of the ranges (AA'BB'...) and (A'AB’B...). Hence 0 
is the pole of the axis of involution. The double points of the 
involution are the points X, Y where the axis of involution aits 
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the conic. For these are the common points of the homo¬ 
graphic ranges (AA'BB'...') and (A AB B...\ Hence, the 
double points of an involution on a conic are real if the pole of the 
involution is outside the conic. 

3. If two segments bounded by corresponding points ( such as 
A A', BB') of an involution on a conic overlap, every two of such 
segments overlap, and the double points arc imaginary, i.c. the 
pole of the involution is inside the conic. So in a non-overlapping 
involution on a conic, the double points are real and the pole is 
outside. 

For consider the pencil subtended at any point on the 
conic by the points in involution. 

If 0 is on the conic, the involution is nugatory. 

4. Reciprocally, a set of pairs of tangents to a conic arc said 
to be in involution when they cut any tangent to the conic in pairs 
of points in involution. 

Again, the meets of corresponding tangents lie on a line; and 
conversely, pairs of tangents from points on a line form an in¬ 
volution of tangents. 

The double lines of the involution of tangents are the tangents 
at the meets of the above line with the conic. 

Notice that if a set of pairs of tangents be in involution, the 
set of pairs of points of contact is in involution , and conversely. 

These propositions follow at once by Reciprocation. 

Ex. 1. A bundle of parallel lines cuts a conic in pairs cf points in invo¬ 
lution. 

Ex. 2. A system of coaxal circles aits a given circle in pairs of points in 
involution. 

Ex. 3. Two chords A A', BB* of a conic ait in U, and OT is the tangent 
at 0; show that 0(AA', BB', TU) is an involution. 

Ex. 4. Reciprocate Ex. 3 . 

Ex. 5. Three concurrent chords AA', BB', CCf qf a circle are drawn, show 
that 

sin \AB. sin }B'C. sin \C'A' = -sin \A'B'. sin $BC'. sin $ CA, 
where AB denotes the angle subtended by AB at the centre. 

Ex. 0. A, B, C are points on a conic. A', B !, C' are points taken on the 
conic such that ( AA', BC) = (BB', CA) = ( 1 CC', AB) = - 1 . Show that 

(AA', BB', CC'), (AA', BCf, B'C), (BB', AC', A'C), and (CC', AB', A'B) 
are involutions on the conic. 
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Let the tangents at A, B, C meet in P, Q, R. Then A A' passes 
through P, BB' through <?, and CC' through R. But PA, QB, RC meet 
in a point; hence AA', BB', CC' meet in a point; i.e. ( AA', BB', CC') 
form an involution. Hence (A'A, B'C') = (AA', BC ) = - 1 . Hence 

(A'A, B'C') = (AA', CB). Hence (AA', CB', BC') is an involution. 
And so on. 

Ex. 7. Through a given point 0 draw the chord XX' of a conic, such that 

(AA', XA') = (BB', XX') where A, A', B, B' are any four points on the 
conic. 

Join 0 to the meet of AB' and A'B 

Ex. 8. BE is a fixed diameter of a conic. PQ is a variable chord of the 
conic. The tangent at E meets BP in A and BQ in B. If A, B generate an 
involution, PQ passes through a fixed point. If EA . EB be constant, the fixed 
point lies on BE. If x/EA + 1 /EB be constant, the fixed point lies on EA. 

One position of PQ is in the first case BE, and in the second case, 
the tangent at E. 

Ex. 9. From a fixed point 0 perpendiculars are drawn to the pairs of lines 
of a pencil in involution, meeting them in AA', BB’, ... ; show that the lines 
AA', BB', ... are concurrent. 

Consider the circle on OV as diameter. 

Ex. 10. An involution of points on a conic subtends an involution pencil at 
every point on the axis of the involution. 

Ex. 11. AA', BB', CC',... are concurrent chords of a conic; show that 
(ABC...) = (A'B'C'...). Also reciprocate the proposition. 

Ex. 12. Through fixed points U, V are drawn the variable chords RP and 
RQ of <» conic ; show that P and Q generate homographic ranges on the conic, and 
that the common points lie on the line UV. 

Ex. 13. Through a fixed point 0 is drawn the variable chord PP' of a conic. 
A and B are fixed points on the conic. PB, P'A meet in Q, and PA, P'B meet in 
R. Show that Q and R move on the same fixed conic. 

For A (QR) = A (P'P) = B (PP') = B (QR). 

Ex. 14. Given two points P, Q on the line of an involution, determine a 
segment of the involution which shall divide PQ harmonically. 

Project the involution on to any conic through PQ, and join the pole 
of the involution to the pole of PQ. 

Ex. 16. Through a centre of similitude of two circles arc draicn four lines 
meeting one circle in ABCB, A'B'dlf, and the other circle in abed, a'b'c'd'. 
Show that (ABCB) = ( A'B'C'I /) = (abed) = (a'b'c'd'), 

For (ABCB) = (abed) by similarity. 

Ex. 16. A range on a circle and its inverse are homographic. 

Ex. 17. A range in involution, whether on a circle or a line, inverts into a 
range in involution, whether on a circle or a line. 

Ex. 18. A variable circle passes through a fixed point, and cuts a given circle 
at a given angle; shotc tluit it determines on the circle two homographic ranges. 

Invert for the fixed point. 

Ex. 19. A variable circle aits tico given circles orthogonally; show that it 
determines on each circle a range in involution . 

Invert for a meet of the given circles. 
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Ex 20. A variable circle cuts a given circle and a given line orthogonally ; 
show that it determines loth on the circle and on the line a range m invo- 
lution. 

Ex. 21. The pole of Vie involution (AA'BB'...) on a conic is the same us 
(he homographic pole of the pencils subtended by AA'Blf... and A Air IS... 
at any two points on the conic . 

For AA' is one of the cross joins. 

Ex. 22. Given treo pencils V(ABC) and V ( A'B'C'), draw through V and 
V' a circle meeting the pencils in the j)oints a be, a'b'c' , such that (aa', bb , ccf) is 
an involution on the circle . 

By Ex. 21 aa' passes through a given point, and it is easy to see that 
its direction is given. 

Ex. 23. Two homographic ranges on the same circle or on equal circles can, 
in two ways, be placed so as to be in involution on the same circle. 

Ex. 24. The pairs of tangents drawn to a parabola from points on a line are 
parallels to the rays of an involution pencil. 

Ex. 25. On a fixed tangent of a conic are taken (wo fixed points A, B, and 
also two variable points Q, R, such that ( AB , QR) = — I ; find the locus of the 
meet of the other tangents from Q and R. 

Ex. 20. A variable tangent to a conic cuts two fixed lines in A, A'. Show 
that the points of contact a, a' of the other tangents from A, A' generate homo¬ 
graphic ranges on the conic. 

Let AA' touch in a. Then the ranges a and a are in involution, and 
the ranges a and a'. Hence («...) = (a...) =*(«'...), 

Ex. 27. The fixed tangent OA of a conic meets a variable tangent in X, and 
the fixed tangent OB meets the parallel tangent in Y. Show that OX. OY is 
constant. 

Let the parallel tangent meet OA in X'. Then (X, X') generate an 
involution. Hence (X) = (X') = {Y), And 0 is the vanishing point 
of both ranges. 

Ex. 28. AA' is a fixed diameter of a conic ; on a fixed line through A' is 
taken a variable point P, and the tangents from P meet the tangent at A in Q, <f. 
Show that AQ + A(f is constant. 

Q, <f generate an involution, of which one doublo point (correspond¬ 
ing to P being at A') is at infinity. Hence the other double point 0 
bisects QQ'. Hence AQ + Atf^aAO. 

Ex. 29. 7/P lie on a chord through A instead of A' } then i /AQ+ I /A(f 
is constant. 

5. Given tico involution ranges on a conic or on a line , or 
two involution pencils at a point; find the pair of points or lines 
belonging to both involutions. 

The line joining the two poles 0 } 0 2 of the involutions on 
the conic evidently cuts the conic in the required pair of 
points. 

If the ranges are on a line, project the ranges on to a 
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conic by joining to a point on the conic, and project back on 
to the line the common points on the conic. 

In the case of two involution pencils at a point, consider 
the involutions determined on any conic through the com¬ 
mon vertex. 

If either of the pairs of double points (or lines) of the given 
involutions be imaginary, the common pair of points arc real; 
and they arc also real when both pairs of double points are real 
and do not overlap. 

For if the involution on the conic, of which 0, is the pole, 
has imaginary double points, 0, is inside the conic ; hence 
0, 0 2 cuts the conic whether 0 . is inside or outside the conic. 

Also, if the double points are real and do not overlap, the 
points sought, being harmonic with both pairs, are the double 
points of a non-overlapping involution on the conic, and are 
therefore real. 

The cases of involution on the same line or at the same 
point may be discussed as above. 

6. In a pencil in involution, one pair of rays is always ortho¬ 
gonal ; and if two pairs of rays arc orthogonal, then every pair is 
orthogonal. 

Let the rays of the involution pencil V(AA'BB'CC'...) 
cut a circle through V in the points AA', BB', CC', .••• 
Then A A', BB', CC', ..., being chords joining pairs of points 
in involution on the circle, meet in a point 0. Take K, the 
centre of the circle, and let OK cut the circle again in ZZ . 

Then VZ, VZ' is an orthogonal pair in the involution 
pencil. For, since ZZ' passes through K, ZVZ' is a right 
angle. And since Z7f passes through 0, ZZ' belong to the 
involution (AA', BB', ...), i.e. VZ, VZ' belong to the given 
involution pencil V(AA', BB', ...). 

Again, if two pairs of orthogonal rays exist, viz. VX, VX 
and FT, FT ', since XX' and TT' both pass through K, we 
see that 0 coincides with K. Hence AA', BB', ... all pass 
through K. Hence all the angles AVA', BVB',...are right 
angles. 
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7. Chords of a conic which subtend a right angle at a fired 
point on the conic meet in a point on the normal at the fired 
point. 

Let the chords QQ', 1UV , ... of a conic subtend right angles 
at the point P on the conic. Then P(QQ', Pit', ...) is an 
orthogonal involution pencil. Hence IQQ', PP', ...) is an 
involution on the conic. Hence QQ\ PP ... all pass through 
a point F. Now suppose PQ to coincide with the tangent at 
P ; then PQ' coincides with the normal, Q coincides with P, 
and hence QQ' coincides with the normal. Hence the 
normal is one such chord, and therefore F lies on the 
normal at P. 

The point F is called the Frcgicr point of the point P. 

Ex. 1. Show that the theorem also follows by reciprocating for the point P. 

Ex. 2. P and U are fixed points on a conic. Through U arc drawn two lines 
meeting the conic in L, M, and the polar of the Frcgier point of P in X, Y. Show 
that LM and XY subtend equal angles at P . 

Note—the polar of the Frcgier point of P is called the Fregitr lino 
of P. 


Ex. 3. In a parabola, PF is bisected by the axis . 
Take PQ parallel to the axis. 


Ex. 4. In a parabola, the locus qf F as P varies is an equal parabola. 

Ex. 6. In a central conic, the angle PCF is bisected by the axes. 

Take PQ parallel to the minor axis, then F is on CQ. 

Ex. 6. In a central conic , the locus of F is a homolhetic and concentric conic. 

For CQ : CF :: CP : CF :: PG : OF. 


Now PG = 667a, and Pg = at//b. Hence, since (PF, Gg ) is harmonic 
PF can be found. Hence, CQ : CF :: a J + 6 J : a 3 - 6 1 . 


J 


Ex. 7. If a triatigle QPtf, right-angled at P, be inscribed in a rectangular 
ny}>erbola , the tangent at P is the perpeiuiicular from P on QQ'. 

FrJfHfir ^ to ^e asymptotes, we see that the 

rregier point of P is at infinity. 

8 ; V toe diords PQ, PQ' qf a conic be drawn equally inclined to the 
rt p * 1 ihC fixed P ° mt P > then W trough a fixed point on the tangent 


8. To construct the double points of an involution range on a 
line or the double lines of an involution pencil. 

In the case of an involution range on a line, project the 
range on to any conic through a vertex on the conic; deter- 
mine the double points of the involution on the conic; then 
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the projections of these double points on the line are the 
double points of the involution on the line. 

In the case of an involution pencil, draw any conic through 
the vertex, and join the vertex to the double points of the 
involution which the pencil determines on the conic. These 
joins are the double lines. 


CHAPTER XXI. 


INVOLUTION OF A QUADRANGLE. 


1. The three pairs of points in which any transversal cuts the 
opposite sides of a quadrangle are in involution. 

Let the transversal meet the sides of the quadrangle 
A BCD in aa', bb', cd. Then 


A (.DWBb') = C{DWBb'). 

Hence (abc'b') = (cba'b'). 

Hence (abc'b') = ( ab'cb). 

Hence (aa', bbc'c) is an in¬ 
volution, i.e. (aa', bb', cd) is an 
involution. 

To determine the mate d of c in 
the involution determined by 
(aa', bby 

Take any point V. On Va 
take any point A. Let bA cut 
Va' in C. Let Cc cut VA in D. 



Let Db' cut VC in B. Then 


AB cuts aa' in the required point c'. 


Ex. 1. Show that each diagonal of a quadrilateral is divided harmonically. 

Consider CC' as the transversal of the quadrangle ABA’B'. Then 
CC are the double points. 

Ex 2. If through any point parallels be drawn to the three pairs of opposite 
sides of a quadrangle, a penal in involution is obtained. 


S'Fit tnte y J /,e Unes drawn perpendiatlar to the sides. 

Hence sheno that if four circles be cut orthogonally by Vie same circle, the six 
radical axes form an involution. 


Ex. 4. U, V, 
U (PQ, BC) = - 


W are the harmonic points <f the quadrangle ABCD 
l = V{PQ, CA), show that W(PQ,AB) = -i. 



204 


Involution of a Quadrangle . [ch. 


Ex. 5. If a meet of opposite sides of a quadrangle be joined to the middle 
pomt of the segment cut off from a given transversal by these opposite sides, the 
three lines so formed are concurrent. 

Ex. 6. A transversal ads the sides of a triangle in P, Q, R, and the lines 
joining the vertices to any point in P', </, R'; show that PP', Q(f, HR' are in 
involution. 

Ex. 7. The three meets of any line with the sides of a triangle and the three 
projections of the vertices on this line form an involution. 

Ex. 8. If from any point three lines be draicn to the reiiices of a triangle, 
and three other lines parallel to the sides; these six lines form an involution. 

Ex. 9. A transversal cuts the sides of a triangle ABC in P, Q, R, and PP', 
Q(f, RR’form an involution on the transversal; shoic that AP',B(f, CR' are 
concurrent. 

Ex. 10. Six points, A. B,C, A’, B 1 , C' are taken, and through any point 0 
are draicn Oa, 0a', Ob, Ob', Oc, Of pa rallel to A A', BC, BB', CA. CC', AB. If 
the angles aOa', bOb', cOf have the same bisectors, then A A', BB', CC' are con¬ 
current. 

Ex. 11. Hesse’s theorem. If two opposite pairs of vertices of a cpiadrilateral 
are conjugate for a conic, then the third pair are conjugate for the same conic. 

Let A A', BB'. CC' be the opposite pairs of vertices. Take P the pole 
of the side ABC. Let ABC cut PA' in X, PB' in Y, PC' in Z. Then 
{AX, BY, CZ) are in involution (from quadrangle PA'B'C'). Also the 
polar of A is A'P, if AA' are conjugate ; hence AX are conjugate points. 
.So BY are conjugate, if BB' are conjugate. Hence CZ are conjugate. 
Hence PZ, i.e. PC', is the polar of C ; i.e. CC' are conjugate. 


Involution of four-point conics. 

2. Desargues’s theorem .—Any transversal cuts a conic and 
the opposite sides of any quadrangle inscribed in the conic in four 
pairs of points in involution. 

Let ABCD be the inscribed quadrangle. Let the trans¬ 
versal cut the conic in pp, 



AC in b, BD in b', CD in c, 
and AB in c. Then 

( pp'bc) = C(jyp'AD) 

= B(j)p'AD) = (pp'c'b')- 

Hence ( jrp'bc) = ( p'pb <0* 
Hence (pp', bb', cc') is an 
involution. Hence cc be- 
Similarly, aa' belong to 
cc', aa') is an involution. 


long to the involution (pp', bb'). 
this involution. Hence (j>P, bb > 


3. The system of conics which can be drawn through four given 
points are cut by any transversal in pairs of points in involution. 
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For pp' belong to the involution ( ad , bb', cc') deter¬ 
mined by the opposite sides of the given quadrangle. And 
similarly for any other conic of the system. 

• Note that we have above given an independent proof that 
( 1 oaf, bb', cc) is an involution. For through ABCD and any 
point p on the transversal we can draw a conic. 

Note also that we should expect aa', bb', cc to belong to 
the involution {pp', qtf, ...) determined by the conics through 
the four points. For each pair of opposite sides of the 
quadrangle is a conic through the four points. 

Ex. 1. Any transversal aits a conic in PQ and the successive sides of a four - 
sided inscribed figure in i, 2 , 3 , 4 ; show that 

Pi .P 3 _ P*.P*, . 

Qi.Q 3~ Qa.Qi' 

and extend the theorem to any inscribed polygon of an even number of sides. 

Ex. 2. Oti aery line , there is a pair of points which are conjugate for every 
one of a system of co)iics through four given points. 

Viz. the double points of the involution. 

Ex. 3. Through the centres of a system of four-point conics can be drawn pairs 
of parallel conjugate diameters. 

Take the line in Ex. a at infinity. 

Ex. 4. Two conics can be drawn to pass through four given points and to 
touch a given line. 

Draw a conic a through the four given points A, B, C, D, and through 
e, one of the double points of the involution of the quadrangle ABCD 
on the given line L Let l cut a again in e 1 . Then e, f aro a pair in 
the involution of which e is a double point. Hence e'coincides with e. 
Hence l touches a. 

Ex. 5. A fixed conic passes through one pair A A' of an involution range, 
and UU r are fixed points on the conic. PP' is another pair of the involution. 
The conic meets UP again in p, and U'P' again in j/. Show that p)/ passes 
through the mate of the meet of UU' and AA'. 

Ex. 6 . The segment between the points of contact qf a common tangent of tioo 
conics is divided harmonically by any opposite pair of common chords. Also the 

polars of a common apex of two conics form a harmonic pencil with a pair of 
common chords. 

. ^ or e ? c h point of contact, being a coincident pair of points in the 
involution, is a double point. 

Ex. 7. A conic passes through three out (f four vertices of a quadrangle, and 
a line meets the six sides and the conic in an involution. Show that the conic also 
passes through the fourth. 

Ex. 8. On the side BC qf the triangle ABC inscribed in a circle ( centre 0) is 
taken a point P. The line through P perpendicular to OP meets AB in Q, and 
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on QP produced is taken a point R, such that RP = PQ. Show that CR, AP 
meet on the circle. 

P is one of the double points on RQ. 

Ex. 9. A is the middle point of a chord of a conic ; B, C are points on the 
chord equidistant from A ; BDE and CFG are chords of the conic; show that EF 
and Gl) cut BC in points equidistant from A. 

Ex. 10. A transversal parallel to a side of a quadrangle inscribed in a conic 
cuts the opposite side in 0 , and the conic and a pair of opposite sides in A A', BB'; 
show that OA . OA'= OB . OB'. 

Ex. 11. Three sides of a four-sided figure inscribed in a conic pass through three 
fixed points on a line; show that the fourth side passes through a fourth fixed 
point on the same line. 

Ex. 12. Extend the theorem to any 2 n-sided figure. 

Ex. 13. By taking the two vertices coincident which lie on the 2 nth side , 
deduce a simple solution of the jiroblem —‘ Inscribe in a given conic a polygon of 
2 n — i sides, each side to pass through one qf a set of 2 n — i fixed collinear 
points.’ 

Draw tangents from the 2 n th fixed point. 

Ex. 14. Show that the problem —‘ To inscribe in a given conic a polygon qf 2 n 
sides, each side to pass through one of a set of 2 n fixed collinear points ’—is either 
indeterminate or impossible. 

Ex. 15. To deduce Carnot’s theorem from Dcsargues’s theorem. 

Let BC cut B l C l in L x and B 2 C 2 in L 2 . Then 

ACi . BLi. CB X = ABi . CL X . BC X from B x C, I,, 
and AC.. BL 2 . CB 2 = AB 2 . CL 2 . BC 2 from B 2 C.jL 2 . 

Also CL 1 . CL Z . BA 1 . BA. = BL x . BL 2 . CA x . CA 2 , 
since Z, L 2 , A X A 2 , CB are in involution. Now multiply up. 

Ex. 18. A conic 0 is desadbed through the points A, B, C, 0, where 0 is the 
pole of the triangle ABC for the conic a. Show that a and 0 are so situated that 
triangles can be inscribed in 0 which are self-conjugate for a. 

For let the polar of A for a cut 0 in PP', AC in b, AB in c, OB in B f', 
OC in C'; then ( PPbB', cC') is an involution. Also bB' are conjugate 
for a, and so are cC'; hence so are PP'. Hence APP' is such a 
triangle. 

Ex. 17. Iftxco conics a ami 0 are so situated that triangles can be inscribed 
in 0 which are self-conjugate for a, then the pole for a of any triangle inscribed in 
0 lies on 0 . 

Ex. 18. Reciprocate Ex. 16 and Ex. 17 . 

4. If A and I) become coincident, AD becomes the tan¬ 
gent at A, b and c coincide, and b' and coincide. Hence, 
if ABC be a triangle inscribed in a conic, and if any transversal 
cut BC, CA, AB in a, b, V, the tangent at A in a, and the conic 
in pj)', then pp'is a pair of points in the involution determined by 

( 1 <ia', bb'). 
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Ex. 1. A, B are the ends of a diameter of a conic, and C, I) arc fixed points 
ok the conic ; find a point P on the conic, such that PC, PD intercept on Alt a 
segment bisected by the centre of the conics. 

The tangent at P and CD must meet AB in points equidistant from 
the centre. 

Ex. 2. Through the fixed point B on a hyperbola arc drawn the Urns BP, BQ 
parallel to the asymptotes. Through the fixed point 0 on the hyperbola is drawn 
the variable chord OQPR cutting the curve again in R. Show that the ratio 
PR : QR is constant. 

This is a particular case of the theorem—‘ ABCO are fixed points on 
a conic. A line through 0 meets BC in P, BA in Q, the conic in R, and 
CA in U. Show that ( QPRU ) is constant.’ 

Now (QPRU) = (PQOT) = B(CAOT ), T being on the tangent at B. 

5. If A and B coincide, and also C and I), then aa'bb' 
all lie on AC, at the point E, say ; i.e. E is a double point of 
the involution. Hence, if any transversal cut a conic in pp\ 
the tangents at A and C in cc', and AC in E, then E is a double 
point of the involution determined by ccf, pp\ 

Ex. 1. Prove the following construction for the double points of the involution 
determined by AA', BB"—Through BB' describe any conic. Let the tangents from 
A touch at L, M and the tangents from A' at N, R; then LX, RM cut in one 
double point, and LR, MX cut in the other. 

Consider first the quadrangle LLXX ; then we sec that LX passes 
through a double point. 

Ex. 2. The tangents of a conic at P and Q meet in T. A transversal meets 
Oie conic inAA', the tangents in BB', and PQ in C; show that 

CA . OB'. BA' = CA'. BC. B'A. 

Ex. 3. The tangents at the poitits PQR on a conic meet in P'Q'Rand the 
corresponding opposite sides of the triangles PQR, P'Q'R' meet in P"(/'R"; 
show that (PP",QfR') 1 (QQt',R'P') t (RR",P'(f) 

are harmonic ranges. 

Ex. 4. The tangents of a conic at P and Q meet in T. A transversal parallel 
to PQ cuts the conic in A A' and the tangents in BB'; show that AB = A'S'. 

For one double point is at infinity. 

Ex. 5. Any transversal cuts a hyperbola and its asymptotes in A A' BB' • 
show that AB = A'S'. * ' 

l hc ^ngents of a conic at P and Q meet in T. A line parallel to QT 
cuts PT in L, PQ in N, and the conic in M and R. Show that LX 2 = LM. LR. 

Ex. 7. Tico parabolas with parallel axes touch at P. A transversal is draim 
cutting the tangent at P in 0, the diameter through P in E, and the curves in Off, 

6 ; If A > Ban & c coincide, then a', c' and b coincide, and 
a, b and c coincide. Hence, if a system of conics be drawn 
having three-point contact at A, and passing through D, then any 
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transversal cuts the conics in pairs of points in involution, one 
pair being the points on AD and on the tangent at A. 

Ex. The common tangent of a conic and its circle of curvature at P is divided 
harmonically by the tangent at P atul the common chord. 


7. HA, B, C and D coincide, then a, a', b, b', c, f all 
coincide in the point E, where the tangent at A cuts the 
transversal. Hence, a system of conies having four-point 
contact at a point is cut by any transversal in pairs of points in 
involution, of which one double point is on the tangent at the 
point. 

Ex. 1. The tangent at the point R to the circle of curvature at the vertex of a 
conic cuts the conic in P, Q. and the tangent at the vertex in T. Show that 

(TR, PQ) — —i. 

For R is the other double point. 

Ex. 2. If tico conics have four-point contact at a point, the polars of any point 
on the tangent at this point coincide. 

Ex. 3. If two conics touch, and if the polars of every point on the tangent at 
(he point of contact coincide, the two conics have four-point contact at this point. 

For the opposite common chord coincides with the tangent. 

Ex. 4. Two equal parabolas which have the same axis have four-point contact 
at infnity. 


8. If a transversal cut two pairs of ojipositc sides of the 
quadrangle ABCD in aa', bb', and any two corresponding points 
p, p be taken in the involution (i aa', bb'); then the six points 

A, B, C, D, p, p lie on a conic. 

For draw a conic through ABCDp then the conic passes 

also through p' by ‘reductio ad absurdum.’ 


Ex 1 ABCD, abed are tuo quadrangles inscribed in a conic; ab, cd meet 
AD, BC in E, F, G, H; ad, be meet AB, CD in E', F', G', U'; show that 
E F, G, H, E', F', G', II' are eight points on a conic. 

Let F'daE' meet AD. BC in K, L. Then (ad, E'F', KL) are in invo¬ 
lution. Hence EFGHE'F' lie on a conic. And so on. 

Ex 2 A line cuts two conics in AB, A'If, and E, F are the double points of 
the involution AA', BB' (or A If, A'B); show that a conic through the meets oj 
the given conics can be drawn through E, F. 

Ex. 3. AB, BC, CD, DA touch a conic. Through U (the meet of AC, BD is 
drawn any chord PQ of the conic; show that the six points A, B, C, D, r, V 

on a conic . . . 

Ex 4 Four points A, B, C, D are taken on a circle ; AB cuts another ct« 
ftt aTcD cnts ,hd aide in CIS; BD cuts A'IS, B'dn E. F; and AC 
cuts A'iy , B , C / in U , 0 ; show that EFGH lie on a coaxal circle . 
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9. Every rectangular hyperbola which circumscribes a triangle 
passes through its orthocentre; and, conversely, every conic which 
circumscribes a triangle and passes through its orthocentre is a 
rectangular hyperbola. 

Let D be the orthocentre of the triangle ABC. Let 0 be 
the centre of a r. li. through ABC. Let the line at infinity 
cut the r. h. in pp', and the sides of the quadrangle ABCD 
in aa', bb', cc'. Join these points to 0. Then Op and Op', 
being the asymptotes of the r. h., are orthogonal. Also Oa 
and Oa', being parallel to AD and BC, are orthogonal; so 
Ob and Ob' are orthogonal, and Oc and Oc' are orthogonal. 
Hence 0(pp', aa', bb', cc') is an involution. Hence 

(pp', aa', bb', cc') is an involution. 

Hence the conic ABCpp' passes through D. Hence any 
r. h. through ABC passes through the orthocentre of ABC. 

Conversely, let 0 be the centre of a conic through ABCD. 
Let the line at infinity cut this conic in pp', and the sides of 
the quadrangle ABCD in aa', bb', cc'. Then (pp', aa', bb', cc') 
is an involution. But a.Oa', bOb', cOc' are right angles. 
Hence pOp' is a right angle. But Op, Op' are the asymptotes 
of the conic. Hence the conic is a r. h. 

Ex. 1. Eveiy conic through the meets qf tiro r. h.s is a r. h. 

For lot the meets be ABCD. Then if D is not the orthocontre of ABC, 
let iy bo. Then the two r. h.s pass through ABCDD', which is impos¬ 
sible. Henco D is the orthocentre. 

Ex. 2. Every r. h. which passes through the middle points of the sides of a 
triangle passes through the circum-centre. 


P 
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POLE-LOCUS AND CENTRE-LOCUS. 

1. The polars of a given point for a system of four-point conics 
are concurrent. 

Let X be the given point. Let the polars of X for two 
conics a, /d of the system meet in X'. Consider the involu¬ 
tion (pp', qqj, r /,...) determined by the conics a, (3, y, ••• of 
the system on the line XX'. Since 

(XX', pp') and (XX', qf) 

are harmonic, XX' are the double points of the involution. 
Hence (XX', r/), &c., are harmonic. Hence XX' are con¬ 
jugate points for eveiy conic of the system. Hence the 
polars of X for the system are concurrent in X'. 

Clearly the polars of X' for the system pass through X 
Hence X, X' are called conjugate points for the system of four- 
point conics. 

Ex. 1. Of a system of four-point conics, the diameters bisecting chords in a 
fixed direction are concurrent. 

Ex. 2. The polars of a given point for the three pairs of opposite sides of a 
quadrangle are concurrent. 

For each pair is a conic of the system. 

Ex. 3. The polars of a given point for a system of conics touching tico given 
lines at given points meet in a point on the chord of contact. 

For the chord of contact, considered as two coincident lines, is one o 
the four-point conics. . 

2 . Given a system of four-point conics and a line l, the locus 
of the poles of l for conics of the system, is a conic, which coin¬ 
cides with the locus of points which are conjugate to points on l 

for conics of the system. 
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Let the poles of l for conics a, /3, y, ... of the system be 
L, M, N, ... ; and let X', Y', ... be the conjugate points of 
the points X, Y, ... on l for the system. Then the polars 
of X, Y, ... for a are LX', LY', .... Hence 

(ir...) = i(xr...). 

So{XY...)=M(X'Y'...). Hence L{X’Y'...) = M(X’Y' 
Hence LMX'Y'... lie on a conic. Hence all the points 
X'Y'... lie on a conic which passes through L and M. Simi¬ 
larly the locus passes through N.... Hence all the points 
LMN... and all the points X'Y'... lie on a single conic, 
called the pole-locus of the line l for the system of four-point 
conics. 

The pole-locus is also called the eleven-point conic because 
it passes through eleven points which can be constructed 
at once from the given line and the given quadrangle. 

Three of these points are the harmonic points of the 
quadrangle. For TJ is conjugate to the point in which VW 
cuts l ; and so on. 

Six more of these points are the fourth harmonics of 
a for AD, l) for AC, c for DC, a' for BC, V for BD, c’ for 
BA, taking the transversal of the figure of XXI. i as l For 
the polar of a for every conic of the system passes through 
the fourth harmonic of a for AD, since A and D are on the 
conic. 

The last two points are the double points of the involution 
determined by the conics on l. For these are clearly con¬ 
jugate for each conic of the system. 

Ex. L If l vary , aU the eleven-point conics pass through three fixed points. 

Ex. 2. If Vie quadrangle be a square, the pole-locus is a rectangular hy]>er- 


.. ?• U} pa f throu 9 h one of the harmonic points qf the given quadrangle , 

(he pole-locus breaks up into a pair of lines. J 

\ h K r0U f gh £ J hen ^ contains four of tho eleven points, 
viz. UV and the fourth harmonics of W for AC and BD. Hence the 
locus cannot bo a curved couic; hence it is two lines It is easv tr. 

point3 ’ and that other six (W counting 

twice) lie on the fourth harmonic of I for WA y WD. ® 

Ex. 4. If l pass through A, then the pole-locus touches l at A. 

For the conjugate points on l coincide at A. 


P 2 






212 Pole-locus and Centre-locus . [ ch . 

Ex. 5. l/l pass through A and C, the pole-locus is l and another line. 

Ex. 6. The polars of any tico points for conics of a four-point system form 
tico homographic pencils. 

For Jf (LMN ...) = Y' (LUX...). 

Ex. 7. The pencil of tangents at one of the four common points of a system 
of four-point conics is homographic with that at any other of the four points. 


3. Taking l at infinity we deduce the following theorem— 
The locus of the centres of a system of conks circumscribing a 
given quadrangle is a conic which passes through the harmonic 
points of the quadrangle, through the middle points of the six 
sides of the quadrangle, and through the common conjugate 
points for the system on the line at infinity. 

The following is a direct proof of this proposition. 

Let ABCD be the given quadrangle, and 0 the centre of 
one of the circumscribing conics. Join- 0 to the middle 
points m, n, r, s of the sides AB, BC\ CD, DA ; and draw 
Om', On, 0/, Os' parallel to AB, BC, CD, DA. 

Then since Om bisects a chord parallel to Oml, Om and 
Oml are conjugate diameters. So On, On', and Or, Of, and 
Os, Os' are conjugate diameters. Hence 0 (mm', nn', r/, ss') 
is an involution. Hence 0 (mnrs) = 0(m'n'/s'). But the 
rays of 0(m'nVs') are in fixed directions. Hence 0 (mnrs) 
is constant. Hence the locus of 0 is a conic through the 
four points m, n, r, s. 

Now define this locus by five of the centres, then the 
locus passes through the middle point of the side AB . 
Similarly the locus passes through the middle point of 
every side. 

The locus also passes through the harmonic points of the 
quadrangles; for these are the centres of the three pairs of 
lines which can be drawn through the four points. 

The locus also passes through the common conjugate 
points on the line at infinity; for these, being the double 
points of the involution in which the line at infinity cuts 
the conics, are the points of contact of the conics which can 
bo drawn through the four points to touch the line at in- 



Pole-locus and Centre-locus. 


213 


XXII.] 


finity, i. e. are the centres of the two parabolas which can 

be drawn through the four points. 

Notice that the centre-locus by the former proof also 
passes through the conjugate point for the system of every 
point at infinity. 

If the quadrangle is re-entrant, it is easy to see that the 
sides of the quadrangle cut the line at infinity in an over¬ 
lapping involution. Hence the common conjugate points 
at infinity are imaginary, and the centre-locus is an ellipse. 
So if the quadrangle is not re-entrant, the centre-locus is a 
hyperbola. 


Ex. 1. Given four points on a conic, and a given point on the centre-locus as 
centre, construct the asymptotes. 

Ex. 2. Five points ABODE are taken . Show that the .five conics which 
bisect the sides of the five quadrangles BCDE , ACDE, ABDE , ABCE and A BCD 
meet in a point. 

Ex. 3. If a pair of opposite sides qf the quadrangle be parallel, the centre- 
locus is a pair of lines. 

Ex. 4. If a pair of sides, not opposite, be parallel, the centre-locus is a 
parabola. 

Ex. 6. If two pairs of sides, not ojiposite, be parallel, the centre-locus is a 
line (avid the line at infinity). 

Ex. 0. A variable line cuts off from two given conics lengths which are 
bisected at the same point P. Show that the locus of P is the centre-locus belonging 
to the meets of the conics. 

Ex. 7. Thepolars of any point on the centre-locus for conics of the system are 
parallel. 

Ex. 8. The asymptotes of any conic of the system are parallel to a pair of 
conjugate diameters of the centre-locus. 

Lot 0 be the centre of that conic of the system which meets the line 
at infinity in pp'. Now the centre-locus meets the lino at infinity in 
the double points e, /of the involution ( pp ',...). Hence (pp', ef )— 1 . 
Hence Z (pp’, ef) = — 1 where Z is the centre of the centro-loeus. 
But Ze, Zf are the asymptotes of the centre-locus. Hence Zp, Zp' aro 
conjugate diameters of the centre-locus. And Zp, Zff aro parallel to 
Op, Off, which are the asymptotes of the conic whose centre is 0. 

Ex. 9. If one qf the four-point conics be a circle, the centre-locus is a rect- 
angvlar hyperbola. 

For the common conjugate points at infinity, being conjugate for 
a circle, subtend a right angle at any finite point, i.e. the asymptotes 
of the centre-locus are perpendicular. 

Ex. 10. The axes qf every conic circumscribed to a cyclic qxiadrangle are in 
the same directions. 
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Ex. 11. The locus of the centres of rectangular hyperbolas circumscribing a 
given triangle is the nine-point circle. 

Ex. 12. If two of the four-point conics be rectangular hyperbolas, the centre- 
locus is a circle. 

Ex. 13. The nine-point circles of the four triangles formed by four points 
meet in a point. 

Ex. 14. Given three 2 )oints A, B, C on a circle, and the ends P, Q of a dia¬ 
meter ; show that the centres of the rectangular hyperbolas BCPQ, CAPQ, ABPQ 
lie on the nine-point circle of ABC. 

The centre of the r. li. BCPQ is the middle point of BC, for the tan¬ 
gents at B and C are perpendicular to PQ. 

Ex. 15. The locus of the centres of all conics through the vertices of a triangle 
and its centroid is the maximum inscribed ellipse. 

4. To find tlic centre of the centre-locus. 

Since ms and nr are parallel to BD, and since mn and $r 
are parallel to AC, hence mnrs is a parallelogram. Also 
the centre of any conic circumscribing a parallelogram is 
the meet of the diagonals. Hence the required centre is 
the meet Z of mr and sn. Similarly Z is on the join of the 
middle points of AC and BD. 

Note that Z is the centre of mass of equal masses at 
A, B, C, JD. 

Ex. 1. Several conics have three-point contact at A and pass through B. 
Show that the centres of the conics lie on a conic whose centre 0 is such that 
3 . AO = OB. 

Ex. 2. The six fourth harmonics of the ends of the six sides of a quadrangle 
for the meets with any transversal lie on a conic ; and the lines joining opposite 
pairs of these points meet in a point. 

Project the transversal to infinity. 



CHAPTER XXIII. 


INVOLUTION OF A QUADRILATERAL. 


1 . The three pairs of lines which join any point to the opposite 
vertices of a quadrilateral are in involution. 


Let 0 be the point, and 
A A', BB', CC' the opposite 
vertices of the quadrilateral. 
Let OA cut A'B' in G and 
A'B in H. Then 0 ( AA'BC) 
= (HA'BC) = A (HA'BC) 

= ( GA'C'B') = 0{AA'C'B'). 
Hence 

0 {AA'BC) = 0 ( A'AB'C'). 
Hence 0 (A A', BB', CC) is an 
involution. 



Ex. L Prove the theorem by consideritig the section of the quadrangle OABC 
by A'B'. 

Ex. 2. Deduce a construction for Vie mate OCf of OC in the involution 
determined by 0 (A A', BB'). 

Ex. 3. Deduce the property of the harmonic points of a quadrangle. 

Ex. 4. If any point be joined to the vertices of a triangle and to the meets of 
any line xoiVi the sides of the triangle, the pencil so formed is in involution. 

Ex. 6. If any point 0 be joined to the vertices ABC of a triangle, and if OA' 
OB', OCf be draxen parallel to BC, CA, AB, Vien 0 (A A', BB', C(f ) is an invo¬ 
lution. 

Ex. 6. If any point 0 be joined to the vertices ABC of a triangle, and A'B'Cf 
be points on the sides of the triangle, such that 0 (AA', BB', CCf) is an involu¬ 
tion; then A'B'Cf are coll inear. 

Ex. 7. The perpendicxdars through 0 to OA, OB, OC meet BC, CA, AB in 
collinear points. 

Ex. 8. The six radical axes qf four circles through the same point form an 
involution. 
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Ex. 9. The orthogonal projections of the vertices of a quadrilateral on any line 
are in involution. 

Ex. 10. If A A', BB', CCf be the vertices themselves , 

then AB. AB' -4 AC. AC' = A'B. A'S' 4 A'C. A'C'. 

For the ratios AB' 4- AC, &c., are not altered by orthogonal projec¬ 
tion. 

Ex. 11. Also if P, Q, R bisect AA', BB', CCf, 

then AB.AB'^-AC.AC' = PQ+PR. 

For PQR are collinear. 

Ex. 12. An infinite number of pairs of lines can be found which divide the 
diagonals of a quadrilateral harmonically. 

The pair of lines through any point 0 are the double lines of the 
involution 0 {AA', BB', CCf). 

Involution of four-tangent Conics. 

2. The pair of tangents from any point to a conic and the 
pairs of lines joining this point to the opposite veiiices of any 
quadrilateral circumscribing the conic are four pairs of lines in 
involution. 


c 



Let AA', BB', CC’ be the vertices of the quadrilateral. Let 
OP, OP' be the tangents from the point 0. Let the meets 
(OP; AB), ( OPAB), (OP; A'B'), (OP'; A'B') be called 

L, M, N, B. 

Then O(PP'AB) = (LMAB) = (NBB'A') = 0(PP'B'A'). 
Hence 0 (PP'AB) = 0 (P'PA'B'). Hence 0 ( PP\ A A', BB') is 
ah involution. Hence OB, OB' belong to the involution deter¬ 
mined by 0(PP', AA'). Similarly OC, OC' belong to this 
involution. Hence 0(PP / , A A', BB', CC') is an involution. 
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3. The system of conks which can he drawn to touch four 
given lines is such that the pairs of tangents from any point to 
conics of the system form an involution. 

For the tangents OP, OP' to any conic of the system 
belong to the involution 0 (A A, BB', CC'), determined by 
the opposite vertices of the given quadrilateral of tangents. 

Note that we have above given an independent proof that 
0 {AA\ BB', CC') is an involution. For touching the four 
given lines and any other line OP we can draw a conic. 

Note also that we should expect OA, OA'; OB, OB' ; 00, OC 
to belong to the involution 0 (PP\ QQ', •••) of tangents. For 
each pair of opposite vertices may be considered to be a conic 
which touches the four lines; and OA, OA' are the tangents 
from 0 to the conic (A, A'). 

4. If two sides BA and AB' coincide, we get the 
theorem— If a triangle BA'B' he circumscribed to a conic, and 
if A he the point of contact of BB'; then the tangents from 0 
are a pair in the involution 0{AA', BB'). 

If the sides CB and C'B coincide and also the sides CB' 
and C'B', we get the theorem— If a conic touch the lines CB, 
CB' at B and B', then the tangents from 0 arc a pair in the 
involution 0(00, BB') of which OC is a double line. 

If the sides BA, AB' and B’A' coincide, we get the 
theorem— If a system of conics have three-point contact with the 
tine BIT at B' and touch a line through B, then the tangents 
from Ofonn an involution of which OB, OB' are a pair. 

For three-point contact and three-tangent contact are 
equivalent. 

If all four sides coincide, we get the theorem— The tangents 
from Oto a system of conics having four-point contact at a point 
B' form an involution of which OB' is a double line. 

Ex. 1. The pencil formed by the pairs of tangents from any point to two 
circles and the joins of the point to the centres qf sitnilitude is m involution. 

Ex. 2. If the line joining the centres of similitude SS' of two circles cut the 
circles in AA', BB'; then A A', BB', SS' arc in involution. 

Ex. 3. If VP, VQ be the tangents from any point V to a conic, and if i, a, 
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3 , 4 be the successive vertices of a four-point figure circumscribed to the conic, 
show that sin PV 1 . sin PV 3 sin PVz. sin PF 4 

sin QV i . sin QV 3 ~ sin QV 2 . sin QV 4 

Ex. 4. Extend the theorem to any 2 n-point circumscribed polygon. 

Ex. 5. Through every point can be draicn a pair of lines which are conjugate 
for every conic of a four-tangent system. 

Viz. the double lines of the involution of tangents. 

Ex. 6. Through every jxrint can be drawn a pair of lines to divide the 
diagonals of a given quadrilateral harmonically; and these meet any inscribed 
conic in harmonic points. 

For they are the common conjugate lines through the point. 

Ex. 7. Through every point can be drawn two conics of a four-tangent 
system; and the tangents to these conics at the point are the common conjugate 
lines at the point. 

Draw a conic a of the system to touch OE, one of the double lines 
of the involution of tangents at 0. Then, since OE is a double line, OE 
is the other tangent from 0 to a. Hence a passes through 0. 

Ex. 8. The tangents at one of the intersections of two conics inscribed in the 
same quadrilateral are harmonic with the lines joining the point to any two 
opjrosite vertices of the quadrilateral. 

Ex. 9. ABC is a triangle and 0 a given point. Through 0, and parallel to 
the sides BC, CA, AB, are draum the lines OX, OY, OZ; show that the double 
lines of the involution 0 (XA, YB, ZC) are the tangents at 0 to the Uco parabolas 
which can be inscribed in ABC so as to pass through 0. 


Ex. 10. P, Q, JR are the points of contact of the lines BC, CA, AB with\ a 
conic, and OT, 01 v are the tangents from any point 0 ; shore that 0 ( BC, PA, TP) 
and 0{BQ, A A, TP) are involutions. 

Ex. 11. If OP, OQ be a pair in the involution obtained by joining 0 to the 
three pairs oj opposite vertices of a quadrilateral, the lines OP, OQ and the sides of 
the quadrilateral touch a conic. 

Ex. 12. Three vertices of a four-point figure circumscribed to a conic he on 
three fixed lines through a point; show that the fourth vertex lies on a fourth fixed 
line through the same point. 


Ex. 13. Extend the theorem to any 2 n-point figure. 

Ex. 14. By taking the two sides coincident which pass through the 2 tilh vertex, 
deduce a simple solution of the problem —‘ Circumscribe to a given conic a polygon 
of 2 n-i vertices, each vertex to lie on one of a set of 2 n-i fixed concurrent lines. 

Ex. 15. Show that the jrroblem — ‘ To circumscribe to a given conic a polygon 
of 2 n vertices, each vertex to lie on one of a set <f 2 n fixed corwurrent lines is 
either indeterminate or impossible. 


5. The three circles on the diagonals of any quadrilateral as 
diameters are coaxal. 

The three middle points of the diagonals of a quadrilateral lie 
on a line (called the diameter of the quadrilateral). 
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The directors of a system of conics touching the sides of a 
quadrilateral are coaxal, and three circles of the coaxal system are 
the three circles on the diagonals as diameters. 

The centres of a system of coyiics touching the sides of a quad¬ 
rilateral lie on a line which also contains the middle points of the 
diagonals of the quadrilateral. 

Let AA', BB', CC' be the opposite vertices of the quadri¬ 
lateral. Let the circles on AA' and BB' as diameters meet 
in 0 and O'. Then in the involution pencil 0 (AA', BB', CC'), 
since AO A' and BOB' are right angles, COC is a right angle. 
Hence the circle on CC' as diameter passes through 0 ; and 
similarly through O'. Hence the circles on AA', BB', CC' 
as diameters are coaxal. Hence their centres, viz. the middle 
points of AA', BB', CC', are coll inear. 

Again, the tangents OP, OB' from 0 to any conic touching 
the sides of the quadrilateral belong to the involution 
0(AA', BB', CC'). Hence POP' is a right angle. Hence 
the director of this conic passes through 0 ; and similarly 
through O'. Hence this director, and similarly all the 
directors, belong to the above coaxal system. But the centre 
of a conic is the same as the centre of its director. Hence 

the centres of the conics lie on a line. viz. the line of centres 

# 

of the coaxal system of circles. 

The locus of centres is the diameter of the quadrilateral; 
for three circles of the system are the circles on AA', BB', CC' 
as diameters. 

The radical axis of the coaxal system of directors is the 
directrix of the parabola of the system of conics. 

For the directrix is the limit of a director, and the radical 
axis is the limit of a coaxal, when each becomes a line. 

The limiting points of the coaxal system of directors arc the 
centres of the rectangular hyperbolas of the system of conics. 

For when the coaxal becomes a point, the director becomes 
a point, and the conic becomes a rectangular hyperbola, the 
director being the centre of the r. h. 

Note that the director of a conic which consists of two 
points is the circle on the segment joining the points as 
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diameter, and the centre of the conic is the point half-way 
between the points. 

Ex. 1. The directors of all conics touching tico given lines OP, OQ at P, Q are 
coaxed, the axis being the radical axis of the point 0 and the circle on PQ as 
diameter. 

Ex. 2. The polar circle of a triangle circumscribing a conic is orthogonal to 
the director circle. 


Let ABC be tlje triangle. Take any fourth tangent A'B'C'. Then 
the circle on AA' as diameter passes through the foot D of the perpen¬ 
dicular from A on BC. Now A and D are inverse for the polar circle. 
Hence the polar circle is orthogonal to the circle on AA', and similarly 
to the circles on BB / , CC'; and hence to the director, for this belongs 
to the same coaxal system. 

Ex. 3. The locus of the centre of a rectangular Jnj]>erbola which touches a given 
triangle is the polar circle of the triangle. 

For the polar circle cuts orthogonally the director circle which is the 
centre in a r. h. 


Ex. 4. If the nine-point circle of a triangle circumscribing a r. h. pass 
through the centic of the r. h. ; show that the centre also lies on the circum-circle, 
and that the cadre of the circum-circle lies on the r. h. 

The centre 0 lies on the nine-point circle and on the polar circle and 
therefore on the circum-circle, as the three circles are coaxal. Let the 
asymptotes meet the circum-circle in P, Q. Then ABC, OPQ are inscribed 
in the same conic, hence PQ touches the r. h. Hence the point of 
contact is the centre of the circle. 

Ex. 5. The diameters of the five quadrilaterals which can be formed by five 
given lines are concurrent. Prove this, and deduce a construction for the centre of 
a conic, given fire tungents. 

Ex. 0. The axis of the parabola inscribed in a quadrilateral is parallel to the 
diameter of the quadrilateral. 

Ex. 7. The diameter of a quadrilateral circumscribing a conic touches the 
centre-locus of the quadrangle formed by the points of contact. 

Otherwise the conic would have two centres. 

Ex. 8. Steiner’s theorem. The orthocentre qf a triangle circumscribing a 
parabola is on the directrix. 

For the involution subtended at the orthocentro by the quadrilateral 
formed by the sides of the triangle and the line at infinity is or¬ 
thogonal. 

Ex. 9. The directrices of all parabolas touching a given triangle are con¬ 


current. 

Ex. 10. Gaskin’s theorem. The circle circumscribing a triangle winch ts 
self-conjugate for a conic is orthogotial to the director circle of the contc. 

Take any tangent to the conic. Then from this tangent>and the 
given self-conjugate triangle UVW, we can construct three other 

tangents such that UVW is the harmonic triangle of the 
so formed. Let AA', BB', CCf be the opposite vertices of this quadn 

111 Then the circle about UVW is clearly orthogonal to the circles.on 
AA' BB', CCf as diameters, for it cuts these diameters in inverse points. 
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Hence the circle about VVW being orthogonal to threg circlesi of“ a 
coaxal system is orthogonal to the director which belongs to the coaxal 

system. 

Ex. 11. The centre of a circle circumscribing a triangle self-conjugate for a 
parabola is on the directrix. 

Ex. 12. The circle circumscribing a triangle self-conjugate for a rectangular 
hyperbola passes through the. centre. 

Ex 13. Given five points on a conic, five self-conjugate triangles can be found, 
V iz. the harmonic triangles of the inscribed quadrangles obtained by omitting one 
point; show that the ten radical axes of the circles circumscribing these In angles 
pass through the centre of the conic. 

Ex. 14. Show that two, and only tico, rectangular hyperbolas can be drawn to 
touch four given lines. 

Let the lines be a, b, c, d. Let the circle about the harmonic triangle 
of the quadrilateral meet the diameter of the quadrilateral in L 
and V. Then L and L' are the limiting points of the directors. 

First take L, and let «' be the reflexion of a in L. Construct the 
conic touching a, b, c, d, a'. Then the centre of the conic, being the 
meet of the diameter of the quadrilateral and the line half-way between 
a and o', is L. Hence L is the centre of the director. But the coaxal 
with centre at L has zero radius. Hence the conic is a r. h. 

So V gives another r. h. And there are only two ; for the centre 
must bo at L or at V. 

Ex. 15. Airy transversal aits the diagonals AA', BB *, CCf of a quadrilateral 
circumscribed to a conic in the points P, Q, It, and points P ', Qf, R are taAcn 
such that (AA' t PP / ), (BB / , Q(f), (CC, RR') are harmonic; show that P'tfR' 
and the pole of the transversal for the conic are collinear. 

Project PQR to infinity. 

6. The locus of the poles of a given line for a system of four- 
tangent conics is a line. 

Let P and Q be the poles of the given line LM for two of 
the conics; and let LM, 

PQ cut in U. Then TJL and 
UP are conjugate lines for 
two conics of the system, i. e. 

TJL and UP are harmonic 
with two of the pairs of 
tangents from U. Hence 
UL and UP are the double 
lines of the involution of tangents from U to the system of 
conics. Hence UL and UP are harmonic with every pair of 
tangents from U, i. e. are conjugate for every conic of the 
system. Hence the pole of LM for every conic of the 
system lies on PQ, i. e. PQ is the locus of the poles of LM. 
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Taking LM at infinity, we again see that— 

The locus of the centres of a system of four-tangent conics is a 
line. 

Ex. The three poles of a line for the three opposite pairs of vertices of a quadri¬ 
lateral are coll inear. 

7 . By reciprocating the properties of the pole-locus (or 
directly) we can investigate the properties of the polar- 
envelope of a point for a system of four-tangent conics. 

Ex. From the fixed point 0, tangents OP and OQare drawn to one of a systeyn 
of conics inscribed in the same quadrilateral . If A A' be a pair of opposite vertices 
of the quadrilateral , and if PPQ(f be such that P{0P f , AA') y Q(0^, AA') 
are harmonic } then the envelope of (he chords PQ f PP' y QQf is a single conic. 



CHAPTER XXIV. 


CONSTRUCTIONS OF THE FIRST DEGREE. 


1 . Examples of constructions in which the ruler onhj is to 
be used. 


Ex. 1. Given the segment A C bisected in B; prove the following construction 
for a parallel to AC through P—Through B draw any line , cutting PA in E and 
PC in D; then if CE, DA meet in Q, PQ is the required line. 

For B bisects AC, hence PQ cuts AC at infinity, since P(AC, BQ) is 
harmonic. 

Ex. 2. Giren two parallel segments AB and CD, prove the following construc¬ 
tion for bisecting each—Let CB, AD meet in IF, and AC, BD in V , then FIF 
bisects both segments. 

For U is at infinity. 

Ex. 3. Given a pair of parallel lines, draw through a given point a parallel 
to both. 

Use Ex. 2 and then Ex. i. 

Ex. 4. Given a parallelogram, bisect a given segment. 

Let AB be tho segment. Through A and B draw parallels to the 
sides of the parallelogram meeting again in C and D. Then CD 
bisects AB. 


Ex. 5. Given two lines AB and CD which meet in an inaccessible point U, 
construct any number of points on the line joining U to a given point O. 

Through 0 draw LOM' and MOL' meeting AB in LM and CD in L'M'. 
Let LV, MM’ meet in IF. Then U (AC, OIF) is harmonic ; hence the 
required lino is the polar of IF for AB and CD. To construct any 
other point on the lino, draw any two lines WNN' and I VRR' meeting 
AB in N, R, and CD in A*', R\ Then a point on the required lino is 
the meet of NR' and N'R. 


Ex. 0. Construct lines which shall pass through the meet of a given line with 
the line joining two given points, when this last line cannot be draicn. 

Ex. 7. Given a segment AC bisected at B , join any point P x to ABC, on P X B 
take any point Q, join CQ cutting AP X in L,, join AQ cutting CP X in L 3 , join 
cutting BP X in L lt then L X L 3 = L 3 L 3 , and L X L 3 is parallel to AC. Again, 
let Alp, BL 3 cut in P 2 , and let CP % cut L X L 3 in L ix then L,L 3 = I^L,. Again, 
let AL S , BL i cut in P 3 , and let CP 3 cut L x Z, 4 in L i} then L 3 L t = L X L>. And 
so on. 


The first part comes from the quadrilateral P.L.QL.P.. The rest 
follows by Elementary Geometry, 
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This enables us to divide a bisected segmeyit into any number of 
equal parts. To divide AC into n equal parts, construct the points 
L x L 2 ...L n ^ l . Let AL t and CX n+1 meet in V. With V as vertex project 
Lj 1*2 • • • 1 on to AC, 

2. To construct a five-point conic. 

Let A, B, C, D, E be the five given points on the conic. 
We shall construct the conic by finding the point in which 
any line AG through A meets the conic again. (See figure 
of XV. i.) Let AG and CD meet in L. and AB and DE in 
M. Let LM cut BC in N. Then, by Pascal’s theorem, NE 
cuts AG in the required point F on AG. And since AG is 
any line through A, we shall thus construct every point on 
the conic. 

If any two of the points are coincident, the necessary 
modification of this construction is obvious, remembering 
that to be given two coincident points is to be given a point 
and the tangent at the point, and that the two coincident 
points lie on the tangent. 

The case of three points being coincident is discussed in 

XXV. 17 . 

Ex. Construct the polar of a given point for a five-point conic. 


3. As an example of coincident points, let us construct a 
conic to touch two given lines at given points, and to pass through 
a given point. 

Suppose the conic is to touch OP and OQ at P and Q, and 
to pass through A. Here B and C coincide with P, and 
the line BC coincides with OP. So D and E coincide with 
Q, and DE coincides with OQ. Hence the construction is 
To find where any line AG through A cuts the conic again, 
let AG and PQ meet in L, and AP and OQ in M; let LM 
cut OP in N; then NQ cuts AG in the required point F. 


Ex. 1. Given four points and the tangent at one of them, construct the conic. 

Ex. 2. Find a point P at which the five points A, B, C, D, E, no three of 
which are cotlinear, subtend a pencil homographic with a given pencil. 

Take Djy and DE' so that D (.ABCI/E ') shall be homograph.e with 
the given pencil. Draw a conic through ABC to touch at ^ 
struct the point F in which DFf cuts this conic, and construct the 
point P in which FE cuts this conic. P is the required point. 
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4. As an example of cases in which some of the given 
points are at infinity, let us construct a conic, given one 
asymptote, the direction■ of the other asymptote, and two other 
points. 

Let I be the given asymptote, and m any line in the 
direction of the other asymptote, and A and B the two 
given points. We may take C and T) to be the points at 
infinity on l, and E to be the point at infinity on m. Then 
M is the point at infinity on AB. 

Hence the construction is—To find where any line AG 
through A cuts the conic again, let AG and l meet in L, 
and let a parallel through L to AB cut a parallel through 
B to l in N. Then a parallel through N to m cuts AG in 
the required point F. 

Ex. 1. Given four points and the direction of an asymptote, construct the 
conic. 

Ex. 2. Given three points on a conic and a tangent at one of them y and the 
direction of one asymptote ; construct the conic . 

Ex. 3. Given three points and the directions of both asymptotes 9 construct the 
conic. 

Ex. 4. Given one point and both asymptotes , construct the conic. 

Ex. 5. Given four points on a coyxic and the direction of one asymptote ; 
construct the meet of the conic with a given line drawn parallel to the asymptote. 

Ex. 0. Given three points on a conic and the directions of both asymptotes; 
find the meet of the conic icith a given line parallel to one of the asymptotes. 

Ex. 7. Given four points on a conic and the direction of one asymptote ; find 
the direction of the other. 

5. As an example of drawing a parabola to satisfy given 
conditions, let us construct a parabola, given three points and 
the direction of the axis. 

Let ABC be the given points, and l any line in the direc¬ 
tion of the axis. We may consider D and E to coincide 
at the point at infinity upon l, so that the line BE is the 
line at infinity. Then M is the point at infinity on AB. 

Hence the construction is—To find where any line AG 
through A cuts the conic again, let iff cut a parallel 
through C to l in L ; let a parallel through L to AB cut BO 

in W; then a parallel through N to l cuts AG in the re- 
quired point F. 
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Ex. Construct a parabola , given two points and the tangent at one of them } 
and the direction of the axis . 

6 . Given five points on a conic, to const met the tangent at 
one of them. 

Let A, B, C, D, E be the five given points, and suppose F 
to coincide with A ; then AF is the tangent at A. Hence 
the construction —Let AB and DE meet in M, and BC and 
AE in N y and let MN cut CD in L ; then LA is the tangent 
at A. 

Ex. 1. Given four points on a conic, and the tangent at one oj them; construct 
the tangent at another of them. 

Ex. 2. Given three points on a conic, and the tangents at two of them; con¬ 
struct the tangent at the third. 

Ex. 3. Given both asymptotes of a hyperbola, and one point ; construct the 
tangent at this point. 

Ex. 4. Given three points on a parabola, and the direction of the oris; con- 
stinct the tangent at one of the given points. 

Ex. 5. Given two points on a parabola, the direction of the axis, and the 
tangent at one of the points ; construct the tangent at the other point. 

Ex. 0. Given four points on a conic, and the direction of one asymptote; con¬ 
struct that asymptote. 

Ex. 7. Given three points on a conic, and the directions of both asymptotes, 
construct the asymptotes. 

Ex. 8. Given two points on a conic, and one asymptote, and the direction of 
the other ; construct the other asymptote. 

7 . Given five tangents of a conic, to construct the points of 
contact. 

Let AB, BC, CE, EF, FA be the five given tangents. 
Then in the figure of XV. 4 , if D is the point of contact of 
CE, we may consider CD, DE to bo consecutive tangents 
of the conic. Hence the construction—Let BE and Cl 
meet in 0; then AO cuts CE in its point of contact. So 

the other points of contact can be constructed. 

Hence given five tangents, we can at once construct five 
points ; so that every construction which requires five points 
to be given, is available if we are given five tangents. 

Ex. 1. Given four tangents and the point of contact of one of them, construct 
the points of contact of the others . 

Ex. 2. Given three tangents of a conic, and (he points of contact oj two 
them ; construct the point of contact of the thud . 
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Ex. 3. Given both asymptotes of a hyperbola , ay\d erne tangent , construct the 
point of contact of the tangent. 

Ex. 4. Given four tangents of a parabola, construct the points of contact, and 
the direction of the axis. 

Ex. 6. Given two tangents of a parabola t and (heir points of contact f construct 
the direction of the axis . 

8 . Given five tangents of a conic , to construct the conic by 
tangents. 

Let GB , BC, CD, DE, EH be the given tangents. Now 
every tangent cuts GB. Hence if we construct every other 
tangent from points on GB, we shall have constructed every 
tangent of the conic. On GB take any point A. Let AD 
and BE meet in 0. Let CO meet EH in F. Then, by 
Brianchon’s theorem, FA touches the conic, i.e. AF is the 
other tangent from any point A on GB. 

Ex. 1. Given four tangents of a conic, and the point of contact of one of them ; 
construct the conic by tangents. 

Ex. 2. Given four tangents of a parabola, construct the conic. 

Ex. 3. Given three tangents of a conic, and the points of contact of two of 
them ; construct the conic. 

Ex. 4. Given the asymptotes of a conic, and one tangent; construct the conic. 

Ex. 5. Given two tangents of a parabola, the point of contact of one of them, 
and the direction of the axis ; construct the parabola. 

Ex. 0. Given Jive tangents of a conic, construct the tangent parallel to one 

them. 

Ex. 7. Given four tangents of a parabola, construct the tangent in a given 
direction. * 

Ex. 8. Construct the pole of a given line for a five-tangent conic. 

Ex. 9. Ditto for a five-point conic . 

9. Given three points on a conic and a pole and polar, to 

consti'uct the conic. ’ 

Let A, By C be the three given points, and 0 the pole. 

Let OA cut the polar in a, and take A' such that (Oa, A A') is 

harmonic. Similarly construct /3 and B'. Through ABCA'B' 

construct a conic. This will be the required conic ; for 

since (Oa, A A ) and (0/3, BB') are harmonic, we see that 
a/3 is the polar of 0. 

A reciprocal construction enables us to solve the problem— 

1.2 
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Given three tangents of a conic, and a pole and polar, to con¬ 
struct the conic. 

A simple case of each problem is —Given three points (or 
three tangents) and the centre, to construct the conic. 

We obtain two more points (or tangents) by reflexion in 
the centre. 


CHAPTER XXV. 


CONSTRUCTIONS OF THE SECOND DEGREE. 

1. Construct the points in which a given line cuts a conic 
given by five points. 

Let A, B, C, D, E be the five given points. Let the given 
line cut DA, DB, DC in a, b, c, and cut EA, EB, EC in 
a', b', c', and cut the conic in x, y. Then 

(xyabc) = D ( xyABC) = E (xyABC) = ( xya'b'c '). 

Hence x, y are the common points of the two homographic 
ranges determined by ( abc) and {a'b'c'). Hence the two 
required points x, y can be constructed by XVI. 6 . 

2. Given five tangents to a conic, to construct the tangents from 
any point to the conic. 

Let three of the given tangents cut the other two in ABC 
and A'B’C'. If a tangent from the given point P cut these 
tangents in X and X', then ( ABCX ) = (. A'B'C'X') ; hence 
P{ABCX) = P{A'B'C'X'). But PX and PX' coincide; 
hence one of the tangents from P is one of the common 
lines of the pencils P{ABC) and P {A'B'C'). Hence the re¬ 
quired tangents are the common lines of the homographic 
pencils determined by P{ABC) and P {A'B'C'). 

3. Given five tangents to a conic, to constmct the points in 
which any line cuts the conic. 

Construct first by XXIV. 7 the points of contact, and then 
proceed by § 1 . 

Given five points on a conic , to construct the tangents from any 
point. 
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Construct first by XXIV. 6 the tangents at the points, 
and then proceed by § 2 . 

4. If instead of five points, we are given four points and 
the tangent at one, or three points and the tangents at two 
of them ; or if, instead of five tangents, we are given four 
tangents and the point of contact of one, or three tangents 
and the points of contact of two of them, the necessary 
modifications of the above constructions are obvious. 


£jX. 1. Construct a line to cut four given lines in a given cross ratio aiul to 
pass through a given point. 

Let three of the lines cut the fourth in BCD. Take A such that 
(ABCD), is equal to the given cross ratio. Draw a conic to touch the 
three given lines and also to touch the fourth at A. Through the 
given point draw a tangent to this conic. This is the required line. 
There are therefore two solutions. 

Ex. 2. Give the reciprocal construction. 

Ex. 3. Through a given point ilraio a line to cut three given lines in A, B, C, 
so that AB : BC is a given ratio. 


5. Given five points on a conic, to construct the centre, the 
axes, and the asymptotes. 

Let A, B, C, D, E be the five given points. Through A draw 
AG parallel to BC, and construct the point A' in which AG 
cuts the conic again. Let AC and BA' cut in H, and AB 
and A'C cut in K. Then UK bisects both BC and A A'. 
Hence UK is a diameter. Similarly construct another 
diameter. Then these diameters meet in the centre. 

To construct the axes and asymptotes, we must first con¬ 
struct the involution of conjugate diameters. To do this— 
Through the centre 0 draw Oa parallel to BC, and let Oa! be 
the diameter bisecting AA' and BC. Then Oa, Oa' are a pair 
of conjugate diameters. In the same way determine another 
pair Ob, Ob'. Then the rectangular pair of the involution 
determined by 0 (aa', bb') are the axes; and the double lines 
of the same involution are the asymptotes. 

If the diameters are parallel, the conic is a parabola ; and 
the direction of the diameters is the direction of the axis of 
the parabola. 
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Ex. 1. Given five points on a conic , construct a pair of conjugate diameter* 
which shall make a given angle with one another. 

Let CP and CD be a pair of conjugate diameters. Take CD such that 
LPCJJ is equal to the given angle. Then the required linos are ie 
common rays of the homographic pencils generated by (l> ami < //. 

Ex. 2. Through a given point O draw a line meeting four given lines a . a', h. 
b' in points A , A', B, B', such that OA . OA' = OB . OB'. 

Through 0 draw a parallel to either asymptote of the conic through 
the live points ab, ab', a'b, a'b ', and 0. # 

Ex 3 Through a given point C draw a line meeting fee given lines a, o', b, I /, r' 
in f vc points A, A', B, B', Cf such that (AA\ BIT, C<?) may be an involute. 


6 . If we are given five points on a conic, the conic can be 
constructed by Pascal’s theorem (see XXIV. 2 ). If we are 
given five tangents of the conic, the conic can be constructed 
by points (see XXIV. 7 ) or by tangents (see XXIV. 8 ). 

Given four points and one tangent, to construct the conic. 

Let A BCD be the given points and t the given tangent. 
Let t cut the opposite sides of the quadrangle A BCD in aa\ 
bb', cc. Take c, f the double points of the involution 
(aa', bb', cc). Then the two conics satisfying the required 
conditions are the conics through ABCDc and through 
ABCDf For let the conic through ABCDc cut t again in 
c'. Then cc belong to the involution ( ad, bb', cf), and e is 
a double point of this involution ; hence c coincides with <*, 
i.e. t touches the conic through ABCDc. So it touches the 
conic through ABCDf. 


7 . Given four tangents and one point, to construct the conic. 

Let OE , OF be the double lines of the involution sub¬ 
tended by the given quadrilateral at the given point 0. Then 
it is proved, as above, that the required conics are those 
touching the given lines and also touching OE or OF. 


Ex. 1. Shoio that when four points are given and one tangent, the solution is 
unique if the line pass through one of the harmonic points. 

The other conic degenerates into a pair of opposite sides. 

Ex 2. Show that there is no curved solution if the line pass through two 
harmonic points. 

Ex. 3. Reciprocate Ex. 1 and Ex. 3 . 

Ex. 4. Describe a parabola through four given points. 

Ex. 5. Co>isfrt<c< a parabola, given three tangents and one point. 
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8 . Given three points and two tangents, to construct the conic. 
Let the three points be A, B, C, and the two tangents 

TL and TL'. Let 
AB cut TL and 
TL' in c and c', 
and let AC cut TL 
and TL' in b and 
b'. Take z, d, 
the double points 
of the involution 
(AB, cd), and y, y' 
the double points 
of the involution 
(AC, lb'). Let any 
one, yz, of the four lines yz, yd, y'z, y'z cut TL and TL' in 
P and F. 

Then one conic satisfying the required conditions is the 
conic which passes through A and touches OL and OL' at P 
and F. For let this conic cut AB again in B'. Then z is a 
double point of the involution (AB, cc') and also of the in¬ 
volution (AB', cc). Hence B and B' coincide, i.e. the conic 
passes through B. Similarly the conic passes through C. 

So by taking any of the lines yd, y'z, y'z' instead of yz, we 
obtain another solution. Hence the problem has four solu¬ 
tions. 

Note that since there are only four possible positions of the 
polar PP' of T, we have proved that— If the sides BC, CA, 
AB of a triangle cut two lines TL and TL' in aa', bb', cd, and 
if the double points rat, yif, zd of the involutions (BC, aa'), 
(CA, bb'), (AB, cc') be taken, then the six points xx'yfzd lie 
three by three on four lines. 

9. Given two points and three tangents, to construct the conic . 

Let A and B be the given points, and LM, MN, NL 
the given tangents. Take MY, MY' the double lines of 
the involution M (AB, LN), and take NZ, NZ' the double 
points of the involution N(AB, Lj\T). Let T be the meet 
of one of the lines MY, MY' with one of the lines NZ, 
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NZ'. Describe a conic to touch TA and TB at A and B 
and to touch MN. 

This is a conic satis¬ 
fying the required con¬ 
ditions. For let ML' 
be the second tangent 
from M to this conic. 

Then MY is a double 
line of both the invo¬ 
lutions M{AB, NL) 
and M(AB, NL'). 

Hence ML' coincides 
with ML, i.e. the conic touches ML. So the conic touches 
NL. 

By taking one of the other four meets instead of the meet 
of MY and NZ, we obtain three other solutions. 

10. Given a triangle self-conjug ate for a conic, and cither two 
points on the conic, or one point on the conic and one tangent to the 
conic, or two tangents to the conic, to construct the conic. 

By V. 9 , if we are given a self-conjugate triangle and 
one point, we are given three other points; and if we are 
given a self-conjugate triangle and one tangent, we are given 
three other tangents. In any of the above cases therefore 
the conic can now be constructed. 

11. If we are given a focus, by XXVIII. 8 we are given 
two tangents. Hence the following problems belong to this 
ehapter, but in each case a simpler solution can be given. 

Given a focus and three points, to construct the conic. 

Take the reciprocals of the given points for any circle with 
centre at the given focus, and draw a circle to touch these 
lines. The reciprocal of this circle is the required conic. 
Since four circles can be drawn, there are four solutions. 

Given a focus and two points and one tangent. 

Reciprocation gives four solutions, two of which are 
imaginary. 

Given a focus and one point and two tangents. 

Reciprocation gives two solutions. 
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Given a focus and three tangents. 

Reciprocation gives one solution. In this case we can 
also solve the problem by determining the second focus by 
means of the theorem that two tangents to a conic are 
equally inclined to the focal radii to their meet. 

12. To construct a conic, given a self conjugate triangle and 
a pole and polar. 

Let ABC be the self-conjugate triangle, and let L be the pole 

of l. Let LA meet BC 
in A', and / in 2); let 
LB meet CA in B', and 
l in E ; let LC meet AB 
in C, and l in F. 

Now A and A' are 
conjugate points for the 
required conic, and so are 
L and D. Hence the re¬ 
quired conic must pass 
through XX', the double 
points of the involution 
(AA', LD\ So the conic 
must pass through the double points YY' of the involution 
(BB', LE ), and through the double points ZZ' of the invo¬ 
lution ( CC', LF). 

Also the six points XX'YY'ZZ' lie on a conic. For draw 
a conic through XX'YY'Z. Then since LD are harmonic 
with XX', and LE with YY, l is the polar of L ; also 
(LF, ZZ') = — i, and the conic passes through Z ; hence the 
conic passes through Z'. 

Again, the conic through XX'YY'ZZ' satisfies the required 
conditions. We have proved that l is the polar of L. 
Let BC and B'C' meet in H. Then the opposite vertices of 
the quadrilateral BC, CB', B'C', C'B are BB', CC', and AH. 
Now BB' are conjugate for the conic, and so are CC '; hence 
so are AH. Hence the polar of A passes through H; and 
also through A'. Hence BC is the polar of A ; so CA is the 
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polar of B, and AB is the polar of C. Hence ABC is a self¬ 
conjugate triangle for the conic. 

This completes the theoretical solution of the problem ; 
and we have shown that one, and only one, conic can In¬ 
drawn satisfying the given conditions. Practically the above 
solution is worthless ; for any pair of the points XX , 1 Y'. 
ZZ' may be imaginary. The following is the practical con¬ 
struction when the conic is real. 

We have already found two points upon CL. To find two 
points on CA. Let AC cut l in Q. Then AC are conju¬ 
gate points ; and so are B'Q. for Q is the pole of LB. Hence 
the two points upon CA are the double points of the involu¬ 
tion (AC, B'Q). So two points can be found on CB. Hence six 
points on the conic are known, viz. those on CA, CB, and 
CIj. Now if the conic is real, one of the points ABC say C) 
is inside the conic, and hence CA, CB, CL all cut the conic 
in real points. Hence, by trying ABC in succession, we get 
six real points on the conic. 

If on trial we find that neither A nor B nor C gives six 
real points, we conclude that the conic is imaginary. 

We see again that two conics cannot have two common self- 
conjugate triangles; for since two such triangles more than 
determine a conic, the two conics would be coincident. 

Ex. 1. Given a pentagon ABODE, construct a conic for which each vertex is 
the pole of the opposite side. 

Let AB and CD meet in F. Tim required conic is the one for which 
ADF is self-conjugate, and E is the pole of BC. 

Ex. 2. For this conic, the inscribed conic and the circumscribed conic arc 
reciprocal. 

Ex. 3. Gi'ren the centre of a conic and a self-conjugate triangle, construct the 
asymptotes. 

Draw OX, OY, OZ parallel to BC, CA, AB; then tho asymptotes are 
tho double lines of 0(AX, BY, CZ). 

Ex. 4. Given a pole and polar and a self-conjugate triangle, construct the 
tangents from the pole. 

Ex. 5. Given four points A, B, C, D and a line l. With A as pole of l and rrith 
BCD as a self-conjugate triangle, a conic is drawn ; similarly the conics t B, CD A), 
{C, DAB), {D, ABC) are drawn. Show that these four conics meet l in the same 
two points. 

13. Given five points on each of tico conics, to construct the 
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conic which passes through the meets of these conics and also 
through a given point. 

Through the given point L draw any line l; and construct 
the points pp', qq' in which l cuts the two conics. Then if 
M be the other point in which the required conic cuts l, we 
know that pp', qq', LM are pairs in an involution. Hence 
M is known, i.e. a point on the conic is known on eveiy 
line through L. 

Given five points on each of two conics, to construct the conic 
which passes through the four meets of these conics and also 
touches a given line. 

Construct the points in which the given line cuts the 
given conics, viz. pp', qq'. Then the points of contact of the 
required conics are the double points e, f of the involution 
determined by pp', qq'. Then, taking either e or f we con¬ 
tinue as above. 

Ex. Give the reciprocal constructions. 

14 . Given three points on a conic and an involution of con¬ 
jugate points on a line, to construct the conic. 

If the given involution has real double points, draw a 
conic through the three given points and the two double 
points. This conic clearly satisfies the required conditions. 

If the given involution is overlapping, proceed thus Let 
A, B, C be the given points, and l the line on which the 
involution of conjugate points lies. Let BC cut Z in P, and 
take P', the mate of P, in the involution. Also take P" such 
that (BC, PP") = — 1. Let PA cut P'P" in a, and take A' 
such that (AA', Pa) = — 1. So, using CA and QQ', B' can 
be constructed. 

Then the conic ABCA'B' is the required conic. For since 
(BC, PP") = - 1 = (AA', Pa), P"a is the polar of P. 
Hence PP' are conjugate points. So QQ' are conjugate 
points. Hence the involution (PP', QQ') (which is the given 
involution) is an involution of conjugate points for this 

conic. , . 

If the given involution is overlapping, we have solver 
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the problem—To draw a conic through five given points, two 
of which arc imaginary. 

15. Construct a conic to pass through four given points and 

to divide a given segment harmonically. 

Let LM be the given segment. Let E, F be the double 
points of the involution determined by the given quadrangle 
ABCD on LM. Let the double points P, Q of the involu¬ 
tion (LM, EF) be constructed. Then the conic through 
ABCDP is the required conic. For let LM cut this conic 
again in Q. Then PQ' belong to the involution of the 
quadrangle on LM. Hence (PQ', EF) = 1 . Hence Q 

coincides with Q. And (LM, PQ)=-i. Hence the conic 
cuts LM harmonically. 

If the double points E, F are imaginary, construct the 
involution of which L, M are the double points, and let 
P, Q be the common points of this involution and that of 
the quadrangle on LM. Then the required conic is ABCDP. 
For, as before, LM cuts the conic again in Q, and 

(LM, PQ) = — 1 . 

Also, since E, F are imaginaiy, this construction is real. 

Ex. Construct a conic xchich sJiall pass through four given points and through 
a pair (not given) qf points of a given involution on a line. 

16. The following proposition will be used in the suc¬ 
ceeding constructions— 

If a variable conic through four fixed points A, B, C, D meet 
fixed lines through A and B in P and Q, then PQ passes through 
a fixed point upon CD. 

For consider the in¬ 
volution in which CD 
cuts the conic and the 
four sides AP, BQ, AB, 

PQ of the quadrangle 
ABPQ. Five of these 
points are fixed, viz. 
the meets with the 
fixed lines AB, AP, BQ, and the meets C, D with the conic. 
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Hence the sixth meet is fixed, i.e. PQ passes through a fixed 
point on CD. 

The theorem may also be stated thus— 

A system of conics pass through ABCD. A fixed luxe 
through A cuts these conics in PP' ..., and a fixed line through 
B cuts them in QQ'.... Then all the lines PQ, P'Q',... are 
concurrent in a point on CD. 

If A and B coincide, the theorem is — 

A system of conics touch at A and pass through CD. A 
fixed line through A cuts these conics in P, P',..., and another 
fixed line through A cuts them in Q, Q'.... Then all the lines 
PQ, P'Q', ... are concurrent in a point on CD. 

If A, B and C coincide, the theorem is — 

A system of conics have three-point contact at A and pass 
through D. A fixed line through A cuts these conics in P, P',---, 
and another fixed line through A cuts them in Q, Q', .... Then 
all the lines PQ, P'Q',... arc concurrent in a point on AD. 

Ex. 1. Reciprocate all these theorems. 

Ex. 2. Given three meets ABC of tico five-point conics, prove the folloxcmg 
construction for the fourth meet D—Take any two points L, M on either conic, and 
construct the points If, M' in which AL, BM cut the other conic. Join the meet of 
LM, L'M' to C. Then D is the meet of this line with either conic. 

Ex. 3. Given two meets A, B of two five-point conics, prove the following con¬ 
struction for the other meets C and I)—Take any two points L, M on either conic, 
and construct the points V, M' in which AL, BM ad the other conic. Lit, L AT 
meet in one point on CD. Similarly construct another point on CD. how con¬ 
struct the points in which the joining line cuts either conic. 

Ex. 4. Reciprocate the two preceding constructions. 

Ex. 5. Prove the following construction for the directions of the axes of a fonir 
given by five points—Draw a circle through three A, B, C of the given points; 
now construct the fourth meet P of the conic and the circle ; then the directions of 
the axes bisect the angles between AB and CP. 


17. Given five points on a conic, three of which arc coincident, 

to constntd the conic. . 

Let ABC bo the three given coincident points, and DE 
the other given points. Then to be given ABC is equivalent 
to being given the point A, the tangent at A, and the circle 
of curvature at A. Let AD, AE cut this given circle in 
D', E'. Then DE, I/E' meet on the common chord of the 
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circle and the conic. Hence the point V where this chord 
cuts the circle can be constructed. Now V is on the conic. 
Hence we know four points A, D, E , P on the conic and the 
tangent at one of them. Hence the conic can be con¬ 
structed. 

Ex. Obtain, by using the reciprocal theorem , a solution of the problem — 
Given five tangents of a conic, three of which are coincident, construct the conic. 

Notice that the circle of curvature has three-tangent contact with 
the conic as well as three-point contact. 


CHAPTER XXVI. 


METHOD OF TRIAL AND ERROR. 

1. Given two homographic ranges (ABC ...) and (dbc ...) on 
different lines, and given two points V and u, find two points 
XY of the first range, such that the angles XVY and xvy 
may have given values, x and y being the points corresponding to 
X and Y in the homographic ranges. 

Try any point P on AB as a position of X. To do this, 
take Q on AB, so that the angle PVQ is equal to the given 
value of XVY. Take p and q, the points corresponding to P 
and Q, in the homographic ranges. Also take r on ah, so that 
the angle pvr may be equal to the given angle xvy. Then if 
r coincides with q, the problem is solved. 

If not, try several points P„ P 2 .... Then 

(r,r 2 ...) = v(r l r. i ...) 

= v (PiPz •••) since the pencils are superposable 
= (p,^ 2 ...) = (P,P 2 ...) since the ranges are liomographic 

= F(P, P 2 ...) = 7(ft ft...) = (G «.-•■■) = tei «.•••)■ . 

Hence the ranges (q x q 2 ..-) and (r,r 2 ...) are homographic. 
Now if q and r coincide, q will be a position of y. Hence y is 
either of the common points of the homographic ranges 
((Zi & •••) and ( r i r 2 •••)• Hence Y and X are known. 

The problem has four solutions. Two are obtained above, 
and two more are obtained by taking the angles PVQ and 

pvq in relatively opposite directions. 

Notice that we need only make three attempts^ for the 
common points of two homographic ranges can be deter¬ 
mined if three pairs of corresponding points are known. 
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The above process may be abbreviated by writing (r) for 
- the range (r, r 2 ...), and so on. 

The method is called by some writers the method of 
False Positions . 

Ex. 1. Find corresponding segments XI’, X'Y' of tioo given homographic 
ranges ichich shall be of given lengths. 

Ex. 2. Given two homographic ranges on the same linc^fmd a segment XX' 
bounded by corresponding points , ^i) which is bisected by a given point , or 
(ii) which divides a given segment harmonically. 

If XX' satisfies either condition, X and X ' generate ranges which 
are in involution and therefore homographic. 

Ex. 3. Find also XX f \ given that [ i ) AX : BX' is a given ratio % or (ii) that 
XX' is of given length , or (iii) that XX' divides a given segment in a given 
cross ratio . 

Ex. 4. If A, A' generate homographic ranges on tico lines, show that through 
any given point tico of the lines AA' pass. 

Ex. 5. Find corresponding points X, X' of two homographic ranges on 
different lines, such that XO and X'Cf meet at a given angle, 0 and O' being 
given points. 

The pencils at 0 and O' are homographic. 

Ex. 0. Given on the same line the homographic ranges ( ABC ) => (A'B'tf ' 
and the homographic ranges (LMN = (L"ii"N"...) ; find a point X which 
has the same mate in both ranges . 

Ex. 7. If A and A' generate homographic ranges on two lines, and B and S' 
generate homographic ranges on two other lines, find the positions of A, B, A', If 
that both AB and A'S' may pass through a given point. 

2. Between two given lines place a segment whose projections 
on two given lines shall be of given lengths. 

Let the projections lie on the lines AB and CD. On AB 

take a length LM equal to the given projection on AB ; 

through L and M erect perpendiculars to AB to meet the 

given lines in X and Y. Let the projection of XY on CD 

be PQ. If PQ is of the required length, then the problem 
is solved. 

If not, make PQ' of the required length. Then the ranges 

generated by Q' and P are homographic, being superposable. 

Again, the ranges P and X are homographic, by considering 
a vertex at infinity. Similarly 

range Z = range L = range M = range Y = range Q. 
Hence the ranges Q' and Q are homographic. Either of 

R 
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the common points of these ranges gives a true position 

of Q. 

Ex. 1. On two given lines find points A and B, such that AB subtends given 
angles at tico given points. 

Ex. 2. Through a given point draw two lines, to cut off segments of given 
lengths from two given lines. 

Ex. 3. Given two fixed points 0 and O' on two fixed lines, through a fixed 
point V draw a line cutting the fixed lines in points A, A', such that (i) OA . O' A' 
is constant, or (ii) OA : O' A' is constant. 

Ex. 4. Through a given point draw a line to include with tico given lines a 
given area. 

Ex. 5. Two sides of a triangle are given in position and the area is given; 
show that the base in two positions subtends a given angle at a given point. 

Ex. 0. Given four points A, B, C, D on the. same line, find tiro points X, Y 
on this line, such tluit (AB, XY) and (CD, XY) may have given values. 

Ex. 7. Given two fixed points A and B, find two points P, Q on the line Ah, 
such that (AB, PQ) is given and also the length PQ. 

Ex. 8. Given three rays OA, OB, OC, find three other rays OX, OY, OZ, such 
that the cross ratios 0 (AB. XY), 0 (BC, YZ\ 0(CA, ZX) may have given 
values. 

Ex. 9. Find the lines OX, OX' such that 0 (AA', XX') may be a given cross 
ratio and XOX' a given angle, OA atul OA' being given lines. 

Ex. 10. Solve the equation ax 7 + hx + c = o by a geometrical construction. 
The roots are the values of x at the common points of the homo¬ 
graphic ranges determined by axx / + bx + c = o. 

Ex. 11. Solve geometriadly the equations 

y = lx + a, z =■ my + b, x = 112 + c. 

Obtain the common points of the homographic ranges (x, x') deter¬ 
mined by y = lx + a, z = my + b, xf — nz + c. 

Ex. 12. Solve geometrically the equations 

xy + lx + my + n — o, xy + px + qy + r — o. 

3. Given two points L, 31 on a conic, find a point P on the 
conic, such that PL, P3L shall divide a given segment UV in 

a given cross ratio. t 

Take any position of P, and let PL, P3I meet Zj V in A, B, 
and take & such that (UV, AB') is equal to the given cross 

ratio. Then (A) — HA) — L(P) = M(P) = M (B) = (B). 
Also, since ( UV, AB') is constant, we have (A) = (&)• Hence 
(#) — ( 2 ?'). Hence the required position of B is either of 
the common points of the homographic ranges generated by 

B and B?. 
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Ex. Give tico points L, M on a conic, find a point P on the conic such that the 
bisectors of the angle LPM may hare given directions. 

Draw parallels to PL, PM through a fixed point. 


4. Inscribe in a given conic a polygon of a given number of 
sides, so that each side shall puss through a fixed point. 

Consider for brevity a four-sided figure. It will be found 
that the same solution applies to any polygon. 

Suppose we have to inscribe in a conic a four-sided figure 
ABCD, so that AB passes through the fixed point U, BC 
through V, CD through IF, and DA through X. On the 
conic take any point A. Let A U cut the conic again in B. 
Let BV cut the conic again in C. Let CW cut the conic 
again in D. Let DX cut the conic again in A'. So take 
several positions of A. 

Then the range on the conic generated by A is in involu¬ 
tion with the range generated by B, since AB passes 
through a fixed point U. Hence {A ) = (B). So 

(B) = (C) = (D) = (A'). 

Hence the ranges (A) and (A') on the conic are liomographic. 
A true position of A is either of the common points of these 
liomographic ranges. 

Note that in the exceptional case of XXI. 3 . Ex. 14 , the 
common points lie on the line ; and the above solution 
becomes nugatory. 


Ex. 1. Describe about a given conic a polygon such that each vertex shall lie 
on a given line. 

Inscribe in the conic a polygon whose sides pass through the poles 
of the given lines, and draw the tangents at its vertices. 

.. I ! lscr J ^ m a 9 iten <*>»'« « polygon of a given number of sides, such 

that each pair of consecutive vertices determine xcilh tico given points on the conic 
a given cross ratio. 


Uie 9icen ^ gure A B CD inscribe the figure XPQR, so that RX, P(i 
meet m the fixed point U, and NP ■ RQ in the fixed point V. 

Ex. 4. Con.s<ruc/ a polygon, whose sides shall pass tJirough given points 
and whose vertices shall lie on given lines. 


Ex. 6 Construct a polygon, whose vertices shall lie on given lines and tchose 
sides shall subtend given angles at given points . 

„ JF2L C0nst r^ “ A * C > such A and B shall lie on given lines, 

and that the angle C shall be equal to a given angle, whilst the sides AB, BC, CA 
pass through fired points . ’ 


R 2 
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Ex. 7. A ray of light starts from a given point, and is reflected successively 
from n given li)ies; find the initial direction that the final direction may make a 
given angle with the initial direction. 

Ex. 8. Given tico homographic ranges (ABC ...) = {A'B'C '...) on a conic, 
find the corresponding points A', X', such that XX' may pass through a given 
point. 

Ex. 9. Given tico points A A' on a conic, find two points XX' also on the 
conic, such that (AA', XX') has a given value and XX' passes through a given 
point. 

Ex. 10. Through a given point A is drawn a chord PQ of a conic ; BC are 
fixed points on the conic ; find the position of PQ when PB atid QC meet at a given 
angle. 

Ex. 11. Through two given points describe a circle which shall cut a given arc 
of a circle in a given cross ratio. 

Ex. 12. Through four given points draw a conic which shall cut off from a 
given line a length which is either given or subtends a given angle at a given 
point. 


CHAPTER XXVII. 


IMAGINARY POINTS AND LINES. 

1. The Principle of Continuity enables us to combine the 
elegance of geometrical methods with the generality of 
algebraical methods. For instance, if we wish to determine 
the points in which a line meets a circle, the neatest 
method is afforded by Pure Geometry. But in certain 
relative positions of the line and circle, the line does not 
cut the circle in visible points. 

Here Algebraical Geometry comes to our help. For if 
we solve the same problem by Algebraical Geometry, we 
shall ultimately have to solve a quadratic equation ; and 
this quadratic equation will have two solutions, real, coin¬ 
cident and imaginary. Hence we conclude that a line always 
meets a circle in two points, leal, coincident or imaginary. 

Another instance is afforded by XXIII. 5 . Here we 
prove the proposition by using the points 0 and O' in which 
the circles on A A' and Blf as diameters meet. But these 
circles in certain cases do not meet in visible points. But 
we might have proved the same proposition by Algebraical 
Geometry, following the same method. Then it would 
have been immaterial whether the coordinates of the points 
0 and 0 had been real or imaginary, and the proof would 
have held good. Hence we conclude that we may use the 
imaginary points 0 and O' as if they were real. 

In all solutions by Algebraical Geometry, points and 
lines will be determined by algebraical equations. Hence 
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imaginary points and lines will occur in pairs. Hence we 
shall expect that in Pure Geometry, imaginary points and 
lines will occur in pairs. 

2. The best way of defining the position of a pair of 
imaginary points is as the double points of a given over¬ 
lapping involution ; and the best way of defining the position 
of a pair of imaginary lines is as the double lines of a given 
overlapping involution. 

Thus the points in which a line cuts a conic are the 
double points of the involution of conjugate points deter¬ 
mined by the conic on the line ; and these double points, i.e. 
the meets of the conic and line, are imaginary if the involu¬ 
tion is an overlapping one. 

So the tangents from any point to a conic are the double 
lines (real, coincident, or imaginary) of the involution of 
conjugate lines which the conic determines at the point. 

Note that a pair of imaginary points is not the same as 
two imaginary points. For if AA' are a pair of imaginary 
points and JBB' another pair of imaginary points, then AB 
are two imaginary points but are not a pair. 

3. The middle point of the segment joining a pair of imaginary 
points is real. 

For it is the centre of the involution defining the imaginary 
points. 

A pair of imaginary points AA' is determined when ice know 
the centre 0 and the square (a negative quanity) OA 2 . 

For the involution defining the points is given by 

OP. OB'= 0A\ 

The fourth harmonic of a real point for a pair of imaginary 
points is real. 

For it is the corresponding point in the defining in¬ 
volution. 

The product of the distances of a pair of imaginary points from 
any real point on the. same line is real and positive. 

Lot AA' be the pair, and P any real point on the line 
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A A'. Take 0 the middle point of the segment A A'. Then 

PA . PA' — (OA - OP) ( OA'— OP) 

= {OA - OP) (- OA - OP) = OP 2 - OA*. 

Now 0A n - is negative, or the involution would have real 
double points. Hence PA . PA' is real and positive. 

4. Two conics ad in four real points, or in two real and two 
imaginary points, or in four imaginary points. 

Since a conic is determined by five points, two conics 
cannot cut in more than four points, unless they are 
coincident. 

Also we can draw two conics cutting in four points, e. g. 
two equal ellipses laid across one another. 

Now if we were solving the problem by Algebraical 
Geometry, and were given that the problem could not have 
more than four solutions, and that it had four solutions in 
certain cases, we should be sure tliat the problem had in all 
cases four solutions, the apparent deficiencies, if any, being 
accounted for by coincident or imaginary points. 

Hence it follows by the Principle of Continuity, that 
two conics always cut in four points, real, coincident, or 
imaginary. 

Also imaginary points occur in pairs. Hence two or four 
of the points may be imaginary. 


5. If two conics cut in two real points, the line joining the 
other common points is real, even if the latter points are 
imaginary. 

For, by the principle of continuity, Desargues’s theorem 
holds, even if two or four of the points on the conic are 
imaginary. Let any line cut the conics in pp' and qq and 
the given real common chord in a. Then the real point a, 
taken such that {aa', pp', qf) is an involution, lies on the 
opposite common chord. Hence the opposite common chord 
is real, being the locus of the real point a'. 

If two conics cut in two real and two imaginary ■points, one 
pair of common chords is real and two imaginary. 
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For if a second pair were real, the four common points 
would be real, being the meets of real lines. 

6 . One vertex of the common self-config ate triangle of two 
conics is always real. 

Take any line l ; then the locus of the conjugate points 

of points on l for both conics is a conic. Take any other 

line m ; the locus of the conjugate points of points on m for 

both conics is a second conic. These conics have one real 

point in common, viz. the conjugate point of the meet of l 

and m. Hence they have another real point in common, 
say U. 

Take the conjugate point Q on l of U for both conics and 
the conjugate point It on m of U for both conics. Then QR 
is clearly the polar of L for both conics ; for the polar of U 
for both conics passes through Q and R. Hence U is a real 
vertex of the common self-conjugate triangle of the two conics. 

Similarly, the other two points, real or imaginary, in 
which the conics cut, are the other two vertices of the 
common self-conjugate triangle. 

7. The other two vertices of the common self-conjugate triangle 
of two conics are real if the conics cut in four real points or four 
imaginary points; but if the conics cut in two real and two 
imaginary points , the other two vertices are imaginary. 

If the four intersections are real, the proposition is 
obviously tine. 

If the four intersections are imaginary, one conic must be 
entirely inside or entirely outside the other. Hence the 
polar of the real vertex U cuts the conics in either two non¬ 
overlapping segments A A', BIT, or in one real segment and 
one imaginary, or in two imaginary segments. Now the other 
two vertices VW are the points on the polar which are con¬ 
jugate for both conics, i.e. are the common pair of the two 
involutions of conjugate points on the polar. And the double 
points A A', BB' of these involutions are either real and non¬ 
overlapping, or one pair (at least) is imaginary. Hence by 
XX. 5 , VW are real. 
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If two intersections are real and two imaginary, the meets 
of the given real common chord and of the opposite common 
chord (which is known to be real) gives a real position of U. 
But the opposite chord does not cut either conic ; hence U is 
outside both conics. Hence the polar of V , passing through 
the fourth harmonic of U for the two real points, cuts the 
two conics in overlapping real segments. Hence FIT, being 
the double points of the involution determined by these 
segments, are imaginary. 

8 . One pair of common chords of two con ics is always real. 

If all four intersections are real, it is clear that the six 
common chords are all real. 

If all four intersections are imaginary, then UVW are real. 
Take any point P and its conjugate point P' for the two 
conics. Then the common chords through U are the double 
lines of the involution U(VW, PP') ; for the polar of P for 
these common chords passes through P', and the polar of F 
passes through IF. Hence the common chords through U 
are both real or both imaginary. 

Also the common chords through two of the three points 
UVW must be imaginary ; for otherwise the four real com¬ 
mon chords would intersect in four real common points of the 
conics. Let the chords through V and IF be imaginary. 

Then taking P inside the triangle UVW, we see that since 
V(UW, PP') overlap, P' must lie in the external angle F; 
so P' must lie in the external angle IF. Hence P' lies in the 
internal angle U. Hence U (FIF, PP') does not overlap ; 
hence the double lines of the involution are real, i.e. the 
common chords through U are real. 

If two intersections are real and two imaginary, we have 
already proved that two common chords are real. 

9. Two conics have four common tangents, of which either two 
or four may he imaginary. 

If two conics have two real common tangents and two imaginary , 
the intersection of the real and also of the imaginary tangents 
is real; and the other four common apexes are imaginary. 
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Imaginary Points and Lines. 

One side of the common self conjugate triangle of two conics 
is always real; the other two sides are real if the four common 
tangents are all real or all imaginary; otherwise the other two 
sides are imaginary. 

One pair of common apexes of two conics is always real. 

These propositions can be proved similarly to the corre¬ 
sponding propositions respecting common points and common 
chords (or by Keciprocation). 

Ex. If two conics have three-point contact at a point, they have a fourth real 
common point , and a fourth real common tangent. 


CHAPTER XXVIII. 


CIRCULAR POINTS AND CIRCULAR LINES. 

1. The circular lines through any point are the double 
lines of the orthogonal involution at the point. 

E ten/ pair of circular lines cuts the line at infinity in the 
same two points (called the circular points). 

Take any two points P and Q. Then to every ray in the 
orthogonal involution at P there is a parallel ray in the 
orthogonal involution at Q , or briefly, the involutions are 
parallel. Hence the double lines are parallel. Hence the 
circular lines through P and Q meet the line at infinity in 
the same two points. 

The notation 00 , 00 ' will be reserved for the circular points. 

Any two perpendicular lines arc harmonic with the circular 
lines through their meet. 

For by definition the circular lines are the double lines of 
an involution of which the perpendicular lines are a pair. 

The points in which any two perpendicular lines meet the line 
at infinity arc harmonic with the circular points. 

For the circular lines through the meet of the lines are 
harmonic with the given lines. 

2. The triangle ichose vertices are any point C and the circular 
points , is self-conjugate for' any rectangular hyperbola whose centre, 
is at C. 

For C co , C co ' being circular lines are harmonic with every 
orthogonal pair of lines through C, and are therefore har¬ 
monic with the asymptotes, i.e. with the tangents from C 
to the r. h., and are therefore conjugate lines for the r. h. 
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Also C is the pole of 00 co '. Hence Coo c©' is self-conjugate 
for the r. li. 

Ex. 1. All rectangular hyperbolas have a common pair of conjugate points. 

Ex. 2. Every conk for which the circular points are conjugate is a r. h. 

3. All circles pass through the circular points. 

Let C be the centre of any circle. Then Coo , Coo ' are the 
asymptotes of the circle. For Coo , Coo ' are the double lines 
of the orthogonal involution at C, i. e. are the double lines of 
the involution of conjugate diameters of the circle. Now a 
conic passes through the points in which the line at infinity 
meets its asymptotes. Hence the circle passes through co 
and 00 

Notice that we have proved that Coo , Coo ' touch at 00 , 00 ' 
any circle whose centre is at C. 

4. Every conic which passes through the circular points is a 
circle. 

Let C be the centre of a conic through 00, coThen 
since the lines joining the centre of a conic to the points 
where the conic meets the line at infinity are the asymptotes 
of the conic, we see that Coo , Coo ' are the asymptotes of the 
conic. Hence the involution of conjugate diameters of which 
the asymptotes are the double lines must be an orthogonal 
involution. Hence every pair of conjugate diameters is 
orthogonal. Hence the conic is a circle. 

We now see the origin of the names circular points and 
circular lines. The circular points are the points through 
which all circles pass. A pair of circular lines is the limit 
of a circle when the radius is zero ; the circle degenerating 
into a real point through which pass imaginary lines to the 
circular points. So that a pair of circular lines is both a 
circle and a pair of lines. 

5. Concentric circles have double contact , the line at infinity 
being the chord of contact. 

For all circles which have C as centre, touch G’co at co 
and C cc / at co 
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Ex. 1. Every semicircle is divided harmonically by the circular points. 

Ex. 2. The circle which circumscribes a triangle which is self-conjugate fur « 
rectangular hyperbola passes through the centre. 

For five of the vertices of the two triangles consisting of the given 
triangle and Coo co ' lie on the circle. 

Ex. 3. Gaskin’s theorem. The circle about a triangle self-conjugate f»r a 
conic is orthogonal to the director . 

Let V be n common point of the circle and the director. Let the 
polar of V for the conic meet the eircnm-circlo in a, a' ; Kco , Voo ' in 
0, 0' ; and the tangent at V to the circum-circle, and oo oo' in 7 , y'. 
Then Vaa' is a self-conjugate triangle. Hence aa! are conjugate points 
for the conic. Again, Fco , Kco'are conjugate lines, for the tangents 
from V are orthogonal; hence 00' are conjugate points. And {aa* , 0/3', 
yf) is an involution. Hence yY are conjugate points. Hence the polar 
of Y passes through y. Now Y is at infinity, hence its polar Vy passes 
through C; i. e. the tangent to the circum-circle at V coincides with 
the radius of the director circle. 

Ex. 4. The axes of any one of the system of conics through four given points 
on a circle are in fixed directions. 

Take any point V and join V to the points at infinity AA', BIT,... 
on the conics. Then V (AA', BB',...) is an involution pencil parallel 
to the asymptotes. But Koo , Koo' is one pair, corresponding to the 
circle. Hence the double lines are at right angles, and therefore bisect 
the angles AVA\ BVB', .... Hence the axes are parallol to these double 
lines, and therefore are in fixed directions. 

Ex. 5. Txco conics are placed with their axes parallel; show that their four 
meets are concyclic. 

Ex. 0. Give a desaip/ire proof of the property of the director circle of a 
conic. 

Let A and B be any fixed points, and let PA and PB bo any two 
lines through A and B which are conjugate for a conic. Draw the 
polar b of B cutting PA in Q. Then Q is the pole of PB. Hence 

A (P) = A (V) = (Q) = B (P). 

Hence the locus of P is a conic through A and B. 

Now lot R be any point on the director circle. Then Pco , Pco' are 
conjugate for the conic, since the tangents from R, being perpen¬ 
dicular, are harmonic with Pco , Poo Hence the locus of R is a conic 
through oo and coi. e. is a circle. 

If ^ ie pencil y {ABC . ) be turned bodily through any 
angle about V into the position Y {A'B'C '...), then the common 
lines of the two homographic pencils V (ABC...) and V(A'B'C'...) 
arc the circular lines through V. 

The pencils, being superposable, are homographic. Hence 
if they cut any circle through Fin abc... and a'b'c ..., the 
two ranges {abc...) and {a'b'c *...) on the circle are homo* 
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graphic. One point on the homographic axis of these ranges 
is the meet of ah' and a'b. But these lines are parallel. 
Hence this point is at infinity. So every point on the axis 
is at infinity. Hence the common points of the ranges 
(abc ...) and (a'b'o' ...) are the meets of the circle with the 
line at infinity, i. e. are <x> oo '. Hence the common lines of 
the pencils V(ABC...) and V (A'B'C' ...) are Vco, Voo'. 

Hence— The legs of a constant angle divide the segment joining 
the circular points in a constant cross ratio. 

Let the constant angles be ALA', BMBt, CNC , .... 
Through any point V draw a circle and let parallels through V 
to LA, MB, NC, ..., LA', MB', NC'.:. cut this circle in 
a, b, c,..., a', b', c'... . Then, as above, oo oo ' are the common 
points of the homographic ranges ( abc ...) and (a'b'c' ...) on 
the circle. Hence 

(oo oo ', a a') = (oo oo ', bb') = (co co ', cc) — .... 

Hence F( oo oo ' aa') is constant. But the parallel lines LA 
and Va cut co oo' in the same point; so LA' and Va cut 
oo oo' in the same point. Hence L (oo co AA') is constant. 
Hence LA and LA' divide the segment oo co ' in a constant 
cross ratio. 

7. Coaxal circles are a system of four-point conics. 

For two circles meet in two points (real or imaginary) 


l' 



on the radical axis and also in the circular points. The 
adjoining ideal figure explains the relation of coaxal circles 
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to the circular points. A and B are the common finite 
points on the radical axis, and 12 is the point at infinity on 
the radical axis. 

L and L' are the limiting points. For since LA and LB 
are circular lines through A and B, L is a point-circle of the 
system. So for L'. Also LL'il is the common self-conjugate 
triangle of the coaxal system. 

Foci of a Conic. 

8 . Every conic has four foci, which arc inside the conic and 
lie two on each axis, those on either axis being equidistant from 
the centre. 

The tangents from a focus of a conic to the conic are the 
double lines of the involution of conjugate lines at the focus, 
i. e. are the double lines of an orthogonal involution, i. e. are 
circular lines, i. e. pass through 00 , 00 Hence a focus is an 
internal point, since the tangents from it are imaginary. 

Also every intersection S of the four tangents from 00 , 00 ' 
to the conic is a focus of the conic. For Sea , £00 ' being the 
tangents from S and also circular lines, the involution of 
conjugate lines at S is orthogonal, i. e. S' is a focus. Hence 
the foci of a conic are the other four meets of tangents to the 
conic from oc and 00 

Consider the adjoin¬ 
ing ideal figure. Here 
SS'FF' are the foci. 

Also C is the centre; 
for the lines SS / , FF, 

00 00 ' form a self-conju¬ 
gate triangle, hence C 
is the pole of 00 00 
Again, SS / and FF are 
the axes. For 

<7(0000', SF) 
is a harmonic pencil 
(from the quadrangle 
SFS'F ); hence SS' and FF are orthogonal. Hence SS' 
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and FF', being orthogonal conjugate lines at the centre, 
are the axes. Hence the foci lie two by two on the 
axes. 

Again, FF' cuts 00 00' in a point XI, such that (CXI, FF) 
is harmonic; hence C bisects FF', So C bisects SS'. 

Hence the foci on each 



axis are equidistant from 
the centre. 

It will be instructive 
to draw an ideal pic¬ 
ture showing the rela¬ 
tion of a parabola and 
of a circle to its foci. 

In the case of a para¬ 
bola 00 00 ' touches the 
conic. Hence F' coin¬ 
cides with 00' and F 
with 00 . Also C and 
S' coincide at the point 
of contact of 00 00 

I11 the case of a 
circle, 00 and 00' are on 
the conic ; and all the 
foci coincide with the 


centre C. 


Ex. 1. The sides of a triangle ABC touch a conic a and meet a fourth tangent 
to a in A'B'ff ; show that the double lines of the involution subtended by (A A', 
BB', CCf ) at a focus are perpendiadar. 

Being conjugate lines at a focus. 

Ex. 2. The circle described about a triangle which circumscribes a parabola, 
passes through the focus. 

For five of the vertices of the two triangles consisting of the given 
triangle and Sco 00 ' lie on the circle. 

Ex. 3. A circle is drawn with centre on the directrix of a parabola to pass 
through the focus. At It, one of the meets of the parabola and the circle, are 
draum the tangents to the circle atul parabola, meeting the parabola and circle 
again in P and Q. Show that PQ is a common tangent to the tico curves. 

Let 0 be the centre on the directrix, and let the tangents from 0 
to the parabola meet the line at infinity in H and Cl'. Then con- 
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sidering the triangles Ofifl' and .Scoco', we see that the conics are 
related as in Ex. 14 of XIV. 2 . 

9. The foci on one axis (called the focal axis) are real, and 
the foci on (he other axis (called the non-focal axis) are 
imaginary. 

Take any point P, and through P draw the orthogonal 
pair of the involution of conjugate lines at P, cutting one 
axis in G and II and the other axis in g and h. Then PG 
and PII are harmonic with Poo and Poo' since GPH is a 
right angle, and with the tangents from P since PG and 
PH are conjugate. Hence PG and PH are the double lines 
of the involution P(00 00 SS', FF') to which the tangents 
belong. 

Hence P (SS', GII) and P(FF', gh) are harmonic. And 
C bisects SS' and FF'. Hence CS* = CG . CH and 

CP 2 = Cg. Ch. 

But on drawing the figure, we see that if CG and CII are 
of the same sign, Cg and Ch are of opposite signs. Hence, 
taking CG. CH positive, CS- is positive and CF 2 is nega¬ 
tive. Hence S and S are real and F and F' are imaginary. 

Ex. 1. Show that gh subtends u right angle at S and at S'. 

Now Cg. Ch = —CG . CII by elementary geometry = — CS 1 = CS. CS'. 
Hence SS'gh lie on the circle whose diameter is gh. 

Ex. 2. Any line through G is conjugate to the perpendicular line through II; 
and the same is true of g and h. J 

Ex. 3. In a parabola, S bisects GH. 

10. Confocal conics arc a system of four-tangent conics. 

For if S and S' be the real foci, the conics all touch the 
lines iSoo , S' oo , Soo', and S' 00 '. 

Hence, the tangents from any point to a system of confocals 
form an involution, to which belong the pairs (PS PS') 
(PF, PF ) and (Poo, Pco '), P being the given point. 

Through every point can be drawn a pair of lines which arc 
conjugate for every one of a system of confocals. 


s 
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Viz. the double lines PG, PU of the above involution. 

PG and PH are perpendicular. 

For they are harmonic with Poo , Poo 

The pairs of tangents from any point to a system of con- 
focals and the focal radii to the point have a common pair of 
bisectors. 

For the double lines PG and PH of the involution are 
perpendicular. 

Ex. 1. In a parabola, PG and PH are (he bisectors of the angles between PS 
and a parallel through P to the axis. 

Ex. 2. From a given point 0, lines are drawn to touch one of a system of 
confocal conics in P and Q; show that PQ and the normals at P and Q touch a 
fixed parabola which touches the axes of the confocals. 

Viz. the polar-envelope of the point 0 for the system of four-tangent 
conics. The normal PG at P touches the polar-envelope, because it i 9 
conjugate to OP for every conic of the system. Also coco' and the 
axes touch, since they are the harmonic lines of the quadrilateral. 

Ex. 3. The directrix of the parabola is CO, C being the common centre. 

For the tangents at 0 to the two confocals through 0 are two positions 
of PQ. 

Ex. 4. The circle about OPQ passes through a second fixed point. 

Let the normals at P and Q meet in R. Then the circle about OPQ 
is the circle about PQR, which passes through the focus of the para¬ 
bola. 

Ex. 5. The locus of the orthocentre of PQR is a line. 

Viz. the directrix of the parabola. 

Ex. 6. The conic through OPQ and the foci passes through a fourth fixed 
point. 

Let the perpendiculars at S, S' to OS, OS' meet in U. Then 

S ( UO , PQ) = S' (C/O, PQ) = - 1 . 

11. The locus of the poles of a given line for a system of con¬ 
focals is the normal at the point of contact of the given line with 

a confocal. 

For let the given line l touch a confocal at P, and let Per 
be the normal, and PH{= l) the tangent to this confocal. 
Then PG and PTI are perpendicular. Hence P(GH , 00 00 ) 
is harmonic. But PH is one of the double lines of the 
involution of tangents from P to the confocals, being the 
pair of coincident tangents from P to the confocal which 
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PH touches. And Poe, Poo ' is a pair of this involution. 
Hence PG is the other double line. Hence PG and PH, 
being harmonic with every pair of tangents, are conjugate 
for every confocal. Hence the locus of the poles of l 
is PG. 


Reciprocation of circular points and lines. 

12. Circular lines are the double lines of the orthogonal 
involution at a point P. Hence, the reciprocal of a pair of 
circular lines is a pair of points on a line p which are the 
double points of the involution on the line which subtends 
an orthogonal involution at the origin 0 of reciprocation, 
in other words, are the meets of p with the circular lines 
through the origin of reciprocation. 

Circular points are the points on the line at infinity which 
are the double points of the involution on the line at infinity 
which subtends an orthogonal involution at 0. Hence the 
reciprocals of the circular points are the double lines of the 
orthogonal involution at 0 , i.e. are the circular lines through 
the origin of reciprocation. 

The reciprocal of a circle for the point 0 is a conic with focus 
at 0. 

For since the circle passes through the circular points, 
the reciprocal touches the circular lines through 0, i. e. 0 is 
a focus of the reciprocal. 

To reciprocate confocal conics into coaxal circles. 

Confocal conics are conics inscribed in the quadrilateral 
S co , S' CO , Sec S' CO Reciprocate for S. Then since , 
Sec' touch the given conics, the circular points lie on the 
reciprocal conics, i. e. the reciprocal conics are circles. Also 
the given conics have two other common tangents; hence 
the reciprocal conics have two other common points, i. e. are 
coaxal circles. 

To reciprocate coaxal circles into confocal conics. 

Coaxal circles are conics circumscribed to the quadrangle 
AB coco'. (See figure of § 7 .) Reciprocate for L. Then 

s 2 
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the given conics pass through four fixed points, two on each 
circular line through the origin of reciprocation. Hence the 
reciprocal conics touch four fixed lines, two through each 
of the circular points ; i. e. the tangents to all the reciprocal 
conics from oc , oo ' are the same, i. e. the reciprocal conics are 
confocal. 



CHAPTER XXIX. 


PROJECTION, REAL AND IMAGINARY. 


1. To project a given conic into a circle and at the same time a 
given line to infinity. 

Take K ’, the pole of the given line l which is to be projected 
to infinity. Through K draw two pail's of conjugate lines 
cutting l in AA', BB'. 

On AA' and BB' as diameters describe circles cutting in 

V and V'. About A A' rotate 

V out of the plane of the paper. 

With V as vertex project the 
given figure on to any plane 
parallel to the plane VAA'. 

Then KA will be projected 
into a line parallel to VA , and 
KA' into a line parallel to VA'. 

Hence AKA' will be projected 
into a right angle. So BKB' 
will be projected into a right 
angle. Again, since KA and 
KA' are conjugate for the given 
conic, their projections will be 
conjugate for the conic which is the projection of the given 
conic. So KB and KB' will be conjugate in the figure 
obtained by projection. Again, K is the pole for the given 
conic of the given line l which is projected to infinity. 
Hence in the second figure, K is the pole of the line at 
infinity, i. e. is the centre of the conic. 
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Hence in the second figure KA, KA' and KB, KB* are 
two pairs of orthogonal conjugate lines at the centre, i.e. the 
second conic has two pairs of orthogonal conjugate diameters. 
Hence the second conic is a circle. 

2. The above construction fails when the line to be 
projected to infinity is the line at infinity itself. The 
problem then becomes— 

To project a given conic into a circle, so that the centre of the 
conic mag he projected into the centre of the circle. 

If the conic is an ellipse, this can be done at once by 
Orthogonal Projection. If the conic is a hyperbola, we must 
use an imaginary Orthogonal Projection. If the conic is 
a parabola, the projection is impossible. 

Ex. Project a system of liomothctic conics into circles. 

3. To project a given conic into a circle and a given point into 
its centre. 

Take K to be the given point and 1 its polar. 

To project a given conic, so that one given point mag he pro¬ 
jected into the centre and another given point into a focus. 

To project L into the centre and K into a focus, take 1 in 
the above construction to be the polar of L instead of the 
polar of K, using X and 1 as before. Then L is projected 
into the pole of the line at infinity, i. e. into the centre, and 
K is projected into a point at which two pairs of conjugate 
lines are orthogonal, i. e. into a focus. 

To project a given conic, so that two given jjoints mag he pro¬ 
jected into its foci. 

To project K , 1C into the foci. Take L and L\ the double 
points of the involution (PP', KIC), P and I y being the 
points in which KIC cuts the conic. Now project K into a 
focus and L into the centre. Then {KIC, LL') is harmonic; 
also L' is at infinity, for since {PP\ LL') is harmonic, V is 
on the polar of L. Hence KK' is bisected at L, i. e. K 
is the other focus. 

Ex. 1. Project a given conic in a given plane into a circle in another 
given plane. 

Take the line AA' parallel to the intersection of the two planes, ami 
take V in the plane through AA' parallel to the second plane. 
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Ex 2 Project a given conic into a parabola, ami a given point into its focus, 
and a 'given point on the conic into the vertex of the parabola. 

Suppose we want to project S into the focus and P into the vertex 
of a parabola. Let SP cut the conic again in P / . lake the tangent at 
P / as vanishing line. 


Ex. 3. Project a given conic into a rectangular hyperbola , and a given point 
into a focus. 

Let two conjugate lines at S cut the conic in P and P'. Take Pr as 
vanishing line. 


4. In the fundamental construction of § i, if the point A 
be outside the conic, the pencil of conjugate lines at K is not 
overlapping ; hence the segments A A , BB do not overlap ; 
hence the points V and V are imaginary. In this case we 
say that the vertex of projection is imaginary, and that we 
can by an imaginary projection still project the conic into a 
circle and l to infinity. Also by the Principle of Continuity 
proofs which require an imaginary projection are valid ; in 
fact we need not pause to inquire whether the projection 
is real or whether it is imaginary. 

Prove Pascal's theorem by projection. 

See figure of XV. i. Project MN to infinity and the 
conic into a circle. Then in a circle we have AB parallel to 
DE, and BC parallel to EF. It follows by elementary 
geometry that AF is parallel to CD. Hence in the original 
figure L is on MN. 

Ex. 1. Prove by Projection that the harmonic triangle (i) of an inscribed 
quadrangle, (ii) of a circumscribed quadrilateral are self-conjugate for the 
conic. 

Project in each case into a parallelogram. Notice that a parallelo¬ 
gram inscribed in a circle must be a rectangle. 

Ex. 2. A, B, C, D are four points on a conic. Show that the harmonic 
triangle <f the quadrilateral AB, BC, CD, DA is generally not self-conjugate. 

Ex. 3. Show that the harmonic triangles of a quadrangle inscribed in 
a conic and of the quadrilateral if tangents at the vertices of the quadrangle are 
coincident. 

Ex. 4. A, B, C, D, A', B', Cf, Z/ are eight points on a conic. AB, CD, A'B ', 
C'D' are concurrent, and so are BC, DA, B'Cf , D'A' ; show that CA, DB, CA', 
D'B' meet in a point, and that a conic can be drawn touching A'A, B'B, 
CfC, D'B at A, B, C, D. 

Ex. 6. The chords PP', QQ' HR', SS' of a conic meet in 0. Show that the 
two conics OPQRS and OP'Q'R'S' touch at 0. 

Project the conic into a circle and 0 into its centre. Then the two 
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conics are the reflexions of one another in 0. 
0 coincide. 


Hence the tangents at 


. }l ™°logous triangles be inscribed in (or circumscribed 1 0 ) a 
conic, the c. of h. is the pole of the a. of h. 

p roject the polar of the c. of h. to infinity and the conic into a circle. 

™“ ln u neW ? l gUre * ach trian 8 Ie is the reflexion of the other in the 
centre Hence the sides are parallel. Hence the a. of h. is at 

infinity ; 1 e. the a. of li. is the polar of the c. of li. Hence the same 
is true in the original figure. 


Ex. 7. Two homologous triangles are inscribed in (or circumscribed to) 
a conic: show that any transversal through the centre of homology cuts the sides in 
pairs of points in involution. 


Ex. 8 . Reciprocate Ex. 7 . 

Ex. 9. A is a fixed point; P is any point on its polar for a given conic; 
the tangents from P meet a given line in Q, R. Show that the meets of AR, PQ 
uml of AQ. PR lie on a fixed line. 

Project the conic into a circle and A into its centre. 

Ex. 10. 1 he lines joining the vertices oj a triangle ABC inscribed in a conic to 
a point 0 meet the conic again in a. b, c; and Ab, Be, Ca meet the polar of 0 in 
R, P, Q. Show that the lines joining any point on the conic to P, Q, R meet BC . 
CA, AB in collinear jjoiiits. 

Ex. 1L The lines AB and AC touch a conic at B and C. The lines PQ and 
PR touch the conic at Q and R. Show by Projection that the six points 
A, B, C, P, Q, R he on a conic. Through A is drawn a line cutting the conic in 
L and M and cutting QR in N, and a point U is taken such that (LM,NU) = - 1 . 
Show that U lies on the conic ABCPQR. 

Ex. 12. 1J from three collinear points A", Y, Z pairs of tangents be drawn to 
a conic, and if ABC be the triangle formed by one tangent from each pair, and 
DEF the points in which the remaining three tangents meet any seventh tangent, 
the lines AD, BE, CF meet at a point on A'YZ. 

Reciprocating, we have to prove the theorem — 4 If AO A ', BOA', COCf 
be chords of a conic, and P any point on the conic, then the meets of 
AB, PC', of BC, PA', and of CA, PB' lie on a line through 0.’ Project 
to infinity the line joining 0 to the meet of AB, PC', and at the same 
time the conic into a circle. The theorem becomes—‘If AA', BPf, CCf 
be parallel chords of a circle and P a point on the circle such that PCf 
is parallel to AB, then PB' is parallel to CA and PA' to BC.’ This 
theorem follows by elementary geometry. 

Ex. 13. ABC is a triangle inscribed in a conic of which 0 is the centre. OA', 
OB', OC bisect BC, CA, AB. Through P, any point on the conic, are drawn lines 
parallel to OA', OB', OC meeting BC, CA, AB in X, Y, Z; show that X, Y, Z 
arc collinear. 

By an Orthogonal Projection, real or imaginary, project the given 
conic into a circle with 0 as centre. Then in the circle, OA' is perpen¬ 
dicular to BC, OB' to CA, and 0(f to AB. Hence the theorem becomes— 
‘The feet of the perpendiculars drawn from any point situated on a 
circle upon the sides of a triangle inscribed in the circle are collinear.’ 

Ex. 14. Reciprocate Ex. 13 . 

Ex. 15. Through a fixed point 0 is drawn a chord PI 1 ' of a conic ; show that 
the locus of the middle point of PP' is a homothetic conic through 0 and through 
the points oj contact <f tangents from 0. 
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5. To project any two given imaginary points into the circular 
points. 

Let the two imaginary points E, F be given as the double 
points of the overlapping involution (AA', Bli'). Take any 
point K in the given plane and proceed as in § 1 to project 
the angles AKA' and BKB' into right angles and A A' to 
infinity. Then KE and KF are the double points of the 
orthogonal involution K (AA', BB'), and E and F are at 
infinity ; hence E and F are the circular points. 

If E and F are real points, we can project them into the 
circular points by an imaginary projection ; and proofs in 
which imaginary projection is employed are valid by the 
Principle of Continuity. 

To project any two imaginary lines into a pair of circular 
lines. 

Let the given lines KE, KF be defined as the double lines 
of the involution K(AA\ BB). Draw any transversal 
AA'BB' . Then proceed as in § 1 to project the angles AKA' 
and BKB ' into right angles. Then KE and KF, being 
the double lines of an orthogonal involution, are circular 
lines. 

To project any conic into a rectangular hyperbola. 

Project any two conjugate points into the circular points. 

To project a system of angles which cut a given line in two 
homographic ranges, into equal angles. 

Project the common points into the circular points. 

Ex. 1. Deduce the construction for drawing a conic to touch three lines and to 
]>ass through txco pohils /row the construction for drawing a circle to touch 
three lines . 

Ex. 2. The pole-locus of four given points A, B, C, D and a given line l, 
touches the sixteen conics which can be drawn through the common conjugate 
points on l to touch the sides of one of the triangles ABC, ACD, ADB, BCD. 

Project these conjugate points into the circular points; then l goes 
to infinity. Also AD, BC meet the line at infinity in points harmonic 
with the circular points ; hence AD, BC are perpendicular. Similarly 
BD, AC are perpendicular, and also CD, AB . Also the pole-locus 
becomes the nine-point circle of each of the four triangles ; and this is 
known to touch any circle which touches the sides of any one of the 
four triangles. 
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6. To project any two conics into circles. 

Project any two common points into the circular points, 
or project one conic into a circle and a common chord to 
infinity. 

There are six solutions, as there are six common chords. 
But the projection is only real if we take a real common 
chord which meets the conics in imaginary points, for the 
line at infinity satisfies these conditions. 

To project a system of four-point conics into a system of coaxal 
circles. 

Proceed as above. 

Ex. 1. Points P, Q. R arc taken on BC. CA, AB, and conics arc described 
through AQRLM. BRPLM, CPQLM, where L, M arc any two points. Show that 
these conics meet in a point. 

Project LM into the circular points. 

Ex. 2. Given two tangents and tiro points on a conic, the locus of the meet of 
the tangents at these points is two lines. 

Ex. 3. Two conics pass through ABCD. AEF, BGll cut the conics in 
EG, FH ; show that CD, EG, Fll are concurrent. 

Ex. 4. A variable conic passing through four fixed points A, B, C, D 
meets a fixed conic through AB in PQ; show that PQ passes through a 
fixed point. 

Ex. 5. A, B, C, D are four fixed points on a fixed conic. BC, DA meet in F, 
and AB, CD meet in G. A variable conic through ACFG cuts the fixed conic 
again in PQ. Show that PQ passes through the pole of BD for the fixed 
conic. 

Ex. 6 . If a conic pass through two given points and touch a given conic at a 
given point, its chord of intersection with the given conic passes through u 
fixed point. 

Ex. 7. On each side ( UW) of the common self-conjugate triangle of two conics 
lie two common apexes (Blf ) and the two poles (PP' and Q(/) of two common 
chords (be and ad) of the conics. Also (PP', BB') and (<?</, BB?) are 
harmonic. 

See figure of XIX. 8 . B, B? lie on UW because BB' and UW are both 
sides of the self-conjugate triangle. P. P' lie on UW because be passes 
through V ; so Q, Qf lie on 17IP. Now project be into the circular points. 
Then P and P* are the centres of the circles, and B and If are the 
centres of similitude. Hence (PP',BB')=- i. So by projecting ad 
into the circular points, we prove that (QQ', BB')=-i. 

Ex. 8 . Reciprocate Ex. 7 . 

Ex. 9. Of two circles, the poles of the radical axis and the centres of similitude 
form a harmonic range. 

Ex. 10. If tangents be drawn from any point on any common chord of 
two conics, touching one conic in AB and the other in CD; show that the huts 
AC, AD, BC, BD meet two by two in the common apexes corresponding to 

the common chord. 
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Ex. 11. Jf through any common apex of tiro conics a line hr drawn catting 
the conics in the points AB awl CD, at which the tangents are ab awl cd ; show 
that the points ac, ad, be, bd lie two by two on the corresponding common 

chords. 

Ex. 12. If the joins of any point on any common chord of two conics to 
the poles of this chord cut (he conics in AH and CD; show that the liw s 
AC, AD, iiC, BD meet two by two in the common apexes corresponding to Un¬ 
common chords. 

Ex. 13. If three conics have tiro points in common, the opposite common 
chords if the conics taken injiairs, are concurrent. 

Ex. 14. If three conics hare two points in common, the time pairs of common 
apexes corresponding to the chord lie three by three on four lines. 

Ex. 15. Reciprocate Ex. 13 and Ex. 14 . 

Ex. 16. Two conics a and 0 meet at B. C, and touch at A. DEO touches a 
at E and & at <J. DFIl touches a at F and 0 at II. Show that EF, BC, Oil 
meet {at K say) on the tangent at A, and that the poles of BC for a and 0 
lie on DA and divide it harmonically. Show also that 

A ( KD, BC) = D{AK, EF) = K{FH,ACf)=- i. 

Ex. 17. The envelope of a line which meets two given conics in pairs 
of harmonic points is a conic which touches the eight tangents to the conics 
at their meets. 

Let the conics meet in ABCD. Project AB into the circular points. 
Then by Ex. 2 of III. 6 , the envelope of the line is a conic which 
touches the four tangents at Cand 1). So by projecting CD into the 
circular points, we prove that the envelope touches tho tangents 
at A and B. 

Ex. 18. Prove Ex. 17 by one projection. 

Ex. 19. If the given conics be two parabolas with axes parallel, the envelope 
is a parabola with axis parallel to these axes. 

Ex. 20. The locus of a point the tangents from which to tiro given conics arc 
pairs of a harmonic pencil is a conic on which lie the eight points in which (he 
given conics touch their common tangents. 

Ex. 21. Two equal circles touch. Show that the locus of a point, the pairs of 
tangents from which to the circles arc harmonic, is a pair of lines. 

For if tho circles touch at A and tho common tangents touch 
them at BC, DE, the lines BAE, CAD contain tho eight points, four 
being at A. 

Ex. 22. If SA, SA', S'A, S'A' be the common tangents of tico circles, S and 
S' being the centres of similitude , and if the angles at A and A' be right, show 
that the above locus breaks up into a pair of lines. 

For the four polars of tho other two common apexes bisect the 
angles between SS' and AA'. 

Ex. 23. The tangents to a system of four-point conics at their meets form four 
homographic pencils. 

Ex. 24. Reciprocate Ex. 23 . 

Ex. 25. If two conics be so situated that two of their meets AB subtend 
at another meet C an angle which divides harmonically the tangents at C, the 
same is true for AB at D, for CD at A, and for CD at B. 
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Apply Ex. 23 to the four conics consisting of the two given conics 
and the pair of lines AC, BD and the pair AD, BC. 

Ex. 20. In such conics, the envelope of the lines which divide the two conics 
harmonically degenerates into two points. 

Ex. 27. Reciprocate Ex. 25 and Ex. 26 . 

Ex. 28. Four parabolas are drawn with their axes in the same direction 
to touch the four triangles fanned by four points ; show that they have a common 
tangent. 

A particular case of the more general theorem—‘ Four conics are 
drawn to touch two given lines and to touch, &c.’ 

Reciprocate, and project the given points into the circular points. 

Ex. 29. A polygon is inscribed in one of a system of four-point conics, and 
each side but one touches a conic of the system ; show that the remaining side 
also touches a conic of the system. 

For the theorem is true for coaxal circles by Poncelet’s theorem. 
Ex. 30. Reciprocate Ex. 29 ; and deduce a property of confocal conics. 

7 . To project any two conics into confocal conics. 

Let the opposite vertices of the quadrilateral circumscribed 
to both conics be AA', BB', CC\ Project AA' into the 
circular points ; then the conics have the foci BB', CC' in 
common, i.e. are confocal. 

To project a system of conics inscribed in the same quadrilateral 
into confocal conics. 

Project a pair of opposite vertices of the circumscribing 
quadrilateral into the circular points. 

Ex. 1. A variable conic touches four fixed lines ; from the fixed points B, C 
taken on two of these lines the other tangents are drawn; find the locus of their 
meet. 

Project BC into the circular points. 

Ex. 2. The line PQ touches a conic. Find the locus of (he meet of tangents of 
the conic which divide PQ (i) harmonically, (ii) in a constant cross ratio. 

Ex. 3. If a series of conics be inscribed in the same quadrilateral of which 
A A' is a puir of opposite vertices, and from a fixed point 0, tangents OP, OQ be 
drawn to one of the conics, the conic drawn through OPQAA' will pass through a 
fourth fixed point. 

Project AA' into the circular points, and see Ex. 4 . of XXVIII. 10 . 
Ex. 4. Reciprocate Ex. 3 . 

Ex. 5. If two conics be inscribed in the same quadrilateral, the two tangents 
at any of their meets cut any diagonal of the quadrilateral harmonically. 

Ex. 6. Given the cross ratio of a pencil, three of whose rays pass through fixed 
points and whose vertex moves along a fixed line , the envelope of the fourth ray is a 
conic touching the three sides of the triangle formed by the given points. 
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Ex 7 The locus of the point where the intercept of a variable tangent of a 
central conic between two fired tangents is divided in a given ratio is a l, m rbota 
whose asymptotes are parallel to the fixed tangents. 

This is a particular case of the theorem—‘If a tangent of a conic 
meet two fixed tangents AB, AC in P, Q and a fixed line l m V and it 
if be taken such that (PQ. RU) is constant ; then the locus of H is a 
conic through the meets B, C of I with the fixed tangents. lo prove 
this project BC into co co'. Then wo have to prove that—* It through 
the focus S of a conic, a line .97? be drawn making a given angle with 
a variable tangent Q/f, then the locus of if is a circle. 'I his can be 
proved by Geometrical Conics. 

8. To project any tico conics info homothetic conics. 

Project any common chord to infinity. The new conics 

will pass through the same two points at infinity, and hence 
are homothetic. (See XIX. 11 , end.) 

To project any two conics which have double contact into homo¬ 
thetic and concentric conics. 

Project the chord of contact to infinity. The polo of the 
chord of contact projects into the common centre. 

Ex. The point V on a conic is connected with two fixed points L am/ M. Show 
that chords of the conic which arc divided harmonically by VL and VM pass 
through a fixed point 0. Also as V varies, the locus of 0 is a conic touching the 
given conic at tico jxiints on the join of the fixed points L and it. 

9. To project any two conics having double contact into con¬ 
centric circles. 

Project the two points of contact into the circular points. 
Then the conics will both pass through the circular points, 
i.e. will both be circles. Also they will both have the same 
pole of the line at infinity, i.e. they will be concentric. 

Ex. 1. Conics having the same focus and corresponding directrix can be pro¬ 
jected into concentric circles. 

For the focus S has the same polar, and the tangents from S are the 
same. Hence the conics have double contact. 

Ex. 2. Through the fixed point 0 is drawn a chord OAB of a conic, and on 
OAB is taken the point P such that (OA BP) is constant. Find the locus of P. 

10. The lines which join pairs of corresponding points of two 
homographic ranges on a conic , touch a conic having double 
contact with the given conic at the common points of the ranges. 

Let (ABC...) and (A'B'C'...) be the two homograpliic 
ranges, and E, F their common points. Project the conic 
into a circle and the homographic axis EF to infinity. Then 
E, F are projected into the circular points. 
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Now in the second figure, AB' and A'B meet on the 
homographic axis. Hence AB' and A'B are parallel. So 
AC" and A'C are parallel, and so on. Hence the arcs AA\ 
BB, CC , ... are all equal. Hence the envelope of A A' is 
a concentric circle, i.e. a circle having double contact with 
the circle which is the projection of the given conic at 
the circular points E, F. Hence in the original figure the 
envelope ot A A' is a conic having double contact with the 
given conic at the double points of the two liomographic 
ranges. 

Ex. 1. Two conics have double contact , and a tangent to one conic meets the 
other conic in A and A'. Shotc that A and A' generate homographic ranges , and 
Jind the common points of these ranges. 

Ex. 2. If (ABC ..) and (A'B'C'...) be tico homographic ranges on a conic , 
shoir that the locus of the poles of A A', BB', ... is a conic having double contact 
with the given conic. 

Ex. 3 The points of contact of the tangents AA', BB'. CC', ... form a range 
on the envelope homographic with the ranges ABC... and A'B'C'.... 

Ex. 4. Show that the tangents at ABC... and A'B'C'... cut the homographic 
axis in homographic ranges. 

For equal angles cut the line at infinity in liomographic ranges. 

Ex. 5. If 0 be the pole of the homographic axis of the two homographic ranges 
on a conic, then 0(ABC...) = 0 (A'B'C'...). 

Ex. 6. If all but one of the sides of a polygon pass through fixed points and 
all the vertices lie on a conic, then the envelope of the remaining side is a conic 
having double contact with the given conic. 

For the last side determines homographic ranges on the conic. 

Ex. 7. If all but one of the vertices of a polygon move on fixed lines and all 
the sides touch a conic, the locus of the remaining vertex is a conic having double 
contact with the given conic. 

Ex. 8. Two sides of a triangle inscribed in a conic pass through fixed points; 
show that the envelope of the third is a conic touching the given conic at the meets 
of the given conic with the join of the given points. 

Ex. 9. A triangle PQR is inscribed in a conic; PQ, PR are in given direc¬ 
tion ; show that QR envelopes a conic. 

Ex. 10. The envelope of chords of a conic which subtend a given angle at a 
given point on the conic is a conic having double contact with the given conic. 

Ex. H. A, B are tico fixed points on a conic, and P, Q tico variable points 
on the conic such that (AB, PQ) is constant; show that PQ envelopes a conic which 
touches the given conic at A and B. 

Ex. 12. Show also that the locus of the meet of AQ aiul BP, and the locus of 
the meet <f AF and BQ, are both conics hating double contact with the given conic 
at A and B. 

For A (ABQ...) =B(ABP...) and A (ABP ...) = B(ABQ...). 
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Ex. 13. Inscribe in a given conic a polygon of any given number of sides, each 
Side of which shall touch some fixed conic having double contact with the given 
conic. 

Ex. 14. If tangents be drawn from points on a conic to a conic having double 
contact with it. the points of contact generate homographic ranges on the conic. 

Ex 15 A conic is drawn through the common points E, F of two homographic 
ranges' A, B, C, ... and A', B', C', ... on the same line. A pair of tangents 
moves so as to pass through n pair of points of these ranges. Show that the points 
of contact generate homographic ranges on the conic, whose common points are h 
and F. 

Ex. 16. Also if P be any point, and FA cut the conic in a a, and A'a cut 
the conic in a 1 ; show that an ' generate homographic ranges on the conic. 

Ex. 17. Through a point P is drawn a chord cutting a conic in a a, and a 
point a’ is taken on the conic such that the angle a a a' is constant; show that aa' 
generate homographic ranges. 

Here AB... A'B'... is at infinity. 

Ex. 18. Reciprocate examples 15 . 16 and 17 . 

Ex. 19. If two conics a and $ have double contact at the points L and M ; 
and through LM be described any conic y, then the opposite two common chords of 
ay and By meet on LM. 

Ex. 20. Any angle whose legs pass through L and M respectively, intercepts 
chords on a and & which meet on LM. 

A particular case of Ex. 19 . 

Ex. 21. If two hyperbolas hare the same asymptotes, any two lines parallel to 
the asymptotes intercept parallel chords oj the hyperbola. 

Ex. 22. Any txco lines parallel to the asymptotes of a hyperbola intercept 
parallel chords on the hyperbola and its asymptotes. 

Ex. 23. Reciprocate Ex. 22 . 

Ex. 24. If tangents at the tico points P, Q on one of two conics haring double 
contact at L and M meet the other in AB and CD, show that tico of the chords AC, 
AD, BC, BD meet PQ on LM, and the other tico meet PQ in points UV such that 
a conic can be drawn touching these chords at U and V aiul touching the conics at 
L and M. 

Ex. 25. Reciprocate Ex. 24 . 

Ex. 26. If a tangent to a conic meet a homothetic and concentric conic in P 
and Pshow that CP and CP' generate homographic pencils whose common lines 
are the common asymptotes, C being the common centre. 
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GENERALISATION BY PROJECTION. 

1. In the previous chapter we have investigated theorems 
by projecting the given figure into the simplest possible 
figure. In this chapter we shall deal with the converse 
process, viz. of deriving from a given theorem the most 
general theorem which can be deduced by a projection, real 
and imaginary. This process is called Generalising by Piv- 
jeetion. 

In our present advanced state of knowledge of Pure 
Geometry, Generalisation by Projection is not a very valuable 
instrument of research. In fact the student will often find 
that it is more easy to prove the generalised theorem than 
the given theorem. 

Many things are as general already as they can be. For 
instance, if we generalise by projection a point, a line, a conic, 
a harmonic range, a range having a given cross ratio, two 
conics having double contact, and so on, we obtain the same 
thing. 

2. The properties of any figure have an intimate relation 
with the circular points 00 , 00 '. Hence the generalised figure 
will have an intimate relation with the projections of the 
circular points. But in the second figure there will also be 
a pair of circular points. Hence, to avoid confusion, we 
shall call the projections of the circular points rs and w. 

3. Since any two points can be projected into the circular 
points, the circular points generalise into any two points c 
and ct', real or imaginary. 
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Generalisation by Projection. 

Since a pair of circular lines pass through the circular 
points, a pair of circular lines generalise into a pair of lines, 
one through rx and one through 

Since all circles pass through the circular points, a circle 
generalises into a conic which passes through tx and tx' , where 
tx and tx' are any two points. 

Since concentric circles touch one another at the circular 
points, concentric circles generalise into conics touching one 
another at tx and at in'. 

Since the line at infinity touches a parabola, a parabola 
generalises into a conic touching the line txtx'. 

Notice that we cannot generalise the distinction between 
a hyperbola and an ellipse ; for by an imaginary projection a 
pair of real points may be projected into a pair of imaginary 
points and vice versa. 

Since a rectangular hyperbola is a conic for which the 
circular points are conjugate, a rectangular hyperbola gene¬ 
ralises into a conic for which tx, tx' are a pair of conjugate 
points. 

Since the centre of a conic is the pole of the line at 
infinity, the centre of a conic generalises into the pole of the 
line txtx'. 

Hence a circle on AB as diameter generalises into a conic 
passing through ABtxtx', and such that the pole of the line 
txtx' is on AB. 

Since parallel lines meet on the line at infinity, parallel 
lines generalise into lines which meet at a point on the line 

TXTx'. 

Note that throughout this chapter, tx and tx' are any two 
points, real or imaginary. 

4. If B bisects the segment AC, then the range (AC, BD.) 
is harmonic; hence <B bisects AC’ generalises into ‘If AC 
meet txtx' in I, then B is such that (AC, BI) is harmonic, «■ 
and tx' being any two points.’ 

Generalise by Projection the theorem— 1 Given two concentric 

circles, any chord of one which touches the other is bisected at the, 
point of contact.’ 
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The result is—‘ Given two conics touching one another at 
any two points ct and ex', if any chord PP' of one, touch the 
other at Q and meet tzts' in I, then (PP', QI) is harmonic.’ 

Or, without mentioning ct and tv', —‘Given two conics 
having double contact, if any chord PP' of one, touch the 
other at Q and meet the chord of contact in I, then (PP', QI) 
is harmonic.’ 

The student should convince himself by trial that the 
second theorem can be projected into the first, and that the 
second theorem is the most general theorem which can be 
projected into the first. 

Generalise by Projection the following theorems— 

Ex. 1. Given three concentric circles, any tangent to one is cut by the other two 
in four points tchose cross ratio is constant. 

Ex. 2. The middle points of parallel chords of a circle lie on a line which 
passes through the centre of the circle. 

Ex. 3. If the directions of two sides of a triangle inscribed in a circle 
are given, then the envelope of the third is a concentric circle. 

Ex. 4. Given four points on a conic, the locus of the centre is the conic 
through the middle points of the six sides of the quadrangle formed by the Jour given 
points. 

5. If A VA' is a right angle, then VA and VA' divide the 
segment joining the circular points harmonically; hence a 
right angle A VA' generalises into an angle A VA', such that 
VA and VA' divide the segment joining any two points rs, 
•ex' harmonically. 

Generalise by Projection the theorem —‘ The perpendiculars to 
the sides of a triangle at the middle points of the sides meet at the 
centre of the circum-circle.' 

The result is—‘If the sides BC, CA, AB of a triangle 
meet the segment joining any two points ct and vA in L, 31, 
N; and if X, Y, Z be taken such that (cts/, XL), (sxcx', YM), 
(rsrs', ZN) are harmonic ; and if D, E, .Fbe taken such that 
(BC, I)L), (CA, EM), (AB, FN) are harmonic; then DX, 
EY, FZ meet at the pole of ctot' for the conic which passes 
through ABCrsrs'' 

Generalise by Projection the following theorems— 

Ex. 1. A tangent of a circle is perpendicular to the radius to the point 
of contact. 
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Ex. 2. The feet of the perpendiculars from any point on a circle on the sides 
of an inscribed triangle are collinear. 

Ex. 3. The locus of the meet of perpendicular tangents of a conic is a conrenh ic 
circle. 

Ex. 4. The circle about any triangle self-conjugate for a conic is orthogonal to 
its director circle. 

Ex. 6. The chords of a conic ichich subtend a right angle at a fixed point on 
the conic pass through a fixed point on the normal at the point. 

Ex. 6. If a triangle PQR, right-angled at P, be inscribed in a rectangular 
hyperbola, the tangent at P is the pcipendicular from P on QR. 

6. Since all circles pass through the circular points, a 
system of circles generalises into a system of conics passing 
through the same two points (•ox and z/). 

Since coaxal circles pass through the same four points of 
which two are the circular points, coaxal circles generalise 
into a system of conics which pass through the same four 
points (of which two are zj and ox'). 

Since the limiting points of a system of coaxal circles art* 
the two vertices of the common self-conjugate triangle which 
lie on the line joining the poles of 00 00 the limiting points 
generalise into the two vertices of the common self-conjugate 
triangle of a system of four-point conics which lie on the 
line joining the poles of any common chord (cxcx'), i.e. they 
generalise into any two vertices of the common self-conjugate 
triangle. 

Since the centres of similitude of two circles are the two 
intersections of common tangents which lie on the line 
joining the poles of co 00 ' for the circles, the centres of simi¬ 
litude of two circles generalise into the two intersections of 
common tangents of two conics (through ox and zr') which 
lie on the line joining the poles of any common chord (zjzt') 
for the conics, ie. they generalise into any pair of opposite 
common apexes of two conics. 

7. Generalise by Projection the theorem— 1 Any common tan¬ 
gent of two circles subtends a right angle at either limiting 
point. 

The result is ‘If zr and zr' be any two common points 
of two conics, and if L and L! be the two vertices of the 


t 2 
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common self-conjugate triangle which are collinear with the 
poles of then any common tangent of the conics sub¬ 
tends at L (and at L') an angle whose rays divide the 
segment arsy' harmonically.’ 

In other words,—‘ Any common tangent of two conics sub¬ 
tends at any vertex of the common self-conjugate triangle 
an angle which divides harmonically every common chord 
which does not pass through this vertex.’ 

Generalise by Projection the theorems— 

Ex. 1. Any transversal meets a system of coaxal circles in pairs of points in 
involution. 

Ex. 2. The circle of similitude of two circles is coaxal with them. 

8 . Since a focus of a conic is one of the four meets of the 
tangents from the circular points to the conic, a focus of a 
conic generalises into one of the meets of the tangents from 
any two points (tzr and rs') to the conic. 

The two foci of a conic generalise into a pair of opposite 
vertices of the quadrilateral of tangents from any two points 
(tzr and •c/). 

Since the line joining the circular points touches a para¬ 
bola, the focus of a parabola generalises into the meet of tan¬ 
gents from any two points (or and sr') lying on any tangent 
of a conic. 

Since confocal conics touch the same four tangents from 
the circular points (viz. See , S' 00 , S 00 S' co r )» confocal 
conics generalise into conics inscribed in the same quadri¬ 
lateral (of which ct and s/ are a pair of opposite vertices). 

Since conics which have the same focus S and the 
same corresponding directrix l touch S so, S 00where l 
meets these lines, conics which have the same focus S and the 
same corresponding directrix l generalise into conics having 
double contact, the common tangents passing through b 
(and through ra and v/) f and touching the conics at pomts 

on ?. . 

A conic having S as focus generalises into a conic touching 

any two lines {St*r and S&') through S. 
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9 . Generalise by Projection the theorem — 1 The circle which 
circumscribes a triangle whose sides touch a parabola passes 

through the focus of the parabola 

The result is—‘ The conic which passes through the points 
A, B, C, nr, -c/, where rz and tz' are any two points, and A, 

JB , C are the vertices of a triangle whose sides touch a conic 
which touches the line passes through the meet of 

tangents to the latter conic from rz and rz'f 

In other words—‘The conic, which passes through five 
out of the six vertices of two triangles which circumscribe 
a given conic, passes through the sixth also’. 

Ex. 1. Given (wo points on a conic, find the locus of the pole of their join, 
given also either (i) tico tangents, or (ii) a tangent and a point. 

Generalise by Projection the following theorems— 

Ex. 2. Any line through a focus of a conic is perpendicular to the line joining 
its pole to (he focus. 

Ex. 3. Giren a fonts and t\oo tangents of a conic , the locus of the other focus 
is a line. 

Ex. 4. The locus of the centre of a circle which touches tico given circles 
is a conic having the centres qf the circles as foci. 

Ex. 6. The locus of the centre of a circle which passes through a fixed point 
and touches a fixed line is a parabola of which the point is the focus. 

Ex. 6. Confocal conics cut at right angles. 

Ex. 7. The envelope of the polar of a given point for a system of confocal* 
is a parabola touching the axes of the confocals and having the given point on its 
directrix. 

10 . Since the rays of an angle of given size divide the 
segment joining the circular points in a given cross ratio. 
a constayit angle generalises into an angle whose rays divide 
the segment joining any two points (tz and ct") in a constant 
cross ratio. 

Generalise by Projection the theorem —‘ The envelope of a chord 
of a conic which subtends a constant angle at a focus S is another 
conic having S as focus; and the two conics have the same 
directrix corresponding do &’ 

The result is —* The envelope of a chord of a conic which 
subtends at S, one of the meets of a tangent from any point 
cr with a tangent from any point an angle whose rays 
divide tztz' in a constant cross ratio, is another conic, 
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touching Sgt and S-&'; and the two conics have the same 
polar of S .’ 

In other words—‘ If SQ and SB be the tangents from any 
point S to a conic, the envelope of a chord BP' of the conic 
such that S(QBPP') is constant, is a conic having double 
contact with the given conic at the points of contact of 
SQ and SB.’ 

Ex. 1. Generalise —‘ a regular polygon.' 

A regular polygon may bo defined as a polygon which can be 
inscribed in a circle so that each side subtends the same angle at the 
centre of the circle. 

Generalise by Projection the following theorems— 

Ex. 2. The envelope of a chord of a circle which subtends a given angle at any 
point of the circle is a concentric circle. 

Ex. 3. If from a fixed point 0, OP be drawn to a given cirde, and TP 
b» drawn making the angle TPO constant, the envelope of TP is a conic with 0 as 
focus. 

Ex. 4. If from a focus of a conic a line be drawn making a given angle xoith 
a tangent , the locus of the point of intersection is a cirde. 

Ex. 5. The locus of the intersectioxi of tangents to a parabola which meet 
at a given angle is a hxjperbola having the same focus and corresponding 
directrix. 


11 . Generalise —‘ The bisectors of an angle.' 

If AD, AE are the bisectors of the angle BAC, then 
A (BC\ DE) is harmonic, and also A (00 00 DE) since EAD 
is a right angle. Hence the bisectors of the angle BAC 
generalise into the double lines of the involution 

A (BC ; vns/) t 

where gt and rrA are any two points. 

Ex. Generalise by Projection — * The pairs of tangents from any point to 
a system of confocals have the same bisectors.' 

12 . Generalise —‘a segment divided in a given ratio.' 

Let AB be divided at C in a given ratio. Then AC:CB 
is constant; hence (AB, Ci 2 ) is constant, where 12 is the 
point at infinity upon AB. Hence a segment AB divided in 
a given ratio at C generalises into a segment AB divided at C 
so that (AB, CI) is constant, / being the meet of AB and 
the segment joining any two points (zr and zr'). 
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Ex. 1. Generalise the equation AB + BC + CA = o connecting three collineur 
points. 

'Hie given equation may be written 

-{AC, BH) + i-{AB,CH) = o. 

This generalises into - {AC, BI) + i - {AB, CD = o, i. e. into 

AB.CI + AI. BC + AC. IB = o. 

Hence the generalised theorem is—‘If A, B, C, D be any fom 
collinear points, then 

AB.CD + AC. DB+ AD . BC = o.’ 

Ex. 2. If ABC D be collinear, show that the ratio AB-—CD generalises into 
— \BC, AE)-^- {DA, CE). 

Ex. 3. If AB and CD be parallel and if AC, BD meet in M, show that 
the ratio AB-Z-CD generalises into {AC, ME), E being the meet of AB and CD. 

13. Two fixed points A and B on a conic are joined to a 
variable point P on the conic, and the intercept QR cut of from 
a given line l by PA and PB is divided at M in a given ratio; 
show that the envelope of PM is a conic touching parallels to l 
through A and B. 

Let il be the point at infinity on l. Then (QB, M£l) is a 
given cross ratio. Hence P(AB, MU) is given. Project A 
and B into the circular points and let I be the projection of 
12. Then P(oo «/, MI) is given, i.e. IPM is a given angle. 

Hence the theorem becomes—‘A fixed point I is joined 
to a variable point P on a circle, and PM is drawn making 
a given angle with IP : show that the envelope of PM is a 
conic touching loo and I<x>', i.e. is a conic having I as 
focus.’ And this is true (see VIII. 17 ). Hence the original 
theorem is true. 

Generalisation by Reciprocation. 

14. If we first generalise a given theorem by projection 
and then reciprocate the generalised theorem, we obtain 
another general theorem. This process is called Generalising 
by Projection and Reciprocation, or briefly Generalising by Re¬ 
ciprocation. 

Generalise by Reciprocation the theorem — ‘All 'normals to a 
circle pass through the centre of the circle .’ 

Generalising by Projection we get—‘ If t be the tangent 
at any point P of a conic which passes through any two 
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points zr f ■g/, and if the line n be taken such that t and n 
are harmonic with Per and Pgt', then n passes through the 
pole of zrz/ for the conic/ 

Reciprocating this theorem we get—‘ If on the tangent at 
any point T of a conic, a point N be taken such that the 
segment TN is divided harmonically by the tangents from 
the fixed point 0, then N lies on the polar of 0 for the conic.’ 
This is the required theorem. 

Ex. Generalise by Projection and Reciprocation the theorem —‘ The envelope oj 
a chord of a circle tchich subtends a constant angle at the centre is a concentric 
circle.’ 



CHAPTER XXXI. 


HOMOLOGY. 

1. Two figures in the same plane are said to be in 
homology which possess the following properties. To every 
point in one figure corresponds a point in the other figure, 
and to every line in one figure corresponds a line in the 
other figure. Every two corresponding points are collinear 
with a fixed point called the centre of homology, and every 
two corresponding lines are concurrent with a fixed line 
called the axis of homology. The line joining any two 
points of one figure corresponds to the line joining the two 
corresponding points of the other figure. The point of 
intersection of any two lines of one figure corresponds to the 
point of intersection of the two corresponding lines of the 
other figure. 

The two figures are said to be homologous, and each is 
called the homologue of the other. The figures may be said 
to be in plane perspective; and the centre of homology is 
then called the centre of perspective, and the axis of homo¬ 
logy is called the axis of perspective. 

2. Homologous figures exist for— 

If toe take two figures in different planes , each of which is the 
projection of the other, and if we rotate one of the figures about 
the meet of the two planes until the planes coincide, then the 
figures will be homologous. 

For let ABC be the projections of A'B'C' from the vertex 
V. Then A A', BB', CC' meet in F. That is, the triangles 
ABC, A'B'C' (in different planes) are copolar. Hence they 
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are coaxal; i.e. BC, B'C' meet in a, and CA, C'A'meet in £, 
and AB, A B' meet in y on the meet of the two planes. 
Similarly every two lines which are the projections, each of 
the other, meet on the intersection of the two planes. 



Now rotate one figure about the line a/3y until the two 
figures are in the same plane. Then the two triangles are 
still coaxal (for BC, B'C ' still meet at a, and so for the rest). 
Hence the two triangles are also copolar; i.e. AA', BB', CC / 
meet in a point. Call this point 0. Then 0 may be defined 
as the meet of A A' and BB', and we have proved that every 
other line such as CC' passes through 0. 

Now the two figures are in the same plane. Also to every 
point in one figure corresponds a point in the other figure, 
viz. the point which was its projection ; and to every line 
corresponds a line, viz. its former projection. Also, cor¬ 
responding points are concurrent with a fixed point 0, 
and corresponding lines are collinear with a fixed line a/iy. 
Also, the join of two points corresponds to the join of the 
corresponding points; for in the former figure the one is 
the projection of the other. For the same reason, the meet of 
two lines corresponds to tho meet of the corresponding lines. 

Hence the two figures are homologous. 
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3. If two figures arc homologous, and we turn one of them 
about the axis of homology, the figures will be the projections, 

each of the other. 

For suppose the three lines BC, CA, AB in one figure to 
be homologous to B'C', C'A', A'B' in the other figure. Let 
BC, B'C ' meet in a, let CA, C'A' meet in /3, and let AB, 
A'B' meet in y. Rotate one of the figures about the axis of 
homology a/3 y, so that the figures may be in different planes. 
The figures will now be each the projection of the other. 

For the triangles ABC, A'B'C' (in different planes) are 
coaxal; hence they are copolar. Hence AA', BB , CC meet 
in a point V. This point V may be defined as the meet of 
AA' and BB'; and we have proved that in the displaced 
position the join CC' of any two homologous points passes 
through a fixed point V. Hence the homologous figures in 
the displaced position are projections, each of the other. 

A homologue of a conic is a conic. 

For after rotating one figure about the axis of homology, 
the figures are each the projection of the other ; and the pro¬ 
jection of a conic is a conic. 

A homologue of a figure has all the propedics of a projection of 
the figure. 

For it can be placed so as to be a projection of the figure. 

Hence a range and the homologous range are homographic; 
also a pencil and the homologous pencil are homographic. 

4 . If one of two figures in perspective (i.e. cither homologous 
or each the projection of the other), be rotated about the axis of 
perspective, the figures will be in perspective in every position; 
and the locus of the centre of perspective is a circle. 

For take any two corresponding triangles ABC and A'B'C'- 
Then in every position these triangles will remain coaxal; 
hence in any position they will be copolar, i.e. CC' will pass 
through the fixed point V determined as the meet of A A' and 
BB'. Hence the figures will be in perspective in any position 
obtained by rotating one figure about the axis of perspective. 

To find the locus of V. Take any position of V, and 
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through F draw a plane P'LP at right angles to the planes 
of the figures, cutting them in LP' and LP. 

Let a parallel to LP' through F cut LP in J, and a parallel 
to LP through F cut LP' in I'. Let the point at infinity 
on LP be called 7, and the point at infinity on LP ' be 
called J'. 



Then, since 7'Fand LJ are parallel, we see-that 7'Fpasses 
through 7, i.e. I' is the projection of 7 for this position of V; 
and so J is the projection of J'. 

Now rotate the moving plane about the axis of perspective 
into any other position. The new position of the centre of 
perspective (or vertex of projection) is got by joining any 
two pairs AA', BB' of corresponding points. Hence in tho 
new position 77' and JJ' will cut in F. Also LJ is still 
parallel to 7'F, for 7 is at infinity; so JV is parallel to LI • 
Also if LJ is the trace on the fixed plane, then LJ is con¬ 
stant in magnitude and position. Also LI' is constant in 
magnitude, although it changes its position by rotation about 
the axis of perspective. It follows that LJVI' is a parallel¬ 
ogram, in which J is fixed, and JV is given in magnitude. 
Hence the locus of F is a circle in a plane perpendicular to 
the planes of the figures, with centre J and radius LI . 

To form a clear conception of figures in homology, imagine 
that they are the projections, each of the other, the vertex of 
projection very nearly coinciding with the centre of homo¬ 
logy, and the planes of the figures very nearly coinciding 
with one another. 
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5. Coaxal figures are copolar, and copolar figures arc coaxal; 
that is to sag, if two figures, {in the same plane or not,) correspond, 
point to point, line to line, meet of two lines to meet of correspond¬ 
ing lines, and join of two points to join of corresponding points ; 
then, if corresponding lines cut on a fixed line, the joins of cor¬ 
responding points will pass through a fixed point, and if the joins 
of corresponding points pass through a fixed point, corresponding 
lines will cut on a fixed line. 

Coaxal figures are copolar. Take two fixed points A, B in 
one figure, and let A', Jf be the corresponding points in the 
other figure. Take any variable point P in one figure, and 
let P' be the corresponding point in the other figure. Then, 
by definition, AP, A'P' are corresponding lines, for they join 
corresponding points ; hence AP and A'P' meet on the axis. 
Similarly BP, B'P ' meet on the axis ; and AB, A'If meet on 
the axis. Hence the triangles ABP, A'B'P' are coaxal, and 
therefore copolar. Hence AA', BB', PP' meet in a point, 
i.e. PP' passes through a fixed point, viz. the meet of A A' 
and BB'. 

Copolar figures arc coaxal Take two fixed lines, viz. AP 
and AQ, and a variable line PQ in one figure, and let A'P’, 
A'Q', P'Q' be the corresponding lines in the other figure. 
Then the points A, P, Q correspond to A', P', Qj. Hence 
the triangles APQ, A'P'Qf are copolar, and therefore coaxal. 
Hence PQ, P'Q' meet on a fixed line, viz. the join of the 
meets of AP, A'P' and of AQ, A'Q'. Hence the figures are 
coaxal. 


Ex. 1. If one of txco figures in homology be turned through (too right angles 
about the axis of homology, the figures will again be in homology. 

Ex. 2. If one of two figures in homology be turned through two right angles 
about an axis which passes through the centre of homology arid is perpendicular to 
the plane of the figures, the figures will again be in homology. 

Ex. 8. Given two homologous figures ABC..., A'B'Cf... ; let A" B" be 

a projection of ABC... on any plane through the axis of homology ; then uriU 
A"B"C"... be also a projection of A'B'Cf..., and the vertices of projection arid 
the centre qf homology will be collinear. 

For VO is ono of the lines A'A", &c. 

This construction enables us to place any two homologous figures in 
projection with the same figure. 
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Ex. 4. Show that the ttco complete quadrangles determined by ABCD and 
A'B’CfU will be homologous provided the five points of intersection of AB with 
A'B', of BC tcith B'C, of CA icith CA', of AD with A'O', and of BD with Bflf 
are collinear. 

Ex. 5. Show that the tico complete quadrilaterals whose vertices are ABCDEF 
and A'B'C'l/E'F' will be homologous if AA', BB', C(f, DD', EE' meet in 
a point. 

Ex. 0. The sides PQ, QR, RP of a variable triangle pass through fixed points 
CAB in a line. Q moves on a fixed line. Show that P and R describe homologous 
curves. 

For PR and P'R' pass through B, and RR', PP' meet on Q(f, 
P'Q'R' being a second position of PQR. 

Ex. 7. If the axis of homology be at infinity, show (i) that corresponding 
lines arc parallel, (ii) that corresponding sides of the figures are proportional, 
(iii) that corresponding angles of the figures are equal. 

Such figures are called homoihetic figures, and the centre of homology 
in this case is called the centre of similitude, and the constant ratio 
of corresponding sides is called the ratio of similitude. 

Ex. 8. If, icith any vertex of projection , we project homologous figures on to 
any plane, we obtain homologous figures ; and if the plane of projection be taken 
parallel to the plane containing the vertex of projection and the axis of homology, 
we obtain homothetic figures. 

Hence homologous figures might have been defined as the projections 
of homothetic figures. 

Ex. 9. If the centre of homology be at infinity, show that the joins of corre¬ 
sponding points are all parallel; and that if one figure be rotated about the axis of 
homology, the vertex of projection will always be at infinity. 

This may be called parallel homology. 

Ex. 10. In parallel homology, show that to a point at infinity corresponds 
a point at infinity , and that the line at infinity corresponds to itself. 

Ex. 11. In parallel homology, show that a parallelogram corresponds to 
a parallelogram. 

Ex. 12. In parallel homology, show that, when rotated about the axis of 
homology info different planes, the figures have the sante orthogonal projection; 
and that the ratios of tico areas is the same as that of the corresponding areas. 

6. The abbreviation c. of h. will be used for centre of 
homology, and a. of h. for axis of homology. 

Given the c. ofli. and the a. of h. and a pair of corresponding 
points, construct the liomologue of a given point. 

Let 0 be the c. of h., and let A' be the given homologue 
of A. To find the homologue of X ; let AX cut the a. of h. 
in L, then LA' cuts OX in the required point X'. 

With the same data, construct the homologue of a given line. 

Draw through 0 any transversal cutting the given line in 
X ; construct the homologue X' of X, then the join of X ' to 
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the point M, where the given line cuts the a. of h., is the 
homologue of the given line. 

Given the c. ofli. and the a. ofh. and a pair of corresponding 
lines, construct the homologue (i) of a given jjoint, (ii) of a given 
line. 



Let any transversal through 0 cut the given lines in A 
and A'. Then A, A' are corresponding points, and we 
may proceed as above. 

Given the c. of h. and the a. of h. and a pair of corresponding 
points, one of which is at infinity, construct the homologue of a 
given point. 

LX' is parallel to AA', if A' is at infinity. 

7. The homologue of the c. of li. is the c. of h.; the homologue 
of any point on the a. of h. is the point itself; if the homologue of 
any other point he itself, then the homologue of every point is 
itself. 

For let us construct the homologue of 0. We draw AO 
cutting the a. of h. in N; we draw NA' cutting 00 in the 
required point. Now 00 is indeterminate, but NA' cuts 
every line through 0 in 0, and hence cuts 00 in 0. Hence 
the homologue of 0 is 0 . 

Next, let us construct the homologue of any point L on the 
a, of h. We draw AL cutting the a. of li. in L ; we draw 
A'L cutting OL in the required point. Hence the homologue 
of L is L. 

Lastly, suppose a point (which is not at the c. of h. nor on 
the a. of h.) to coincide with its homologue. Take these as 
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the points A, A' in the above construction. To construct 
the homologue of X, we draw AX cutting the a. of h. in L; 
then A'L cuts OX in the required point X\ Hence X' 
coincides with X, for A'L coincides with AL, i.e. with AX. 

Ex. 1. Show that the only lines which coincide with their homologues are the 
a. of h. and lines through the c. of h. 

Ex. 2. Given the homologues A', B' } Cf of three points A, B, C; construct the 
homologue of a given point D. 

The triangles give the centre and axis of homology. 

8 . The homologue of a point at infinity of one figure is 
called a vanishing point of the homologous figure. 

The homologue of the line at infinity considered as belong¬ 
ing to one of the figures is called the vanishing line of the 
homologous figure. 

All the vanishing points of cither figure lie on the vanishing 
line of that figure. 

For a vanisliing point is the homologue of a point on the 
line at infinity of the other figure, and hence lies on the 
homologue of the line at infinity. 

Each vanishing line is parallel to the a. ofh. 

For corresponding lines meet on the a. of h. Hence a 
vanishing line meets the a. of h. at a point on the line at 
infinity, i.e. a vanishing line is parallel to the a. of h. 

Ex. 1. Jf any transversal through 0 ait the axis in N,and the vanishing lines 
in I and J', then 01 = J'N , and 01 . OJ ' = J'N. IN. 

For {NI, on) = (Nof, OJ'). 

Ex. 2. The product of the perpendiculars from any tioo homologous points, 
each on the vanishing line of its figure, is constant. 

For (PQ, in) = (P'tf, n'J'). 

Ex. 3. Giren a parallelogram ABCD, prove the following construction for 
drawing through a given point E a parallel to a given line l—Let AB, CD, AC, 
BC, AD cut l in K, L, if, N, B. Through M draw any line cutting EK, EL in 
A'l C. Let BA' and N& cut in F. Then EF is parallel to l. 

For EF is the vanishing line. 

9. Given the c. ofh., the a. ofh., and a pair of corresponding 

points ; construct the vanishing lines. 

Let A A' be the pair of corresponding points. Let us first 
construct the homologue of the line at infinity, considered 
to belong to the same figure as A. In the construction of 
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§ 6, X and M are both at infinity. Hence the construction 
is—Through the c. of h. 0, draw any line OX (X being at 
infinity). Through A draw AL parallel to OX, cutting the 
a of h. in L ; then LA' cuts OX in X'; and the required 
line is X'M, i.e. a parallel through X' to the a. of h. 

Similarly we construct the vanishing line of the other 
figure. 

Given the c. of h. y the a. ofh., and one vanishing line, to con¬ 
struct the homologuc of a given point. 

Let any transversal through the c. of h. cut the vanishing 
line in A. Then the liomologue of the point A is the point 
at infinity A' on OA. 

Two cases arise, (i) The given point X belongs to the 
same figure as the finite point A. Let AX cut the a. of h. 
in L ; draw through L a parallel to OA to cut OX in X'. 
Then X' is the liomologue of X. (ii) The given point X' 
belongs to the same figure as the point at infinity A'. 
Through X' draw a parallel to OA cutting the a. of h. in L. 
Then AL cuts OX' in the required point X. 

XjX. Given the c. of h. and the a. of h. and one vanishing line, construct 
the other v a?ii$hing I hie. 

10 . The angle between two lines in one figure is equal to the 
angle subtended at the c. of h. by the vanishing points of the 
ho'mologous lines. 

Let AP and AQ be the given lines, P and Q being at 

infinity. Then P and Q' are the vanishing points of the 

homologous lines A'P' and A'Q'. Also OP' is parallel to 

AP, and OQ' to AQ. Hence the angles P'OQ' and PAQ are 
equal. 

11 . Construct the homologuc of a given conic, so that the 
homologuc of a given point S shall be a focus. 

Take any line as a. of h., and any parallel line as vanish¬ 
ing line ; and let two conjugate lines at S meet the vanishing 
line in P and Q, and let two other conjugate lines at S meet 
H ^ U and F On PQ and UV as diameters describe 

u 
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circles, and take either of the intersections of these circles 
as c. of h. 

Then since the vanishing points P and Q of the lines SP 
and SQ subtend a right angle at the c. of h.. the homologues 
S'P', S'Q' will be at right angles. So S'U', S'V' will be at 
right angles. Hence at S' we shall have two pairs of con¬ 
jugate lines at right angles. Hence S' is a focus of the 
homologous conic. 


12. The homologue of a conic, taking a focus as c. of h. and 
the corresponding directrix as vanishing line and any parallel as 
a. oflu, is a circle, of which the focus is the centre. 

Let S be the given focus and XM the corresponding 
directrix. With S as c. of h. and XM as vanishing line, 
and any parallel line as a. of h., describe a homologue of the 
given conic. The homologue of S is S, and of XM is the 
line at infinity; hence in the homologous conic, S is the pole 
of the line at infinity, i.e. S is the centre of the homologous 


conic. 

Let SP, SP' be a pair of conjugate diameters of the homo¬ 
logous conic. The homologue of SP is SP, the homologue 
of SP' is SP'; and the homologues of conjugate lines are 
conjugate lines. Hence in the given figure, SP and SP ' are 
conjugate lines ; and S is the focus, hence SP and SP' are 
perpendicular. Hence every pair SP, SP' of conjugate 
diameters of the homologous conic is orthogonal. Hence 
the homologous conic is a circle. And we have already 
proved that the focus is the centre of the circle. 

Note that the homologue of an angle at S is an equal (in 

fact, coincident) angle at S. . 

This case of homology is the limit of Focal Projection 

when the two figures are in the same plane. 


-ci 1 a hnmnlnaue of a conic, taking a focus S as c. of h ., is a conic with S 
asTJ; P rat * a circle fnly if the vanishing line is the corre- 

ponding directrix . 

-Ex 2 Any homology, of a conic, taking the polar o/ a given point P* 

conic with Pa. centre: and the homotogue u, a Crete only if? 

is a focus of the given conic . 
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13. If two curves be in homology , the c. of h. must be a meet 
of common tangents , and the a. of h. must be a join of common 
points. 

For let OT be a tangent from the c. of li. 0 to one of the 
curves. Let OPQ be a chord of the curve very near OT. 
Then OPQ meets the homologous curve in the homologous 
points P', Q'. Now let P and Q coincide in T ; then P' and 
Q' also coincide, in T’ the homologue of T. Hence OT 
touches the homologous curve. 

Again, let L be one of the points where one of the curves 
cuts the a. of li. Then L, being on the a. of li., is its own 
homologue. Hence the homologous curve passes through L. 

Hence if two curves are in homology, the c. of h. must be 
looked for among the meets of common tangents; and the 
a. of h. must be looked for among the joins of common 
points. 

14. Any two circles arc homologous in four real icays. 



Let S be either of the centres of similitude of the two 
circles. Take any point P on one circle, and let SP cut the 
other circle in P' and P". Then one of these points, and 
only one (viz. P' in the figure), possesses the property that 
SP : SP' is the ratio of the radii. We may call P, P' similar 
points, and P, P" non-similar points. 

If we take either centre of similitude as centre of homology and 
the straight line at infinity as axis of homology , then the circles 
are homologous, each point being homologous to its similar 
point 


u 2 
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For take any two pairs of similar points, viz. P , P' and Q, 
Q'. Then SP : SP ':: SQ : SQ'; hence PQ is parallel to P'Q\ 
i.e. every chord joining two points on one circle is parallel 
to the chord joining the similar points on the other circle. 
Hence the two circles are homologous, the straight line at 
infinity being the axis of homology, and similar points being 
homologous points. 

If we tale either centre of similitude as centre of homology and 
the radical axis as the axis of homology , then the circles are 
homologous , each point being homologous to its non-similar 
point. 

For take any two pairs of non-similar points, viz. P. P 
and Q, Q". Then SP : SP':: SQ : SQ', and 

• SP'. SP" = SQ'. SQ". 

Hence SP. SP"= SQ . SQ". Hence PP"QQ" are concyclic ; 
hence, if PQ, P"Q" meet in X, we have 

XP.XQ = XP". XQ", 

i.e. X has the same power for both circles, i.e. X is on the 
radical axis of the circles. Hence we have proved that the 
chord joining any two points on one circle and the chord 
joining the non-similar points on the other circle meet on 
the radical axis of the circles, which is therefore the axis of 
homology. 

Hence, since with either centre of similitude we may take 
the straight line at infinity or the radical axis, the circles are 
in homology in four real ways. 

15 . Two conics which have double contact are homologous in 
two ways , the c. of h. being the common pole and the a. ofh. the 
common polar in both cases. 

Let 0 be the common pole and MN the common polar, 
the points M and N being on both conics. Let any line 
through 0 cut one conic a in A, JD and the other conic p in 
B C. Then a is determined by the five points AMMNN, the 
points MM being on OM and the points NN being on ON. 
Now form the homologue of a, taking 0 as c. of h., MN as 
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a. of 1)., and B as the homologue of A. The homologue of a 
,,onic is a conic. The homologues of the points AMMNNure 

the points BMMNN. 

Hence the homologue 
of a is the conic through 
BMMNN, i. e. is the 
conic /?. 

Again, with the same 
c. of h. and a. of h., but 
with C as the homologue 
of A , form the homo¬ 
logue of a. The homologue is now the conic through 

CMMNN, i.e. is the conic /3. 

Now in the first case C and D are homologous, and in the 
second case B and D are homologous. So there are not four 
ways, but two ways, in which the conics are homologous. 

In the first way, every point P on a is homologous with 
the point P' in which OP cuts /3 on the same side of MN as 
P; and in the second way, every point P on a is homologous 
with the point P" in which OP cuts /3 on the opposite side 
of MN to P. 

Ex. 1. Prove the theorem directly by shotting that the figures are coaxal. 

Ex. 2. In the above figure, show that ( OD , AB) is a constant cross ratio as 
the chord OABD moves round 0. 

For taking another chord OA'B'Df, then AA', BB* , Diy meet on MN. 

Ex. 3. Through 0, the common pole of txco conics having double contact, 
are drawn four chords cutting one conic in A BCD and the other in A'B'C'lY; 
show that ( ABCD ) = (A'B'C'D'), if all the points lie on the same side cf the 
common polar. 

Ex. 4. A conic is its own homologue , any point and its polar being c. of h. 
and a. of h. 

Ex. 5. Oive a direct proof of Ex. 4 by means of the quadrangle construction 
for the polar of a given point. 

Ex. 6 . If a conic be its oicn homologue , show that if the c. of h. be given, the 
a. of h. must be the polar of the c. of h. 

Ex. 7. Through any point 0 are drawn the four chords OAA\ OBB , t OC(f , 
01)If of a conic ; show that the conics OABCD attd OA'B'C'I/ touch at 0. 

The given conic is its own homologue, 0 being the c. of h.; also 0 is 
its own homologue. Hence the five points 0, A , B, C , D are homolo¬ 
gous to the five points 0, A', B', Cf, D* ; hence the conics through them 
are homologous. 
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Take a chord of these conics through 0, viz. OPP'. Then when 
P coincides with 0, so does P f . Hence OPP' ultimately touches both 
conics at 0, i.e. the conics touch at 0. 

Ex. 8. Tangents from P to a conic meet any line l in L, if, and the other 
tangents from L, if meet in P'; show that P, P' generate homologous figures, 
l being the a. of h. 

16. Any two conks are in homology. 

Take any meet 0 of common tangents TT', UU' as c. of h. 

Let TU and T'U', the 
polars of 0, cut in L. 
Let A be one of the four 
common points of the 
two conics. Take LA as 
a. of h. Also take UU' 
as a pair of corresponding 
points. 

The homologue of the 
conic TUA can now be 
found. Suppose the conic 
TUA to be given by the 
five points TTUUA, 
where TT are the coin¬ 
cident points in which 
OT touches the conic, and UU are the coincident points in 
which OU touches the conic. The homologue of A is A, for 
A is on the a. of h. The liomologues of UU are U'U' by 
hypothesis. Again, since TT' passes through 0, and TU, 
T'U' meet on the a. of h., hence T' is the homologue of T, 
i.e. T'T' are the homologues of TT. Hence the homologues 
of TTUUA are T'T'U'U'A. Hence the homologue of the 
conic TUA is a conic passing through A and touching OT 
at T' and touching OU' at U'; i.e. the homologue of one 
given conic is the other given conic. 

Hence two conks are homologous in twelve ways. 

For we may take as c. of h. 0 any one of the six meets 
of common tangents of the two conics. We may then take 
as A any one of the four common points of the two conics. 
But this will only give us two possible axes of h. For the 
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point where LA, the a. of h„ meets either conic again will 
be another common point. Hence there are only two 
positions of LA, when the position of 0 has been chosen. 


Ex. 1. Show by using the reciprocal solution to the above that we may take 
any common chord of Vie conics as a. of h. 

Ex 2 Two conics in different planes may be placed in projection by two 
rotations, vis. u) about the meet q f the planes until the planes « 

(ii) about any common chord of the conics ^when placed m one plane). 

Ex. 3. Show that two homothetic conics have two centres of similitude. 

Viz the common apexes belonging to the line at infinity. 


Ex 4. Show by using the circular points that any two conics which have 
a common focus are in homology, the common focus being (he c. of h. 

Ex. 5. Any conic is homologous with any circle whose centre is at a focus of 
the conic, the focus being the c. of h. 


17. If two conics touch, they are homologous, taking the point 
of contact as c. of h. 

This follows as a limiting case of the general theorem ; or 
thus directly. Through 0 , the point of contact, draw any 
chord cutting one conic in P and the other in P . Take 0 
as c. of h., and the common chord AB, which does not pass 
through 0, as a. of li. Also take P, P' as homologous points. 
Consider the homologue of the conic determined by OOPAB. 
It is a conic through OOP'AB, i.e. it is the other conic. 

Ex. 1. Find the envelope of a chord of a conic subtending a given angle 
at a given point on the conic. 

Draw any circle touching the given conic at the given point and 
passing through any other point on the conic. This circle is homolo¬ 
gous to the given conic ; and the homologous chord clearly envelopes 
a concentric circle. Hence the given chord envelopes the homologue 
of a concentric circle, i.e. a conic having imaginary double contact 
with the given conic. 

Ex. 2. Obtain by homology the theorem .-—The envelope of a chord of a conic 
xchich subtends a right angle at a given point on the conic is a point on the normal 
at the given point. 


18. If the join XX' of any two homologous points cut the a. 
ofh. in U, then ( OXUX') is constant, 0 being the c. ofh. 

For take any fixed pair of homologous points AA'. Then 
AX, A'X' meet on the a. of h., say at L. Hence if AA' cut 
the a. of li. in N, we have 

{OXUX') = {OANA') = constant 
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This proof fails if A A 'XX' all lie on the same line through 
0. In this case take any pair of homologous points BB' 
which do not lie on AA'XX', and let OBB' cut the a. of h. 
in Ii. 

Then ( OXUX') = (OBBB') = ( OANA 0 = constant. 

Conversely, if a point X' be taken such that {OXTJX') is 
constant, 0 being a fixed point and U the meet of OX with a 
fixed line, then the figures generated by X and X' ivill be homo¬ 
logous, 0 being the c. ofh. and the fixed line the a. ofli. 

For if A A', XX' be two pairs of points thus obtained, 
since (OANA') = (OXUX'), it follows that AX, NU, A'X' 
meet in a point. Hence the join of any two points meets 
the join of the corresponding points on a fixed line. Hence 
the figures are homologous. 

(OU, XX') is called the parameter of the homology. 

Ex. 1. If tico homologous lines LX and LX' cut the a. of h. in L, show that 
L 1 , OXMX') is constant, M being any other point on the a. of h. ; and conversely, 
if LA' be determined as the corresponding line to LA by this definition, show that 
the figures generated by LA and LA' are homologous. 

Ex. 2. If (OU, XX') = — i, show that the figure made up of a figure and 
its homologue is its own homologue. 

This is called harmonic homology. 

Notice that harmonic homology bears the same relation to ordinary 
homology as an involution range bears to two homographic ranges on 
the same line. In fact the figure (ABC...A'B'(f...) is homologous to 
the figure (A'B'Cf ...ABC ...), if the two figures (ABC...) and ( A'B'C'...) 
are in harmonic homology. 

Ex 3. In harmonic homology, if the c. of h. be at infinity in a direction 
perpendicular to the a. ofh., then each figure is the rcfiexion of the other in 
the a. of h. 

Ex. 4. In harmonic homology, if the a. of h. be at infinity, then each figure 
is the reflexion of the other in the c. of h. 

Ex. 5. If a conic be its own homologue, show that the homology is harmonic, 
and that the homologue of the line at infinity is halfway between the c. of h. arui 
its polar. Also show that a conic is an ellipse, parabola, or hyperbola, according as 
the line halfway between any point and its polar cuts the conic in imaginary, 
coincident, or real points. 

Ex. 0. AA', BB', CC are the three pairs of opposite vertices of a quadrilateral. 
Through any point D on CCf are draicn I)A meeting BA'Cf in E', and DA 
meeting AB'(f in E. Show that EE', AA', BB' are concurrent, and also B'E', 

BE and CCf. 

By harmonic homology, taking the meet of AA', BB' as c. of h. and 
CCf as a. of h. 
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Ex. 7. Show that tico figures in homology reciprocate into two figures tn 
homology , and that the parameters of homology are numerically equal 

Ex. 8. The parameter of homology of two homothetic figures is the reciprocal 
of the ratio of similitude. 

Ex. 9. The parameter of homology of two figures in parallel homology is th4 
constant ratio of the ordinates . 

Ex. 10. Keeping the same c. of h ., show that (he tico parameters of homology 
of two circles are equal but of opposite signs. 

Ex. 11. Keeping the radical axis as a. of h., show that the two parameters of 
homology of Iwo circles are viual but of opposite signs. 

Ex. 12. The poles of the radical cu t's of two circles divide the join of the tiro 
centres of similitude harmonically . 

For tho poles X and X' are homologous if the radical axis be the 
a. of h., whichever centre of similitude we take as the c. of li. Hence 
[SN, XX') = - (S'iV, XX'). 

Ex. 13. If the radical axis of two circles be taken as the a. of h., and if the 
vanishing lines and the radical axis cut the line of centres in IJ'N; show that 

SI: IK : : r : r', and SJ': J'N: :r' :r. 

Ex. 14. OX is the perpendicular to the line l from 0, and A is any point on 
OX. From a variable point P the perjwndicular PM is draicn to l, ami MA , PO 
meet in P'. Show that P and P' generate homologous figures. 

Ex. 16. If A, B, C be fixed points and P, / y variable points such that 
B ( APP'C) = A ( BPP'C • = constant; shoio that P and P' generate homologous 
figures, of which C is the c. of h. and AB is the a. of h. 

19. If PP' be any homologous points , and PM the perpen¬ 
dicular from P on the vanishing line of the figure generated by 
P, then OP PM oc OP’, 0 being the c. of h. 

Let OP cut the vanish¬ 
ing line in I and the a. of 
h. in L. Then, since I 
corresponds to the point 
iV at infinity upon OP, 
we have 

(Of PL) = (Oil', P'L). 

Hence 

OP OL _ OP ' OL _ OP' 

PI ^ LI ~ P'Q! : LSI' ~ OL * 
i.e. OP: OP':: PI: LI:: PM: h, 
where h is the perpendicular distance between the vanishing 
line and the a. of h. 
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Hence OP : PM :: OP': h. 

Ex. Prove the SP : PM property of a focus. 

Form a homologue of the conic, taking S as the c. of h. and the cor¬ 
responding directrix as vanishing line. Then SP-~PM i xSP / . But 
by § 12 the locus of P / is a circle with centre S. Hence 'SP - 5 - PM 
is constant. 


20. In two homologous figures , if {X, p) and ( X , q) denote 
the perpendiculars from the variable point X on two given lines 
p and q , and if (X', p') and (X', q') denote the perpendiculars 
from the corresponding point X' in the homologous figure on the 


corresponding lines p' and q', then 


(X, p) . (X',p') 


is constant. 


{X, q) • (X', q) 

Pox take another point Y, and let XY cut the lines p and 
q in A and B. Then X'Y' will cut p' and ([ in the homo¬ 
logous points A' and B'. Hence, since homologous figures 
are projective, we have 

(AB, XY) = U'B', X'Y'), 


i.e. AX/A Y h- XB/YB = A'X'/A'Y'-?- X'B'/ Y'B', 
i.e. (X, p)/(Y, p) 1 - (X, q)/(Y, q) 

= c x', p')/{ y', p) (x r , w r, <o- 

Hence (X, p)/(X, q) -=- (X', p’)/(X', <f) is constant. 


Ex. 1. If X and Y he fixed awl p vary, then 

(. X , p)/{Y, p) 4- {X', p')/{ Y'. p / ) is constant. 

Ex. 2. If i he the vanishing line of the unaccented figure, then 

(. X , P)/(X, i ) 4- ( X', }/) is constant. 

Take / at infinity ; then ( X ', <f) = (!",/). 

Ex. 3. If i and / he the vanishing lines, then 

{X, i). {X',f) is constant. 

Take p and <f at infinity. 

Ex. 4. OX/(X, p) 4- OX'/(X', p') is constant. 

Take q and </ as the axis of homology a, and notice that 

OX/{X, a) 4- OX'/{X', a) is constant, 

since (OU , XX') is constant. 

Ex. 5. OX/{X, i) -r OX' is constant. 



MISCELLANEOUS EXAMPLES. 

X. Generalise by projection and reciprocation the theorems—(i) ‘ The 
director circles of all conics inscribed in the same quadrilateral are 
coaxal,’ ( 2 ) ‘The locus of the centre of an equilateral hyperbola which 
passes through three given points is a circle. 

2 . The portion of a common tangent to two circles a and 0 between 
the points of contact is the diameter of the circle 7. If the common 
chord of y and a meets that of 7 and 0 in R , show that R is the polo 
for 7 of the line of centres of a and 0 . 

3 . Generalise by projection the theorem—‘The straight lines which 
connect either directly or transversely the extremities of parallel 
diameters of two circles intersect on their line of centres.’ 

4. A pair of right lines through a fixed point 0 meet a conic in PQ, 
P’Q '; show that if PP' passes through a fixed point, then <}</ also passes 
through a fixed point. 

5. Generalise by projection and reciprocation the theorem— ‘A dia¬ 
meter of a rectangular hyperbola and the tangent at either of its ex¬ 
tremities are equally inclined to either asymptote.’ 

6 . If P, Q denote any pair of diametrically opposite points on the 
circumference of a given circle, and QY the perpendicular from Q upon 
the polar of P with respect to another given circle whoso centre is C, 
show that QY. CP is constant. 

What does the theorem bocomo when the circles are orthogonal ? 

7 . Through a given point 0 draw a line cutting the sides BC, CA, AR 
of a triangle ABC in points A', B', C 7 , such that (0A 7 , B , C') shall be 
harmonic. 

8 . Given the centre of a conic and three tangents, find the point of 
contact of any one of them. 

9 . Two similar and similai ly situated conics have a common focus 
which is not a centre of similitude. Provo that a parabola can be 
described touching the common chord and the common tangents of 
the conics, and having its focus at their common focus. 
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10. Generalise by projection the theorem—‘ One circle can be de¬ 
scribed so as to pass through the four vertices of a square and another 
so as to touch its four sides, the centre of each circle being the inter¬ 
section of diagonals.’ 

11. Two conics touch at A , and intersect at B and C. Through 0, 
the point where BC meets the tangent at A, is drawn a chord OPP' of 
the one conic, and AP, AP' produced if necessary meet the second 
conic in Q and (/. Prove that Q, O' and 0 are collinear. 

12. ABCD is a rectangle, and {AC, PQ\ {BD , XY) are harmonic 
ranges ; show that the points P, Q, X, Y lie on a circle. 

13. Through 0 , one of the points of intersection of two circles, the 
chords POQ and OP'Qf are drawn (P and P' being on one circle and Q 
and O' on the other). Show that if PO : OQ :: OP' : OQ', then OP and 
OP' generate a pencil in involution. 

14. 0 is the orthocentre of the acute-angled triangle ABC. Prove 
that the polar circles of the triangles OBC, OCA , OAB are orthogonal, 
each to each. 


15. A number of conics are inscribed in a given triangle so as to 
touch one of its sides at a given point. Show that their points of con¬ 
tact with the other two sides form two homographic divisions which 
are in perspective. 

16. AC, BD are conjugate diameters of a central conic, and P is any 
point on the arc AB. PA, PB meet CD in Q, R respectively. Prove 
that the range {QC, DR) is harmonic. 

17. Generalise by projection and reciprocation the proposition ‘Tho 
locus of the foot of the perpendicular upon any tangent to an ellipse 
from a focus is a circle.' 

18. P is the pole of a chord which subtends a constant angle at tho 
focus S of a conic, and SP intersects the chord in Q ; find the locus of 
the point R such that {SR, PQ ) is harmonic. 

19. A straight line AD is trisected in B, C; the connectors of A, B, 
C, D, and the point at infinity on AD with any point S meet another 
straight line in A', B', C', I/, E' respectively; show that 

E'B' : E'D' = 3 . A'B' : A'V. 

20. From any point Q on a fixed tangent BQ to a circle AA'B, straight 
lines are drawn to A, A', the extremities of a fixed diameter parallel 
to BQ, meeting the circle again in P, P' respectively; show that the 
locus of the intersection of A'P, AP' is a parabola of which B is the 


vertex. 

21. Two conics a and & intersect in the points A, B, C, D ; show that 
if the pole of AB with regard to a lies on B, then the pole of CD wit 1 

regard to a lies on &. . . . » 

If the vertex of a parabola is the pole of one of its chords of in 
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section with a circle, then another common chord is a diameter of the 
circle. 

22 .If a circle be drawn through the foci S, H of two eonfocnl 
ellipses, cutting the ellipses in P and Q, the tangents to the ell.pses 
at P and Q will intersect on the circumference of the circle. 

Generalise this theorem (.1 by projection, (a) by reciprocation with 
respect to the point S, i 3 ' bv reciprocation with respect to n..y point 

in the plane. 

a 3 • If two circles of varying magnitude intersect on the side PC of 
a given triangle ABC and touch AB, AC at B and C respectively ; then 
the locus of 0, their other point of intersection, is the crcum-crcle of 
the triangle; and the circle on which their centres and the point 0 

lie. always passes through a fixed point. 

Obtain by projection the corresponding theorem when the two 
circles are replaced (i) by conics, (a) by similar and similarly situated 

conics. 

24. Two ranges are in perspective, and the centre of perspective S is 
equidistant from the axes of the ranges. The axes are turned about 
their meet 0 until they coincide. Show that if S does not coincide 
with 0, an involution is produced ; and find the centre and double 

points. 

2 c ‘ If a circle touches two given circles, the connector of its points 
of contact passes through a centre of similitude of the given circles. 
Reciprocate this proposition with respect to a limiting point. 

26. The pairs of points AB, CD form a harmonic range. Prove that, 
if X is any other point on the same axis, then the enharmonic ratios 
{AB, CX) and {AB, DX) are equal and of opposite sign. 

27. The connectors of a point D in the plane of the triangle ABC 
with B, C meet the opposite sides in E, F respectively ; show that the 
triangles BDC, EDF have the same ratio as the triangles ABC, AEF. 

28. A, B , C are three points on a straight lino; A x is the harmonic 
conjugate of A with respect to BC, 2 ?, of B with respect to CA, and C, 
of C with respect to AB ; show that AA n BB n CC X are three pairs of a 
range in involution. 

29. A conic is reciprocated into a circle. Find the reciprocals of a 
pair of conjugate diameters. 

30. Generalise by projection the theorem—‘ If a straight line touch 
a circle and from the point of contact a straight line be drawn cutting 
the circle, the angles which this lino makes with the line touching the 
circle shall be equal to the angles which are in the alternate segments 
of the circle.' 

31. The locus of the pole of a chord of a conic which subtends a right 
angle at a fixed point is a conic. 
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32. A quadrilateral ABCD is circumscribed to a conic, and a fifth 
tangent is drawn at the point P ; the diagonals AC, BD meet the 
tangent at P in a and B, and the points a', / 3 ' are taken the harmonic 
conjugates of a and £ with respect to A , Cand B, D respectively ; show 
that a' £', Pare on a straight line. 

33. Through the vertex A of a square ABCD a straight line is drawn 
meeting the sides BC\ CD in E , F. If ED, FB intersect at 0 , show that 
CG is at right angles to EF. 


34. Determine the envelope of a straight line which meets the sides 
of a triangle in A, B, C, so that the ratio AB : AC is constant. 


35. Generalise by projection the theorem—‘If OP, OQ, tangents to 
a parabola whose focus is S, are cut by the circle on OS as diameter 
in M and X, then MX will be perpendicular to the axis.’ 

36. Reciprocate with regard to the focus of the parabola the theorem 
—‘ The circle described on a focal radius of a parabola as diameter 
touches the tangent at the vertex.’ 


37. Two given straight lines AB and CD intersect in D, and a variable 
point P on CD is joined to the fixed points A, B on AB. If a point Qbe 
taken such that the angles between APandAQ. and between BQ and 
PB produced are each equal to CDA, show that the locus of Q is a 
straight line. 

38. M and N are a pair of inverse points with regard to a given circle 
whose centre is C. Prove that ( 1 ) if P is any point on the circle 

PM 2 : PiV a :: CM : CN ; 

( 2) if any chord of the circle is drawn through M or X, the product 
of the distances of its extremities from the straight line bisecting MX 
at right angles is constant. 

39. Points P, Q are taken on the sides AB, AC of a triangle respectively, 
such that AP=CQ ; show that the line joining PQ will envelope a 
parabola. 

Through a given point draw a straight line to cut the equal sides AB, 
AC of an isosceles triangle BAC in P, Q respectively, so that AP is equal 


to CQ. 

40 Given the proposition ‘ any point P of an ellipse, the two foci, and 
the points of intersection of the tangent and normal at P with the 
minor axis are concyclic,’ (x) generalise it by projection, (2) recipro¬ 


cate it with regard to one of the foci. 

41 . Generalise the following proposition ( 1 ) by reciprocating it with 
respect to A, and (2', by projection—‘ A fixed circle whoso centre is 0 
touches a given straight line at a point A ; the locus of the centre 
of a circle which moves so that it always touches the fixed circle 
and the fixed straight lino is a parabola whose focus is 0, and whose 

vertex is A.’ 
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42. Two circles a and 0 intersect a conic y ; show that the chords of 
intersection of a and y meet the chords of intersection of 0 and y 
in four points which lie on a circle having the same radical axis with 
a and 0. 

43. Through any point 0 in the plane of a triangle A BC are drawn 
OA', OB', OCy bisecting the supplements of the angles BOC, COA, A OB 
and meeting BC, CA, AB in A', B ', O' respectively ; show that the six 
lines OA, OB, OC, OA', OB', OC form a pencil in involution. 

44. Two conics a and 0 have double contact at B and C, A being the 
polo of BC. Tangents from a point X upon AB are drawn to a and 0 
meeting AC in Y and Y'. Show that Y and Y' generate homographic 
ranges, the double points of which are A and C. 

45. A quadrangle ABCD is inscribed in a parabola; through two of 
its vertices Cand D straight lines are drawn parallel to the axis, meeting 
I)A, BC in P and Q ; show that PQ is parallel to AB. 

46. Prove that the polar reciprocal with regard to a parabola of tho 
circle of curvature at its vertex is a rectangular hyperbola of which tho 
circle is also the circle of curvature at a vertex. 

47. Tho opposite vertices AA', BB', CC of a quadrilateral circumscrib¬ 
ing a conic are joined to a given point 0 ; OA cuts the polar of A in a, 
OB cuts the polar of B in b, and so on ; show that a conic can be drawn 
through the seven points Ona'bl/cF. 

48. A range on a line is projected from two different vertices on to 
another lino. Find the double points of the projected ranges. 

49. If four points A, B, C , D be taken on tho circumference of a circle, 
prove that the centres of tho nine-point circles of tho four triangles 
ABC, BCD, CDA, DAB will lie on the circumference of another circle, 
whose radius is one-half that of the first. 

50. If the orthocentre of a triangle inscribed in a parabola bo on 
tho directrix, then tho polar circle of the triangle passes through tho 
focus. 

51. A and BC are a given pole and polar with regard to a conic ; DE 
is a given chord through A; P, Q, B, ... are any number of points on the 
conic, and P', (/, R',... are the points whore EP, EQ, ER,... meet BC. 
Prove that D ( PP' , Q(f, RR', ...) is an involution ; and determine its 
double lines. 

52. ABCD is a quadrilateral circumscribing a conic a. AB, DC meet 
in E, and BC, AD in F, and a conic 0 is drawn through tho points B, D, 
F, E. Prove that the four tangents to a at the points where the conics 
intersect pass two and two through the pair of points where AC cuts 0. 

53. Two conics a, 0 intersect in the points A, B, C, D. If the pole of 
AB with respect to a coincides with the pole of CD with respect to 0, 
prove that the pole of CD with respect to a will coincide with the pole 
of AB with respect to 0. 
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54. Three conics all pass through the same two points A, B. The 
first and second conics intersect one another in two other points C, D ; 
and the pole of AB with regard to the second conic lies on the first 
conic. The third conic touches the line joining C, D ; and the pole of 
AB with regard to it lies on the second conic. Show that the tangents, 
other than CD, drawn from the points C, D to the third conic meet on 
the circumference of the first conic. 

55. Given the asymptotes of a conic and another tangent, show how 
to construct the pair of tangents from a given point to the conic. 

Given the three middle points of the sides of a given triangle, draw 
a straight line through a given point to bisect the triangle. 

56. A conic cuts the sides of a triangle ABC in the pairs of points 
a, a.., b, b„ c, c 2 respectively; if Bb.,, Cr 2 intersect in a,, and Bb lt Cc-i in a a , 
and so on, and if 0, 0 3 0 3 0„ y l y 2 y 3 y t be similarly constructed ; show 
that the straight lines obtained by putting in various suffixes in Aa, 
B0, Cy meet, three by three, in eight points. 

57. Reciprocate the proposition that the nine-point circle of a triangle 
touches the inscribed circle (1) with regard to one of the angular 
points of the triangle, (2) with regard to the middle point of one of its 
sides. 

58. ‘ If, from a point within a circle, more than two equal straight 
lines can be drawn to the circumference, that point is the centre of 
the circle.’ 

Generalise the above proposition ( 1 ) by reciprocation, ( 2 ) by pro¬ 
jection. 

59. TP and TQ are tangents of a conic and PQ is bisected in V ; also 
TV is bisected by the curve. Show that the conic is a parabola. 

60. A conic of constant eccentricity is drawn with one focus at 
the centre of a given circle and circumscribing a triangle self-conjugate 
with respect to the given circle; show that the corresponding directrices 
for different positions of the triangle will envelope a circle. 

61. A straight line moves so as to make upon two fixed straight 

lines intercepts whose difference is constant; prove that it will always 
touch a fixed parabola, and determine the focus and directrix of the 
parabola. »' 

62 . By reciprocation deduce a proposition relating to the circle from 
the following—‘The locus of a point dividing in a given ratio the 
ordinate PN of a parabola is another parabola having the same vertex 

and axis.’ 

63. The envelope of a straight line which moves so that two fixed 
circles intercept on it chords of equal length is a parabola. 

64. Given a conic and a pair of straight lines conjugate with regard 
to it, project the conic into a parabola of which the projections of the 
given lines shall bo latus rectum and directrix. 



305 



Miscel/aneo?is Examples. 


65. An ellipse has the focus of a parabola for centre and has with it 
contact of the third order at its vertex. Tangents are drawn to the 
two conics from any point on their common tangent, and the harmonic 
conjugate of this latter with regard to them is taken. Prove that its 
envelope is the common circle of curvature of the two conics at the 
common vertex. 

66. ABC, DEF are two triangles inscribed in a conic. BC, CA, AB 
are parallel respectively to EF, FD, DE. Prove that AD, BE, CF are 
diameters of the conic. 

67. Find the double rays of the pencils 0(ABC...) and 0(A'B'C'...' 
each of which is in perspective with the pencil V (A"B"Cf ’...). 

68. DU is a fixed diameter of a conic and PP' is a double ordinato of 
this diameter. A parallel through 2/ to DP meets DU in X. Find the 
locus of X. 

69. Through a point 0 is drawn a straight line cutting a conic in AB, 
and on AB are taken points CD, such that 

(1 —■ OC) + (1 -j- OD) «= (1 -f- OA ) + (14- 0 B\ 

Then if MN be the points of contact of tangents from D, and LR those 

of tangents from C, show that either LM and RN, or LX and RM, meet 
in 0. 


70. Construct the conic which passes through the four points ABCD 
and is such that AB and CD are conjugate lines with regard to it. 

71. A OB and COD are two diameters of a circle and QR is a chord 
parallel to AB ; if P be the intersection of C<? and DR, or of DQ and 

CR, and if from P be drawn PM parallel to AB to meet CD in M 
then OM 2 = OD 3 + PM 3 . 


72. AB, AC are two chords of an ellipse equally inclined to the 
tangent at A ; show that the ratio of the chords is the duplicate of the 
ratio of the diameters parallel to them. 

7 3 - Construct, by means of the ruler only, a conic which shall pass 
through two given points and have a given self-conjugate triangle 

Also construct the pole of the connector of the given points with 
respect to the conic. 


74- Through a fixed point A any two straight lines are drawn meet- 
ing a conic in B B and C, U respectively ; parallels through A to BV, 
B'C meet B'C, BCf respectively in D, E ; find the locus of D and of E. 

'I'?”* f eqUal ** n e ents TP and T Q of a parabola are cut in M and X 
by a third tangent ; show that TM = QJV. 

l l ?t? USQnt * a ? tW ° P ° ints of an olli Pso, whose foci are S, R, meet 

™™nd d ^ "I \ at th6 P ° ints meet in 0 5 P rove tha * the 

monU*ally U arS thr ° U8h S ’ H to ST > HT respectively divide OT liar- 
^ Deduce a construction for the centre of curvature at any point of the 


X 
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77. An ellipse may be regarded as the polar reciprocal of the 
auxiliary circle with respect to an imaginary circle of which a focus is 
centre. Prove this, and find the lines which correspond to the centre 
and the other focus of the ellipse. 

78. Two conics u, v intersect in A, B, C, D ; E, Pare the poles of CD 
with regard to the conics u, v respectively, and AE, AF meet CD in 
G, H respectively ; a straight line is drawn through A meeting u, v in 
P, Q respectively ; show that the locus of the intersection of PH, QG is a 
straight line passing through B and through the intersection of EF, CD. 

79. Two triangles, one inscribed in and the other escribed to a given 
triangle, and both in perspective with it, are in perspective. 

Each of the triangles determined by the common tangents of two 
conics is in perspective with each of the triangles determined by the 
common points of the conics. 

80. Two circles cut each other orthogonally; show that the distances 
of any point from their centres are in the same ratio as the distances of 
the centre of each circle from the polar of the point with respect to the 
other. 

The directrix of a fixed conic is the polar of the corresponding focus 
with respect to a fixed circle ; with any point on the conic as centre a 
variable circle is described cutting the fixed circle orthogonally; find 
the envelope of the polar of the focus with respect to the variable 

circle. 

81. Obtain a construction for projecting a conic and a point within 
it into a parabola and its focus. 

82. A conic circumscribes a triangle ABC, the tangents at the angular 
points meeting the opposite sides on the straight line DEF. The lines 
joining any point P on DEF to A, B, C meet the conic again in A', S', C. 
Show that the triangle A'B'C envelopes a fixed conic inscribed in ABC, 
and having double contact with the given conic at the points where 
it is met by DEF. Show also that the tangents at A', B', Cf to the 
original conic meet B’Cf, Cf A', A'B' in points lying on DEF. 

83. ABCD is a quadrilateral whose sides AB, CD meet in E, and AD. 
BC in F; A is a fixed point, EF a fixed straight line, and B, C lie each 
upon one of two fixed straight lines concurrent with EF; find the 

locus of D. 

84. All the tangents of a conic are inverted from any point, btiow 
that the locus of the centres of all the circles into which they invert is 


a conic. 

85 If A y B, C, D be four collinear points, and 0 any point whatever, 


prove that 2 { 0A a -i- (AB . AC. AD)) = o. 

Also show that if A', S', O', D' be four concyclic points, then 
2 {i -i- ( A'B' . A'O' . A'D ')} = o, the sign of any rectilinear segment 

being the same as in the preceding identity. 
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86. If 0 be the intersection of the common tangents to two conies 
having double contact, and if a straight lino through 0 meet the two 
conics in P, P' and Q, O' respectively, prove that 

PQ . P'Q' . (PO + I y O ) ^ P(P . P'Q' + P'0 3 . PQ, 
and that PQ . PQ' : P'Q . I y Q ':: PO 2 : P'0 2 . 

87. Describe a conic to touch a given straight line at a given point 
and to osculate a given circle at a given point. 

88. If a system of conics have a common self-conjugate triangle, any 
line through one of the vertices of this triangle is cut by the system in 
involution. 

Two conics, U and V , touch their common tangents in ABCD and 
A'B'C'D '; show that AB cuts U, U' and the other sides of the quadri¬ 
lateral of tangents in six points in involution. 

89. Four points A, B , C, D are taken on a conic such that AB, BC, CD 
touch a conic having double contact with it; show that A and D 

generate homographic ranges on the conic, and find the common 
points of the ranges. 


90. The angular points ABC of a triangle are joined to a point 0 
and the bisectors of the angles BOC, COA , AOB meet the corresponding 
sides of the triangle in a, a,, 0, 0 3 , 7l 7a ; show that these points lie 
three by three on four straight lines; and that if 0 lie on the circle 
circumscribing the triangle, each of the lines a, 0 3 7a , & c . passes 
through the centre of a circle touching the three sides of the triangle. 

91- ‘ If from a point T on the directrix of a parabola whoso vertex is 

A tangents TP, TQ are drawn to tho curve, and PA, QA joined and pro- 

duced to cut the directrix in M, X, then will T bo tho middle point 
of MX.’ 1 

Obtain from the above theorem by reciprocation a property of (1) a 
circle, (2) a rectangular hyperbola. 


92. In two figures in homology M and M' are homologous points and 
0 is the centre of perspective. Show that OM is to MM' as the per¬ 
pendicular from M on its vanishing lino is to tho perpendicular from M 
on the axis of perspective. 


93 - Given two points A, B on a rectangular hyperbola and tho polar 
o a given point 0 in the line AB ; determine tho points of intersection 
of the curve with tho straight line drawn through 0 perpendicular 


, B 9 r 4 n !'T, 1 ,:T. t0 D Pr0j0Ct “ giVen into a qund.ilatera 

ABCD such that AB is equal to AC, and that V is the centre of graviti 
of the triangle ABC . b • 

A chnrd nf fK ^ n- doubl< \ contact with ellipse, and lies within it 
A chord of the ellipse is drawn touching the circle, and through it 

13 T Vn a Ch0rd ° f the ° llipse parallel to th0 minor axis 
Show that the rectangle contained by the segments of this chord h 

X 2 
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equal to the rectangle contained by the segments into which the first 
is divided by the point of contact. 

96. ABCDEF is a hexagon inscribed in one conic and circumscribing 
another. The connectors of its vertices with any point 0 in its 
plane meet the former conic again in the vertices of a second hexagon 
A'B'C'D'E'F'. Prove that it is possible in this to inscribe another 
conic. 

97. ABCD, AB'Cfl/ are two parallelograms having a common vertex 
A and the sides AB, AD of the one along the same straight lines as the 
sides AB', AlY respectively of the other. Show that the lines BD', 
B'D, CCf are concurrent. 

98. Three conics a, B, 7 are inscribed in the same quadrilateral. 
From any point, tangents a, b are drawn to a, and tangents a ', 1 / to &. 
Show that if a, a' are conjugate lines with respect to 7, so are b, 1 /. 

99. If three tangents to a conic can be found such that the circle 
circumscribing the triangle formed by them passes through a focus, 
the conic must be a parabola. 

100. From each point on a straight line parallel to an axis of a conic 
is drawn a straight line perpendicular to the polar of the point; show 
that the locus of the foot of the perpendicular is a circle. 

ior. AB is a diameter of a circle, and C and D are points on the 
circle. AC, BD meet in E. Show that the circle about CDE is ortho¬ 
gonal to the given circle. 

102. Find the locus of the centre of a circle which divides two given 
segments of lines harmonically. 

103. The sides AB, AD of a parallelogram ABCD are fixed in posi¬ 
tion, and C moves on a fixed line ; show that the diagonal BD envelopes 
a parabola. 

104. A tangent of a hyperbola whose centre is C meets the asymp¬ 
totes in P and Q ; show that the locus of the orthocentre of the triangle 
CPQ is another hyperbola. 

105. Through fixed points A and B are drawn conjugate lines for a 
given conic. Show that the locus of their meet is the conic through 
A, B and the points of contact of tangents from A and B. 

106. A, B, C, D are four points on a conic, and 0 is the pole of AB. 
Show that 0 ( AB , CD) is the square of (AB, CD). 

107. A B, C, D are four points on a conic. The tangent at A meets 
BC, CD in «„ a, ; the tangent at B meets CD, DA in 6„ b t ; and so on. 
Show that the eight points a,, a,, b,, b Jt c,, e,, cf„ d, Ho on a conic. 

108. The centre 0 of a conic lies on the directrix of a parabola, an 
a triangle can be drawn circumscribed to the parabola and self-conju¬ 
gate for the conic. Show that the tangents from 0 to tho parabola are 

the axes of the conic. 
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109. Two sides AQ, AR of a triangle AQR circumscribed to a given 
circle are given in position ; tho circles escribed to AQ and AR touch 
AQ and AR in V and U ; show that the locus of tho meet of QU and RV 
is a hyperbola with AQ and AR as asymptotes. 

no. If the chords OP, OQ of a conic are equally inclined to a fixed 
line ; then, if 0 be a fixed point, PQ passes through a fixed point. 

nr. A fixed line l meets one of the system of conics through tho 
four points A, B, C, D in P and Q; show that tho conic touching AB, 
CD, PQ and tho tangents at P and Q touches a fourth fixed line. 

112. Triangles can be inscribed in a which are self-conjugate for 0 ; 
ABC is a triangle inscribed in a and A'B'C' is its reciprocal for 0 ; show 
that tho centre of homology of ABC and A'B'C' is on a. 

113. Six circles of a coaxal system touch the sides of a triangle ABC 
inscribed in any coaxal in the points aa', bb', a/ ; show that these 
points are the opposite vertices of a quadrilateral. 

114. A, B, C, D are four points on a circle, and A', S', C', 1/ are tho 
orthocentres of the triangles BCD , CDA, DAB, ABC. Show that tho 
figures ABCD, A'B'C'O' are superposable. 

115. Any conic a which divides harmonically two of tho diagonals 
of a quadrilateral is related to any conic 0 inscribed in the quadri¬ 
lateral in such a way that triangles can bo inscribed in a which are 
self-conjugate for 0 . 

116. The envelope of the axes of all conics touching four tangents of 
a circle is a parabola. 

117. If (AA', BB') = - 1 = (AA', PQ) = (BB', PQ') ; show that 
(AA', BB', QQ') is an involution. 

118. If two conics can be drawn to divide four given segments har¬ 
monically, then an infinite number of such conics can be drawn. 

119. If (AA', BB', CC') be an involution, show that 

(A'A, BC') + (P'P, CA') + <C'C, AB') = 1 . 

120. T is a point on the directors of the conics a and 0. The reci¬ 
procal of a for 0 meets the polar of T for 0 in Q, R. Show that the 
angle QTR is right. 

121. Through the centre 0 of a circle is drawn a conic, and A and A' 
are a pair of opposite meets of common tangents of the circle and conic; 
show that the bisectors of the angle AOA' are the tangent and the 
normal at 0. 

122. A given line meets one of a series of coaxal circles in P, Q. The 
parabola which touches the line, the tangents at P, Q, and the radical 
axis has a third fixed tangent. 

123. If a series of conics be inscribed in the same quadrilateral of 
which A, A' is a pair of opposite vortices, and if from a fixed point 0 
tangents OP, OQ be drawn to one of the conics, the conic through 
OPQAA' will pass through a fourth fixed point. 
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124. On a tangent to a circle inscribed in a triangle ABC are taken 
points a, b, c, such that the angles subtended by Aa, Bb , Cc at the 
centre 0 are equal; show that Aa, Bb, Cc are-concurrent. 

125. Through two given points, four conics can be drawn for which 
three given pairs of lines are conjugate ; and the common chord is 
divided harmonically by every conic through its four poles for the 
conics. 

126. The locus of the pole of a common chord of two conics for 
a variable conic having double contact with the two given conics 
consists of a conic through the two common points on the given chord 
together with the join of the poles of the chord for the two conics. 

127. Find the locus of the centre of a conic which passes through 
two given points and divides two given segments harmonically. 

128. A variable conic passes through three fixed points and is such 
that triangles can bo inscribed in it which are self-polar for a given 
conic. Show that it passes through a fourth fixed point. 

129. If a variable conic touch three fixed lines, and be such that 
triangles can be drawn circumscribing it which are self-polar for a 
given conic, then the variable conic will have a fourth fixed tangent, 
and the chords of contact of the variable conic with the fixed lines 
pass through fixed points. 

130. The directrix of a parabola which has a fixed focus and is such 
that triangles can be described about it which are self-polar for a given 
conic, passes through a fixed point. 

131. A conic U passes through two given points and is such that two 
sets of triangles can be inscribed in it, one self-polar for a fixed conic 
V and the other self-polar for a fixed conic IF. Show that U has a 
fixed self-polar triangle. 

132. A variable conic U cuts a given conic V in two given points 
and also touches it and is such that triangles can be inscribed in it 
self-polar for a given conic W. Show that U touches another fixed 
conic. 

133. Three parabolas are drawn, two of which pass through the 
four points common to two conics and the third touches their common 
tangents. Show that their directrices are concurrent. 

134. If a system of rectangular hyperbolas have two points common, 
any line perpendicular to the common chord meets them in an invo¬ 
lution. 

135. The reciprocal of a circle through tho centre of a rectangular 
hyperbola, taking the r. h. itself as base conic, is a parabola whose 
focus is at tho centre of the r. h. 

136. Tho reciprocal of any circle, taking any r.h. as base conic, is a 
conic, one of whose foci is at the centre of the r. h. ; and the centre of 
the circle reciprocates into the corresponding directrix. 
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137. The chords AB and A'Bf of a conic a meet in V. 0 is the conic 
touching AB, A'B' and the tangents at A, B, A', B'. VL and VL' 
divide AVA' harmonically and cut the conic a in LM and L'M'. Show 
that the other joins of the points L, M , L', 3/' touch 0 . Also any 
tangent of & meets AB and A'B' in points which are conjugate for a. 

138. The director circle of a conic is the conic through the circular 
points and the points of contact of tangents from these points to the 
conic. 

139. Tangents to a circle at P and Q meet another circle in AB and 
CD ; show that a conic can be drawn with a focus at either limiting 
point of the two circles and with PQ as corresponding directrix which 
shall pass through ABCD. 

140. Tangents to a conic from two points PP' on a confocal meet 
again in the opposito points QQf and RR'. Show that Q(/ lie on one 
confocal and RR' on another ; and that the tangents to the confocals at 
PP'QQ'RR? are concurrent. 

141. The centroid of the meets of a parabola and a circle is on the 
axis of the parabola. 

142. A variable tangent of a circle meets two fixed parallel tangents 
in P and Q, and a fixed line through the centre in R. X is taken so 
that ( PQ, RX) = — 1. Show that the locus of X is a concentric circle. 

143. A triangle is reciprocated for its polar circle. Show that the 
reciprocal of the centroid is the radical axis of the circum-circle and 
the nine-point circle. 

144. The reciprocal of a triangle for its centroid is a triangle having 
the same centroid. 

145. Triangles can be circumscribed to a which are self-conjugate 
for 0 . A tangent of a cuts 0 in P and Q; and a conic 7 is drawn 
touching 0 at P and at Q. Show that triangles can be circumscribed to 
a which are self-conjugate for 7. 

146. PP' is a chord of a parabola. Any tangent of the parabola cuts 
the tangent parallel to PP' in X and the tangents at P and P' in R and 
R? ; show that RX = XR'. 

147. If the conic a bo its own reciprocal for the -conic 0 , then 0 is its 
own reciprocal for a. 

148. Given a conic a and a chord BC of a, a conic 0 can be found 
having double contact with o at B and C, such that o is its own reci¬ 
procal for 0 . 

149. A conic cannot be its own reciprocal for a conic having four- 
point contact with it. 

150. If the conic a be its own reciprocal for the conic 0 , then a and 
0 can be projected into concentric circles, the squares of whose radii 
are numerically equal. 
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151. Any point P on a conic and the pole of the normal at P are 
conjugate points for the director circle. 

152. The pole of the normal at any point P of a conic is the centre 
of curvature of P for the confocal through P. 

153. ABC is a triangle, and AL, BM, CN meet in a point, LMN being 
points on BC, CA, AB. Three conics are described, one touching 
BM, CN at M, N and passing through A ; so the others. Prove that at 
A, B, C respectively they are touched by the same conic. 

154. The lines joining four fixed points in a plane intersect in pairs 
in points 0 , 0 2 0 3 , and P is a variable point. Pz-ove that the harmonic 
conjugates of 0 ,P, 0 2 P, 0 3 P for the pairs of lines meeting in 0 , 0 2 0 3 
respectively, intersect in a point. 

155. If a parabola touch the sides of a fixed triangle, the chords of 
contact will each pass through a fixed point. 

156. The six intersections of the sides of two similar and similarly 
situated triangles lie on a conic, which is a circle if the perpendicular 
distances between the pairs of parallel sides are proportional to the 
sides of the ti-iangle. 

157. Two conics have double contact, 0 being the intersection of the 
common tangents. From P and Q on the outer conic paiz*s of tangents 
are drawn to the inner, forming a quadrilateral, and R is the pole of 
PQ with respect to the inner conic. Prove that two diagonals of the 
quadrilateral pass through R, and that one of these diagonals passes 
through 0 . 

158. A conic is drawn through the middle points of the lines 
joining the vertices of a fixed triangle to a variable point in its plane, 
and through the points in which these joining lines cut the sides of 
the triangle. Determine the locus of the variable point when the 
conic is a rectangular hyperbola ; and prove that the locus of the 
centre of the rectangular hyperbola is a circle. 

159. The feet of the normals from any point to a rectangular hyper¬ 
bola form a triangle and its orthocentro. 

160. ABC is a triangle and A'B'C are the middle points of its sides. 
0 is the orthocentre. AO. BO, CO meet the opposite sides in DEF. 
EF, FD , DE meet the sides in LMN. Prove that OL is perpendicular to 
A A', OM to BB', and ON to CC. 

161. A variable conic touches the sides AB, AC of a triangle ABC at 
B and C. Prove that the points of contact of tangents from a fixed 
point P to the conic lie on a fixed conic though PABC. 

162. Given two tangents to a parabola and a fixed point on the chord 
of contact, show that a third tangent is known. 

163. Tangents to a conic from two points on a confocal form a quad¬ 
rilateral in which a circlo can be inscribed. 
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164. AA', B&, CC are opposite vertices of a quadrilateral formed by 
four tangents to a conic. Three conics pass respectively through 
AA', B&, CC and have three-point contact with the given conic at the 
same point P. Show that the poles of A A’, Bti, CC with respect to 
the conics through AA', BB", CC respectively coincide, and the four 
conics have another common tangent. 

165. If two conics, one inscribed in and the other circumscribed to 
a triangle, have the orthocentre as their common centre, they are 
similar, and their corresponding axes are at right angles. 

166. A fixed tangent is drawn to an ellipse meoting the major axis 
in T. Q(/ are two points on the tangent equidistant from T. Show 
that the other tangents from Q and Q' to the ellipse meet on a fixed 
straight line parallel to the major axis. 

167. With a fixed point P as focus a parabola is drawn touching a 
variable pair of conjugate diameters of a fixed conic. Provo that it has 
a fixed tangent parallel to the polar of P. 

168. A conic is described having one side of a triangle for directrix, 
the opposite vertex for centre, and the orthocentre for focus ; prove 
that the sides of the triangle which meet in the centre are conjugate 
diameters. 

169. The radius of curvature in a rectangular hyperbola is oqual to 
half the normal chord. 

170. The radius of curvature in a parabola is equal to twice the in¬ 
tercept on the normal between the directrix and the point of inter¬ 
section of the normal and the parabola. 

171. Two ellipses touch at A and cut at B and C. Their common 
tangents, not at A, meet that at A in Q and R and intersect in P. 
Provo that BQ and CR meet on AP, and so do BR and CQ. 

172. A transversal is drawn across a quadrangle so that the locus 
of one double point of the involution determined on it is a straight 
line. Show that the locus of the other is a conic circumscribing tho 
harmonic triangle of the quadrangle. 

I 73 - PQ ^ ft chord of one conic a and touches another conic / 9 . 
Prove that P, Q are conjugate for a third conic y. 

* 74 - XYZ is a triangle self-conjugate for a circle. The lines joining 
XYZ to a point D on the circle meet tho circle again in A , B , C 
respectively. Show that as D varies, tho centre of mean position of 
ABCD describes the nine-point circle of XYZ. 

175. Two conics are described touching a pair of opposite sides of a 
quadrilateral, having the remaining sides as chords of contact and 
passing through tho intersection of its diagonals; show that they 
touch at this point. 
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176. With a given point 0 as focus, four conics can be drawn having 
three given pairs of points conjugate ; and the directrices of these 
conics form a quadrilateral such that the director circles of all the 
inscribed conics pass through 0 . 

177. The line joining two points A and B meets two lines OQ, OP in 
Q and P. A conic is described so that OP and OQ are the polars of A 
and B with regard to it. Show that the locus of its centre is the line 
OR where R divides AB so that AR : RB :: QR : RP. 

178. A chord of a conic passes through a fixed point. Prove that 
the other chord of intersection of the conic and the circle on this 
chord as diameter passes through a fixed point. 

179. One of the chords of intersection of a circle and a r. h. is a 
diameter of the circle. Prove that the opposite chord,is a diameter of 
the r. h. 

180. Tangents are drawn to a conic a parallel to conjugate 
diameters of a conic 0 . Prove that they will cut on a conic 7, con¬ 
centric with a and homothetic with 0 . Also 7 will meet a in points 
at which the tangents to a are parallel to the asymptotes of 0 . 

181. Four concyclic points are taken on a parabola. Prove that its 
axis bisects the diagonals of the quadrilateral formed by the tangents 
to the parabola at these points. 

182. If four points be taken on a circle, the axes of the two parabolas 
through them are the asymptotes of the centre-locus of conics through 
them. 

183. The locus of the middle point of the intercept on a variable 
tangent to a conic by two fixed tangents is a conic having double con¬ 
tact with the given one where it is met by the diameter through the 
intersection of the fixed tangents. 

184. On two parallel straight lines fixed points A , B are taken and 
lengths AP, BQ are measured along the lines, such that AP + BQ is 
constant Show that AQ and BP cut on a fixed parabola. 

185. Chords AP, AQ of a conic are drawn through the fixed point A 
on the conic, such that their intercept on a fixed line is bisected by a 
fixed point. Show that PQ passes through a fixed point. 

186. Three tangents are drawn to a fixed conic, so that the ortho¬ 
centre of the triangle formed by them is at one of the foci ; prove 
that the polar circle and circum-circle arc fixed. 

187. Given four straight lines, show that two conics can be con¬ 
structed such that an assigned straight line of the four is directrix 
and the other three form a self-polar triangle ; and that, whichever 
straight line be taken as directrix, the corresponding focus is one of 
two fixed points. 

188. Parallel tangents are drawn to a given conic, and the point 
where one meets a given tangent is joined to the point where the 
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other meets another given tangent. Prove that the envelope of the 
joining line is a conic to which the two tangents are asymptotes. 

189. With a point on the circum-circle of a triangle as focus, four 
conics are described circumscribing the triangle : prove that the corre¬ 
sponding directrices will pass each through a centre of one of the four 
circles touching the sides. 

190. Three conics are drawn touching eacli pair of the sides of a 
triangle at the angular points where they meet the third side and 
passing through a common point. Show that the tangents at this 
common point meet the corresponding sides in three points on a 
straight line, and the other common tangents to each pair of conics 
pass respectively through these three points. 

191. ABCD is a quadrilateral circumscribing a conic, and through the 
pole 0 of AC a line is drawn meeting CD, DA, DB, BC. and CA in PQBST 
respectively. Show that PQ, BS subtend equal angles at any point on 
the circle whose diameter is OT. 

192. The normal at a fixed point P of an ellipse meets the curve again 
in Q, and any other chord PP / is drawn ; Ql y and the straight line 
through P perpendicular to PP' meet in B ; prove that the locus of B is 
a straight line parallel to the chord of curvature of P and passing 
through the pole of the normal at P. 

193. Two tangents of a hyperbola a are asymptotes of another conic P. 
Provo that if P touch one asymptote of a, it touches both. 

194. A conic is drawn through four fixed points ABCD. BC, AD 
meet in A' ; CA, BD in B "; AB, CD in C '; and 0 is the centre of the conic. 
Prove that {ABCD} on the conic = {A'B'C'O} on the conic which is 
the locus of 0 . 

195. Tangents drawn to a conic at the four points ABCD form a 
quadrilateral whose diagonals are aabl/, cc' ^tho tangents at ABC 
forming the triangle abc and being met by the tangent at D in a'b'c'). 
The middle points of the diagonals are A'B'C' and the centre is 0 . 
Prove that {A'&CfO} = {ABCD} at any point of the conic. 

196. If a right line move in a plane in any manner, the centres of 
curvature at any instant of the paths of all the points on it lie on a 
conic. 

197. Defining a bicircular quortic as the envelope of a circle which 
moves with its centre on a fixed conic so as to cut orthogonally a fixed 
circle, show that it is its own inverse with respect to any one of the 
vertices of the common self-conjugate triangle of the fixed circle and 

conic, if the radius of inversion be so chosen that the fixed circle 
inverts into itself. 

198. A quadrilateral is formed by the tangents drawn from two 
fixed points on the radical axis of a system of coaxal circles to any 
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circle of the system. Prove that the locus of one pair of opposite 
vertices is one conic, and of the remaining pair is another conic, and 
the two fixed points are the foci of both these conics. 

199. Two fixed straight lines through one of the foci of a system of 
confocal conics meet any one of the conics in PP, QQ'. Prove that the 
envelope of PQ and PQ' is one parabola, and of PQ', PQ is another 
parabola. Also the points of contact of PQ, P'Q', PQ, PQf with their 
respective envelopes lie on a straight line parallel to the conjugate 
axis of the system, which axis touches both parabolas. 

200. A parallelogram with its sides in fixed directions circumscribes 
a circle of a coaxal system. Prove that the locus of one pair of 
opposite vertices is one conic and of the remaining pair is another 
conic, and the common tangents of these two conics are the parallels 
through the common points of the system to the sides of the parallelo¬ 
gram. Prove also that the tangents at the vertices of any such 
parallelogram to their respective loci meet in a point on the line of 
centres of the system. 

201. 0 is the centre of a conic circumscribing a triangle, and P is 
the pole of the triangle for this conic. Show that 0 is the pole of the 
triangle for that conic which circumscribes the triangle and has its 
centre at O'. 

202. AA', BP, CP are the three pairs of opposite vertices of a quadri¬ 
lateral. A conic through BB', CC y and any fifth point P meets AA' in 
X and Y. Prove that PX, PY are the double lines of the involution 
P {AA', BP, CP}. 

203. If tangents be drawn to a system of conics having four common 
tangents, from a fixed point ( X) on a side (AA') of the self-conjugate 
triangle of the system, the points of contact will lie on a conic 'viz. 
XBPCP). 

204. A A' BP, CP are the three pairs of opposite vortices of a quadri¬ 
lateral. A straight lino meets AA', BP, CP in LMN. Prove that the 
conics LBB'CP, MCPAA', NAA'BP, and the conic touching the sides of 
the quadrilateral and also LMN , have a common point. 

205. Three conics have double contact at the samo two points, and 
A, B, C are their centres. A straight line parallel to ABC meets them 
in PP , QQ', RR' respectively, and 0 is any point on this straight line. 
Provo that OP.OP .BC + OQ.OQ'. CA + OR. OP . AB = o. 

206. In XXVIII. § 10. Ex. 4, prove that if P be this fixed point, then 
CO, CP are equally inclined to the axes, and CO. CP = CS 2 . 

207. If triangles can be inscribed in a conic a and circumscribed to 
a conic 0 , the locus of the centroid of such a triangle is a conic homo- 
thetic with a. 

208. If the conic 0 be a parabola, this locus is a straight line. 
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209. This straight line is parallel to the line joining points on the 
parabola where the tangents are parallel to the asymptotes of a. 

210. The tangents at three points of a rectangular hyperbola form a 
triangle, of which the circum-circle has its centre at a vertex and passes 
through the centre of the hyperbola. Show that the centroid of the 
three points lies on the conjugate axis. 

211. Show that the orthocentre of the three points in Ex. 210 is the 
vertex which is the centre of the circle. 

212. If in Ex. 207 the conics a and 0 are hoinothetic, the centroid of 
the three points of contact with 0 of such a triangle is a fixed point. 

213. If the conics a and 0 are coaxial, then the normals to a at the 
vertices of any such triangle are concurrent and also the normals to 0 
at the points of contact of the sides ; and conversely, if PQIi be three 
points on a conic such that the normals there are concurrent, a coaxial 
conic can be inscribed in the triangle PQR. 

214. If the conics a and 0 are both parabolas, the locus of the 
centroid is parallel to the axis of a. 

215. If a and 0 are parabolas with the same axis, whose latera recta 
are l and 1', then 1' = 4 1. 

216. Given a triangle self-conjugate for a conic, if a directrix touch 
a conic 0 inscribed in the triangle, then the corresponding focus lies 
on the director circle of 0 . 

217. A conic is inscribed in a triangle self-conjugate for a rectangular 
hyperbola, with one focus on the hyperbola. Show that its major axis 
touches the hyperbola. 

218. A triangle is inscribed in a conic and circumscribed to a para¬ 
bola. Prove that the locus of the centre of its circumscribing circle 
is a straight line. 

219. The following pairs of conics are related to ono another as in 
XIV. § 2. Ex. 14— 

(i) A rectangular hyperbola, and a parabola whose focus is at tho 
centre of the r. h. and whose directrix touches the r. h. 

(ii) Two rectangular hyperbolas, each passing through tho centre of 
the other and having the asymptotes of one parallel to the axes of the 
other. 

220. If the polar circle of three tangents to a conic passes through a 
focus, the orthocentre lies on the corresponding directrix. 

221. If a triangle inscribed in a parabola has its orthocentre on the 
directrix, its polar circle passes through tho focus. 

222. A circle has its centre on the directrix and touches the sides of 
a triangle self-conjugate for a parabola. Show that it passes through 
tho focus. 
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223. Triangles can be inscribed in a conic a so as to be self-conjugate 
for a conic P. A circle has double contact with a along a tangent 
to P. Show that it cuts orthogonally the director of P. 

224. Two conics, in either of which triangles can be inscribed self¬ 
conjugate for a third conic, have double contact. Show that their 
chord of contact touches this conic. 

225. From any point P two tangents PQ , PR are drawn to an ellipse : 
if C is the centre of the ellipse, then all hyperbolas drawn through 
P and C and having their asymptotes parallel to the axes of the ellipse 
cut QR harmonically. 

226. A conic circumscribes a triangle self-conjugate for a parabola 
and has its centre on the parabola. Show that an asymptote touches 
the parabola. 

227. A circle through the centre of a rectangular hyperbola cuts it 
in ABCD. Show that the circle circumscribing the triangle formed 
by the tangents to the r. h. at ABC passes through the centre of the 
hyperbola, and has its centre on the hyperbola at the extremity Df of 
the diameter through D ; and D' is the orthocentre of ABC. 

228. Show that if D be the pole of the triangle ABC for a conic, then 
A, B, C are the poles of the triangles BCD, ACD, ABD respectively. 
Such a quadrangle may be said to be seif-conjugate for the conic. 

229. If triangles can bo inscribed in P which are self-conjugate for a, 
then quadrangles can be inscribed in P which are self-conjugate for a ; 
and conversely. 

230. If triangles can bo circumscribed to P which are self-conjugate 
for a, then quadrilaterals can be circumscribed to P which are self¬ 
conjugate for a ; and conversely. 

231. If wo can describe triangles to touch a conic a and to be self- 
polar for each of two conics P and 7, then the four intersections of P 
and 7 form a self-polar quadrangle for a. 

232. If triangles can bo inscribed in each of two conics P , 7 so as 
to bo self-polar for a conic a. then triangles self-polar for a can be 
inscribed in any conic through the intersections of P and 7. 

233. If triangles can bo circumscribed to each of two conics P, 7 
self-polar for a conic a, then triangles self-polar for a can be circum¬ 
scribed to any conic touching the common tangents of P and 7. 

234. The polars of a fixed triangle for a system of four-point conics 
envelope a conic touching the sides of the triangle. 

235. The poles of a fixed triangle for a system of conics having four 
common tangents lie on a conic circumscribing the triangle. 

236. If the system of four-tangent conics is a system of confocals, 
the locus of the poles is a rectangular hyperbola. 
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237. If two conics are related as in XIV. § 2. Ex. 14, and the first 
passes through the centre of the second, then the second passes through 
the centre of the first. 

238. Three tangents to a conic a form a triangle. A conic $ circum¬ 
scribes the triangle and passes through the centre of a and the pole of 
the triangle with respect to a. Prove that its centre lies on a. 

239. A rectangular hyperbola circumscribes a triangle and passes 
through the centre of one of the circles touching the sides. Show that 
its centre lies on this circle. 

240. Hence prove Feuerbach’s theorem, viz.— the nine-point circle 
of any triangle touches the inscribed and escribed circles. 

241. Show that in Ex. 239 the poles of the triangle for these circles 
lie on the respective hyperbolas ; and the polars of the triangle for the 
hyperbolas are tangents to the respective circles. 

242. The nine-point circle of a trianglo inscribed in a rectangular 
hyperbola touches the polor-circlo of the triangle formed by the 
tangents at tho vertices, at the centre of the conic. 

243. The pole with respect to a parabola of the triangle formed by 
three tangents to it lies on the minimum ellipse circumscribing the 
triangle. 

244. Tho polar in this case passes through the centre of gravity of 
the triangle. 

245. The pole with respect to a parabola of an inscribed triangle 
lies on the maximum ellipse inscribed in the triangle. 

246. The two conics in the last example are reciprocal with respect 
to a conic with its centre at this pole and having tho triangle as a 
self-conjugate triangle. 

247. Show that the polar of a trianglo for a rectangular hyperbola 
which circumscribes it, touches the conic which touches the three 
sides at tho vertices of tho pedal triangle ; and the pole of the triangle 
lies on the radical axis of tho circum-circlo and nine-point circle of 
tho triangle. 

248. A conic passes through the vertices and centroid of a fixed 
triangle. Show that the pole of the triangle for the conic lies on tho 
lino at infinity, and tho polar touches tho maximum inscribed ellipse. 

249. A conic touches the sides of a triangle and passes through its 
centroid. Show that the polar of tho triangle for this conic is a 
tangent to tho minimum ellipse circumscribing tho triangle. 

250. The foci of a conic inscribed in a triangle self-conjugate for a 
rectangular hyperbola are conjugate points for the r. h. 

251. A parabola touches tho sides of a trianglo ABC, and S is its 
focus. The axis meets the circum-circlo again in 0 . With 0 as centre 
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the rectangular hyperbola is described for which the triangle is self- 
conjugate. Show that the axis of the parabola is an asymptote of 
the r. h. 

252. Two parabolas touch the sides of a triangle and have their foci 
at the extremities of a diameter of its circum-circle. Show that their 
axes are the asymptotes of a rectangular hyperbola for which the 
triangle is self-conjugate. 

253. Triangles can be inscribed in a parabola (whose latus-rectum 
is X) so as to be self-conjugate for a coaxial parabola (whose latus-rectum 
is l'). Prove that V = 2 1. 

254. The locus of the centre of a circle of constant radius circum¬ 
scribed to a triangle self-conjugate for a fixed conic is a circle con¬ 
centric with the conic. 

255. Given three tangents and the sum of the squares of the axes, 

the locus of the centre of a conic is a circle. * 

256. A circle of given radius is inscribed in a triangle self-conjugate 
for a fixed conic. Prove that the locus of its centre is a concentric 
homothetic conic. 

257. A circle a touches the sides of a triangle self-conjugate for a 
conic &. Show that a rectangular hyperbola having double contact 
with /3 along a tangent to a passes through the centre of the circle. 

258. A circle touches a fixed straight line, and triangles can be cir¬ 
cumscribed to it which are self-conjugate for a fixed conic. Prove that 
the locus of its centre is a rectangular hyperbola. 

259. The orthocentre of a triangle of tangents to a rectangular 
hyperbola and the centre of the circle through the points of contact 
are conjugate points for the r. h. 

260. If the centroid of a triangle inscribed in a conic lies on a 
concentric homothetic conic, prove that the nine-point circle cuts 
orthogonally a fixed circle. 

261. If two circles touch respectively the sides of two triangles self¬ 
conjugate for a conic, then their centres of similitude are conjugate 
points for the conic. 

262. If a rectangular hyperbola has double contact with a conic a, 
its centre and the pole of the chord of contact are inverse points for 
the director circle of a. 

263. A circle circumscribes triangles self-conjugate for a given conic 
and passes through a fixed point. Prove that its centre lies on the 
directrix of the parabola which has double contact with the conic at 
the points of contact of tangents from the fixed point. 

264. Triangles are circumscribed to a central conic so as to have the 
same orthocentre. Prove that they have the same polar circle. 
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265. Two triangles are inscribed in a conic (which is not a rectangular 
hyperbola) so as to have the same orthocentre. Provo that they have 
the same polar circle. 

266. Two triangles are inscribed in a conic (which is not a circle 
so that their circum-circles are concentric. Prove that they are self¬ 
conjugate for a parabola. 

267. Two triangles are circumscribed to a conic, so that their circum- 
circles are concentric. Prove that they either have the samo circum* 
circle or are self-conjugato for a parabola. 

268. A conic which is inscribed in a triangle self-conjugate for a 
rectangular hyperbola and has a focus at tho centre of the r. h. is 
a parabola. 

269. A conic with a focus at the centro of a rectangular hyper¬ 
bola circumscribes triangles self-conjugate for tho r. h. Provo that 
the corresponding directrix touches tho r. li. 

270. Triangles can bo inscribed in each of two conics a and 0, self- 
conjugate for the other. Provo that the reciprocal of a for £ and of 
e for a is the same conic 7 ; and a, 0, 7 are so related that each is the 
envelope of lines divided harmonically by tho other two and also tho 
locus of points from which tangents to the other two form a harmonic 
pencil. Also any two of these conics are reciprocals for tho third. 

271. Two hyperbolas pass each through the centro of tho other and 
determine a harmonic range on tho line at infinity. Provo that tho 
reciprocal of either for the other is tho parabola inscribed in the 
quadrilateral formed by parallels through each centre to tho asymp¬ 
totes of the hyperbola passing through it. 

272. A conic is inscribed in a given triangle and passes through its 
circum-centre. Show that its director circle touches the circum-circlo 
and tho nine-point circle of the triangle. 

273. Find the locus of the centre of tho conic in tho last example. 

274. Tho locus of the centro of a conic touching three given straight 
lines and passing through a given point is the conic touching tho 
triangle formed by the middle points of tho sides of the fixed triangle 
and such that if D be the fixed point, G tho centroid of tho triangle and 
0 the centro of tho locus, then ODQ are collinoar, and DO = $ DG. 

275. If the fixed point bo the centroid of the triangle, the locus is 
the maximum ellipse inscribed in the triangle formed by joining tho 
middle points of tho sides. 

276. A circle inscribed in a triangle self-conjugate for a hyperbola 
cuts the hyperbola orthogonally at a point P. Show that the normal 
at P is parallel to an asymptote. 

277. A circle is inscribed in a triangle self-conjugato for a conic 
and has its centro on its director circle. Prove that it touches the 
reciprocal of the director circle for the conic. 


Y 


3 22 


Miscellaneous Examples. 

278. A circle a with centre 0 is inscribed in a triangle self-conjugate 
for a conic 0 . If P and Q be the points of contact of tangents to 0 from 
0 , then the tangents from P and Q to the conic which is the reciprocal 
for 0 of its director, are also tangents to the circle a. 

279. The six tangents to a conic from the vertices of a triangle cut 
again in twelve points which lie by sixes on four conics. 

280. The six points in which a conic cuts the sides of a triangle can 
be joined in pairs by twelve other lines which are tangents by sixes 
to four conics. 

281. If tangents are drawn to a parabola from two points A and B, 
the asymptotes of the conic through AB and the points of contact of 
the tangents from A and B, are parallel to the tangents to the para¬ 
bola from the middle point of AB. 

282. If tangents are drawn to a parabola from A and B, the conic 
through AB and the points of contact will be a circle, rectangular 
hyperbola or parabola as AB is bisected by the focus, directrix, or 
parabola respectively. 

283. Tangents are drawn to a circle from two points on a diameter. 
Show that the foci of the conic touching the tangents and their chords 
of contact lie on the circle. 

284. If tangents are drawn to a central conic from P and Q . and C 
be the centre and S a focus, then the conic through P, Q, and the 
points of contact of tangents from P, Q will bo a circle if the angle PCQ 
is bisected internally by CS, and if CP. CQ = CS 3 . 

285. The conic in the previous example will be a rectangular hyper¬ 
bola if P and Q aro conjugate for the director circle. 

286. A point and the orthocentro of the triangle formed by tangents 
from it to a conic and their chord of contact are conjugate points for 
the director circle of the conic. 

287. If a conic a pass through two points A, B and the points of 
contact of tangents from them to a given conic, and if 0 bo the 
similarly constructed conic for two points AB' ; then if AB are con¬ 
jugate for 0 , A'B' aro conjugate for a. 

288. The reciprocal of the director circlo of a conic a for a is 
confocal with a. 

289. Along the normal to a conic at a point 0 are taken pairs of 
points PQ such that OP. OQ is equal to the square of the semi-diameter 
parallel to the tangent at 0 . Show that tangents to the conic from 
P and Q intersect on the circle of which a diameter is the intercept on 
the tangent at 0 by the director circle. 

290. The orthocentro of a triangle formed by two tangents to a 
conic and their chord of contact lies on the conic. Prove that the 
locus of the vertex of the triangle is the reciprocal of the conic for 
its director circle or the reciprocal for the conic of its evoluto. 
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291. The centre of the circle inscribed in a triangle formed by two 
tangents to an ellipse and their chord of contact lies on the conic. 
Prove that the locus of the vertex of the triangle is a hyperbola con- 
focal with the ellipse, and having the equi-conjugate diameters of the 
ellipse for its asymptotes. 

292. The centre of gravity of a triangle formed by two tangents to 
a conic and their chord of contact lies on the conic. Prove that the 
locus of the vertex of the triangle is a concentric liomotlietic conic. 

293. From two points BC, tangents are drawn to a fixed conic, and 
the sides of the two triangles formed by these two pairs of tangents 
and their chords of contact touch the conic a. Similarly the pairs of 
points CA, AB determine the conics B and 7 respectively. -Provo that 
if A lies on a, then B lies on B, and C on 7. 

294. A'B'C are the middle points of the sides of a triangle ABC. 
Prove that the conic which is concentric with the nine-point circlo of 
A'B'C' and inscribed in A'B'C' has double contact with the polar circlo 
of ABC at the points where the circum-circlo of ABC meets the polar 
circle, and also has double contact with the nine-point circlo of A'B'C- 

295. A triangle is self-conjugate for a conic. Provo that the sides of 
the pedal trianglo touch a confocal. 

296. A trianglo is self-polar for a conic ; show that an infinite 
number of triangles can be at onco inscribed in tho conic and circum¬ 
scribed to tho triangle, and vice versa. 

297. If two conics a and B are related so that tho poles for a of two 
opposite common chords lie on B , then tho polars for B of two opposite 
common apexes touch a. 

298. Of all conics inscribed in a given triangle, that for which tho 
sum of the squares of the axes is least lias its centre at tho orthocontro 
of tho trianglo. 

299. E, F aro a pair of inverse points with respect to a circlo 
whose centre is A ; B is the harmonic conjugate of A with respect 
to £, F ; AP y BP and the tangent at P, any point on tho circle, meet 
the polar of E in L, M, T respectively; show that LT, TM subtend equal 
angles at A. 

300. The connector of a pair of conjugate points with respect to 
a given conic passes through a fixed point and one of tho pair lies 
on a given straight lino ; show that tho locus of tho other is a conic, 
and determine six points upon the locus. 


THE END. 
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